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The Fermi Golden Rule at Thresholds

Arne Jensen*' Gheorghe Nenciu®

Abstract

Let H be a Schrodinger operator on a Hilbert space H, such that zero is
a nondegenerate threshold eigenvalue of H with eigenfunction ¥g. Let W be
a bounded selfadjoint operator satisfying (¥, WWq) > 0. Assume that the
resolvent (H — z)~! has an asymptotic expansion around z = 0 of the form
typical for Schrodinger operators on odd-dimensional spaces. Let H(e) =
H + W for € > 0 and small. We show under some additional assumptions
that the eigenvalue at zero becomes a resonance for H(e), in the time-
dependent sense introduced by A. Orth. No analytic continuation is needed.
We show that the imaginary part of the resonance has a dependence on &
of the form £2t(*/2) with the integer » > —1 and odd. This shows how
the Fermi Golden Rule has to be modified in the case of perturbation of
a threshold eigenvalue. We give a number of explicit examples, where we
compute the location of the resonance to leading order in .

1 Introduction
In this paper we study the following question. Consider a Schrodinger operator
H=-A+V on L*R?,

where for the moment we assume that V' € C§°(R3). The essential spectrum of H
is the half line [0, 00), and it is well known that this spectrum is purely absolutely
continuous. H may have a finite number of negative eigenvalues, and there may
also be an eigenvalue at the threshold zero. Suppose that zero is a nondegenerate
eigenvalue with normalized eigenfunction Wy. Let W € C5°(R?), and assume that
it is nonnegative. Consider for small € > 0 the family of Hamiltonians

H(e) = H +eW.
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Since the perturbation is nonnegative, the zero eigenvalue cannot become an iso-
lated negative eigenvalue, and since it is well known that H(¢) cannot have eigen-
values embedded in (0,00), only two possibilities remain. Zero can remain an
eigenvalue, or it can disappear. In the latter case one expects that it becomes a
resonance. This is the question that we will study.

The existence of the resonance can be verified in several ways depending upon
the “definition” of what a resonance is. One may look at this question in the
spectral form. Thus one looks at a meromorphic continuation of the resolvent in
some sense, and expects to find a pole close to zero in the complex energy plane.
One can also study the question from the time-dependent point of view. Here
one looks at the behavior of (¥g, e *# )W), which describes the probability to
remain in the state Wy at time ¢. The resonance will then manifest itself in the
form of a behavior of the type

(Tg, e MHEW) = 7" L §(e 1), t>0. (1.1)

i.e. corresponding to a metastable state. Here \(¢) = xo(¢) —iI'(e) with z¢(g) > 0
and I'(e) > 0 and, as far as a resonance defined in the spectral sense exists,
should coincide with the resonance position. The error term in (1.1) should satisfy
d(e, t) > 0ase— 0.

Our main theorem gives conditions on H and W that lead to such results,
with expressions for the leading terms in zo(¢) and I'(¢), as ¢ — 0. In the case
of an eigenvalue embedded in the interior of the absolutely continuous spectrum,
formulae for computing the leading term in I'(¢) are often referred to as the Fermi
Golden Rule. Thus we find versions of the Fermi Golden Rule in the case where
the eigenvalue is embedded at a threshold.

Let us give an outline of the main results, referring to the theorems for precise
assumptions and conditions. The results are obtained in a semi-abstract frame-
work. One of the main tools needed is the asymptotic expansion of the resolvent
R(z) = (H — z)~! around zero. It is convenient to use the variable k = —iy/z,
Im z > 0. We assume an expansion of the form

N-1
1 .
R(—k?) = ?Po + E K G+ O(KY)
j=—1

as k — 0. This type of expansion is known to hold for Schrodinger operators in
odd dimensions, with sufficiently rapidly decaying V. The expansion holds in the
topology of bounded operators between weighted L*-spaces. See [10, 9, 17, 11].
For the perturbation W we assume that it decays sufficiently rapidly, and as a
crucial condition, we require

We do not assume that W is nonnegative. We assume that there exists an odd
integer v, such that

gy = (U, WG,WU) £0, G;=0, j=-1,1,3,...,0v—2.
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Our main abstract result then states that (1.1) holds. Furthermore, we have the
estimate

16(e,1)] < CePW|Inel,

where ¢« = 1 for v = —1, 1, and zero otherwise. Here p(v) = min{2, (2 4+ v)/2}.
We have the expansions

[(e) = —i”_lgyb”/252+(”/2)(1 + O(e)),
zo(e) = be(1 4+ O(¢)),

as € — 0. The proof of these results is based on the representation

) 1 .
(Tg, e M) = lim — [ e ™ Im(Wy, (H(e) — x — in) 'y )d.
n\0 T
The idea is first to localize to the interval I. = (%be, %bs), depending on ¢, and
then, by using the resolvent expansions, replace the term

Im(Wy, (H(g) —x — in) " ¥y)
in the integrand by a Lorentzian function

['(e)
(z —wo(e))* + T(e)*

To obtain this approximation we use the Schur-Livsic-Feshbach formula to localize
the essential terms. During all steps one has to control the errors. The detailed
computations then lead to the result outlined above.

We apply these semi-abstract results to a number of cases, involving Schro-
dinger operators in three and one dimensions, and on the half line. We consider
both the one channel and the two channel case and both local and nonlocal in-
teractions. As an example of the type of results obtained, assume as above that
H = —A+V on L*(R?) has zero as a nondegenerate eigenvalue with ¥y a nor-
malized realvalued eigenfunction. Let

X; = Uo(x)V(x)x;dx, j=1,2,3.
R3

Assume that at least one X; # 0. Then v = —1, and we have

2
g1 = 1o (X34 X3+ X3)

There is a large literature concerned with establishing the spectral form of
the Fermi Golden Rule in a rigorous framework. In particular, using dilation-
analyticity, it was established in [23], in a large number of cases, including atoms
and molecules. See also the discussion in [21]. The case of bound states embedded
at threshold is much less studied. The coupling constant case has been studied by
several authors, see for example [20, 5, 6]. To compare with our results, one has to
take W = —V, in order to satisfy (1.2), since (—A+V)¥y = 0 implies (¥, V¥q) =
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(¥o, AUy) < 0. Then the explicit results in [5] correspond to our case v = —1,
and the results agree. The spectral form of the resonance problem has been
studied near band edges for periodic Schrodinger operators in the semi-classical
limit, in [15]. A general framework for a unified treatment or resonances and
eigenvalues near thresholds has been given in [7], using meromorphic continuation
of resolvents.

The only work in the spectral form directly related to our study that we are
aware of (even at a nonrigorous level), is that of Baumgartner [3], where some
simplified two-channel models are considered. In these cases explicit computations
can be performed, and one can explain how the usual Fermi Golden Rule has to
be modified to be applied in the threshold case.

There are many other cases in recent research on models in quantum field
theory, and the study of open systems, where the Fermi Golden Rule has been
rigorously established. Since these models are not directly related to our study,
we do not elaborate.

The time-dependent approach has been developed much later. Let us remark
that here there is no need of an analytic continuation. The time-dependent ap-
proach, without analyticity, was initiated in [19] and continued in [13]. In [8] it
was investigated how to get a better error term by using the perturbation theory
in the spirit of Simon [23] in the dilation-analytic framework. More recently, a
number of authors have developed a general time-dependent approach, without
analyticity, see for example [14, 25, 24, 16, 4]. As far as we can determine, none
(see however the examples in [24, 4] concerning some examples of Schrédinger
operators in high dimensions) of these approaches can be applied directly to the
threshold eigenvalue case.

It should be noted that all the time-dependent approaches (except [8]) use the
Feshbach projection method in some form, or something equivalent to it. As we
already said, we also rely heavily on the Feshbach projection method.

As in [3] one may describe the results stated above as explaining how the usual
Fermi Golden Rule has to be modified to be applied in the threshold case. In the
case of a resonance arising from the perturbation of an eigenvalue embedded in
the continuum, one finds that the imaginary part of the resonance behaves like 2
as ¢ — 0. We find the behavior e2**/?) p = —1,1,..., which is quite different.
In particular, for » > 1 the resonance arising from the threshold eigenvalue has a
larger lifetime that one arising from an eigenvalue embedded in the continuum, i.e.
one has an enhancement of the lifetime. On the contrary, for v = —1 the lifetime
is smaller i.e. one has an enhancement of the decay. This is clearly seen in the
two channel case, when a threshold resonance is present in the open channel, and
can be explained heuristically as the effect of the increase, due to the threshold
resonance, of the density of states near threshold.

Let us briefly outline the contents of the paper. In Section 2 we give the
Schur-Livsic-Feshbach formula, and introduce the factorization method. In Sec-
tion 3 we give our semi-abstract results, modelled on Schrodinger operators in
odd dimensions. The main result is stated as Theorem 3.7. Then in Section 4
we verify the assumptions in Section 3 in a number of cases: (i) A Schrodinger



operator on L*(R?), both in the one channel and the two channel case. (ii) A
Schrodinger operator on L?(R). Here it only makes sense to consider the two
channel case, since for rapidly decaying potentials zero cannot be an eigenvalue.
(iii) The operator —d?/dr? + (¢ + 1)r=2 on L*(R,). The results in this section
relate directly to [3, Section V]. (iv) The operator (with Dirichlet boundary con-
dition) —d?/dr? +V on L?*(R.), where V is a nonlocal interaction, for example
a finite rank perturbation. In this case one can have zero as an eigenvalue. In all
cases we determine the values of v and compute g, explicitly.

2 The Schur-Livsic-Feshbach formula
and the factorization method

Let H be a self-adjoint operator in a separable Hilbert space H and Ej a nonde-
generate eigenvalue of H,

H\IJO = EO\IJQ, H\D[)H = 1 (21)

We can without loss of generality in the sequel take Ey = 0. Suppose now that a
perturbation, described by the self-adjoint operator W, is added so the perturbed
dynamics is generated by

H(e)=H+eW, >0. (2.2)

Note that we only consider positive values of the parameter €. For the sake of
simplicity we shall assume that W is bounded, but all the results below extend
to the case, when W is bounded with respect to H, with bound less than one.
At the heuristic level, it is argued that due to the perturbation, for & small
enough, 0 turns into a resonance having an (approximate) exponential decay law,

(T, e HEON ) = A 4 §5(e 1), (2.3)
with d(e,t) — 0, as e — 0, and
Me) = E(e) —il(e), E(g) =0+ (¥, W) + O(e?). (2.4)

The goal is to compute A(¢), and to obtain bounds on |d(e,t)|. Again at the
heuristic level, it is argued that the main contribution to the left hand side of
(2.3) is given by energies near to E(c), so one first considers (see [8])

Ay (1) = (Yo, e 1 (H(e)) o), (2.5)

where ¢, is the (possibly smoothed) characteristic function of a closed interval I,
containing the relevant energies. Let us remark that usually (see e.g. [8, 4]) I is
chosen to be a neighborhood of Ej, independent of €. One of the key points of
our approach is to make an appropriate e-dependent choice of I.. Also, since we
are mainly interested in uniform (with respect to t) estimates on d(e, t), we shall
take g. to be the characteristic function of I.. Taking a smoothed characteristic
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function of I. allows one to obtain a power like decrease in ¢ of §(e,t), but the
control of the coefficient is poor. In fact, if the length of I. goes to zero as ¢ — 0,
this coefficient blows up.

From Stone’s formula (suppose that the end points of I. are not eigenvalues
of H(e)) one gets

A, () = lim ! dz e ™ ITm(W, (H(g) — x —in) " Uy). (2.6)
n\0 7T I.
Asin [19], in order to compute the integrand in (2.6), we use the well known Schur-
Livsic-Feshbach formula. More precisely, if F, is the orthogonal projection on W,
Qo = 1—Fy, and Ry .(z) is the resolvent of QoH (€)@ as an operator in QyH, then
in operator matrix form in H = PyH & QoH, we have for R.(z) = (H(e) — z)~!
the representation

R, —eRei (2) PoW Qo R -
R(2)= ") Fr @AW Qo) = (g
—Z:‘RO,S(Z)QQWP()RBH(Z) Rzg
with
Ryy = Ro.(2) + 52R0,e(Z)QOWPOReff(Z)POWQORO,E(Z)a
where, with a slight abuse notation, we write Reg(2) = (Heg(z) — 2)7!, and

furthermore (remember that we assume Rank Py = 1)
P(](Heff<2) — Z)PO = F(Z,Ef)PO
= (e(Wo, W) — 2 — (o, WRy(2)WT)) Py.  (2.8)
Using (2.8), (2.7), and (2.6), one obtains

1 A 1 1
A () = lim — [ dze - . 2.9
o (1) WI{I(I)QWi/[E e <F(a:+in,5) F(m—in,5)> (29)

The whole problem is to have a “nice” formula for F'(z,¢), so that the integral in
(2.9) can be estimated. For that purpose, we need some information on R .(z).
Let

W = A*DA (2.10)
be a factorization of W with D a self-adjoint involution. An example of such
factorization is the polar decomposition of W,

W = |W|Y2D|W |2, (2.11)

where we take D to be unitary by defining it to be the identity on Ker W.
Take Im z — oo, and use regular perturbation theory to obtain

QoRo(2)Qo = Qo(H — 2)7'Qq
—eQo(H — 2)'QuWQo(H — 2)'Qo + - --
=Qo(H — 2)'Qo — eQo(H — 2) ' Qo
x A*[D +cAQo(H — 2) 'QoA*| ' AQo(H — 2)7'Qo.  (2.12)



With the notation
G(2) = AQo(H — 2)'Qo A", (2.13)

one has for Im z — oo

F(z,e) = e(Vo, W) — 2
— eX(Wy, A*D{G(2) — eG(2)[D + eG(2)] *G(2)} DAY,). (2.14)

Since F(z,¢) is analytic in z, the equality (2.14) holds true for all z, for which
either the right hand side, or the left hand side, exists. In particular, (2.14) holds
true for Im z # 0.

The formulae (2.9) and (2.14) are the starting formulae of our approach. The
next main ingredient is the expansion of G(z) around 0. For the examples consid-
ered here, the corresponding expansions are provided by the results or methods
in [10, 9, 17, 11].

3 The case of odd dimensions

As already said, the main ingredient of our approach is the asymptotic expansion
for G(z). In this section we shall use this expansion in a somewhat abstract
setting, having in mind Schrodinger and Dirac operators in odd dimensions. More
precisely we assume H and W to satisfy the following conditions (A1)—(A5). Here
p(H) denotes the resolvent set, and o(H) the spectrum, with standard notation
for the components of the spectrum. We have taken Ey = 0 in the sequel.

Assumption 3.1. (A1) There exists a > 0, such that (—a,0) C p(H) and [0,a] C
Oess(H ).

(A2) Assume that zero is a nondegenerate eigenvalue of H: HWY, = 0, with
[Wol| = 1, and there are no other eigenvalues in [0,a]. Let Py = |Wo)(Vo| be
the orthogonal projection onto the one-dimensional eigenspace.

(A3) Assume

(A4) For Rerx >0 and Imz > 0 we let
K=—iVz, z=—kK". (3.2)
There exist N € N and d9 > 0, such that for k € {k € C|0 < |s| <

do, Im k > 0} we have

N
1 ~ ~ ~
A(H + x4 = P+ DGRl + EN G (r), (3.3)

j=-1



where

Py = AP, A, (3.4)

éj are bounded and self-adjoint, (3.5)
G, s of finite rank and self-adjoint, (3.6)
Gn(k) s uniformly bounded in k. (3.7)

Taking into account that (remember that Qo = 1 — )
ov-1 _ 1o 2\—1
(H + r7) ZE‘FQO(H""{G) Qo, (3.8)

one has from (3.3), (3.4), and (3.8) that

N
G(z) = Z (NJjFoj + KNGy (k). (3.9)
j=—1
From (3.9) we get
N
(T, A"DG(2)DATg) = Y giw? + £V gn(r), (3.10)
j=—1
where
g; = <\I/0,A*DéjDA\P0>, (311)
gn (k) = (Uy, A* DGy (k) DAY,). (3.12)
Notice that due to (3.5) we have
9i = 9j- (3.13)

Finally, we need one further assumption.

Assumption 3.2. (A5) There exists an odd integer, —1 < v < N, such that
g #0, G;=0forj=—-1,1,...,v—2 (3.14)

A few remarks about the above assumptions. (Al) is nothing but the fact
that we consider the perturbation of eigenvalues lying at a threshold, and that
the threshold is not embedded in the essential spectrum. Assumptions (A2) is a
simplifying “nondegeneracy” condition. There are many interesting cases from a
physical point of view, where these two assumptions do not hold. The assumption
(A3) is essential. It assures that the perturbation “pushes” the eigenvalue into the
positive continuum at a rate of order e, while (A5) implies (see below) that the
“width” T'(¢) behaves as 2+("/2) as e — 0. Let us note that there are examples
of Schrédinger operators, where (A5) holds for any odd v > —1. See Section 4.3.
We shall consider the problem of relaxing these assumption in subsequent work.
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As concerning (A4), it is our main tool. In particular, it implies that on (0, §2] the
spectrum of H is absolutely continuous. We also notice that from (2.13), (3.10),
and the first resolvent equation, it follows that

i g, < 0. (3.15)

By the heuristics of naive perturbation theory, one expects that the perturbation
turns the zero eigenvalue into a “resonance”, whose real part, up to errors of order
2, equals be. (Note that if (3.1) does not hold, then the eigenvalue may turn into
an isolated eigenvalue of H(e).) This suggests to take the interval of “relevant
energies” to be

I. = (3be, 3be). (3.16)

Now the idea of the proof that A, (¢) has the form of the right hand side of (2.3),
is very simple. On the interval I. the function F'(x 4+ i0,¢) can be approximated
by a Lorentzian function, whose parameters give A(e).

In what follows for ¢ sufficiently small is a shorthand expression for there
exists €9 such that for 0 < ¢ < gg the given statement holds. All the constants
appearing below are finite and strictly positive. Consider

v+1

D.={z=z+inlzel, 0<|n < (eb)* = }. (3.17)
Lemma 3.3. Let 94
p(v) = min{Z, . ”}. (3.18)
Then for e sufficiently small, and for z € D., we have
F(z,e) = H(z,¢) +1(z,¢), (3.19)
with
sup eGP (2 )| < oo, (3.20)
0<e<eo
ZEDE
and for v = —1
H(z,e) =¢eb—z—¢e*g 1k}, (3.21)
while for v > 1
%4»3
H(z,e) =¢eb— 2z — ¢ [CLZ,(E)HV + guyak” T + Z fj(&?)m2j]. (3.22)
=0
Here (see (3.11) for g;)
a,(e) = g, — £(Uo, A*D(G, G + GoG,) DAY,), (3.23)
the f;(e) are polynomials with real coefficients of degree at most 2 + 1%17 and
fo(e) = go + O(e). (3.24)



Proof. The crucial point is that (and this is the reason for our choice of I.), since
D, is “far” from the origin,

sup e[|G(2)|| <

ze€D,

Ce'? forv=—1,
Ce for v > —1.

Accordingly, for sufficiently small € we have

sup ||(D + eG(2)) 7| < 2, (3.25)

ZGDE

and then from (2.14)
Flze)=cb—z— g2<x1/0, A (i(—g)k(DG(z)D)k+1)A%> Fgmlz,2). (3.26)

By choosing m = 0 for v = =1, m = 1 for v = 1, andm:1+”7+£)’fory>1,
qm(z,€) satisfies (3.20), i.e.

sup e~ PO+ g (2, )| < 0. (3.27)
O<5[<)€o
zeDe

Plug the expansion (3.10) into (3.26) with N = —1 for v = -1, N =3 for v =1,
and N = v+ 5 for v > 1, and then keep in H(z,¢) all the terms, which do not
satisfy (3.27). O

Consider now the function H(z,¢). From the definition of D., it follows that
for z € D, one has |Imk”| < Ce/?, |Imx?| > Ce?*3. Since all the coefficients
appearing in the definition of H(z,¢) are real, it follows that for sufficiently small

€ we have
inf [Tm H(z,)| > Ce*'3. (3.28)

z€D.
Obviously, H(z,¢) has limits as n — 0,
Hy(z,e) = lim H(z £in,e). (3.29)
7\0

Also, from (2.8) it follows that nIm F'(z + in,e) < 0, and then from (3.28) and
Lemma 3.3, it follows that

nlm H(x + in,e) < 0. (3.30)
Notice also that
H+<I,E) = H_<JZ,€), (331)
and on I, we have
|Hx(z,€)| > |Im Hy(x,€)| > Ce?t2. (3.32)

Let R(z,e) and I(z,e) be the real and the imaginary parts of H,(z,¢), re-

spectively, such that
Hyi(z,e) = R(z,e) £il(z,e). (3.33)
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From (3.22) one has

v+3

R(z,e) =eb—x — ¢ Z(—x)j £;(e) (3.34)

(for v = —1 the sum in the right hand side of (3.34) is zero). For e sufficiently

small we have R(%b,e) > 0 and R(%’,s) < 0, and for x € [%b, 3751’],

1

This implies that for sufficiently small € the equation R(x,e) = 0 has a unique
solution z(¢), i.e.
R(zo(e),e) = 0. (3.36)

In addition,
zo(e) = b + O(e?). (3.37)

The next lemma estimates the error, when F(z,¢) is replaced with H(z,¢).

Lemma 3.4. For sufficiently small € we have

1 4 1 1
Ag(t) —=— [ e — dr| < CePW). 3.38
() =55 /If {m(x,g) H_(a;,a)] T=vE (3:38)
Proof. For sufficiently small €, and z € D,, we have
F(z,0)| = L|H(z)]. (3.39)

Indeed, from Lemma 3.3 follows
|F(z,€)| > |H(z,¢)| — Ce2tP)+5,

which together with (3.28), and the fact that p(v) > 1, implies (3.39). Further-
more, from Lemma 3.3 and (3.39) follows

1 / —ixt 1 1 d
— [ e — x
21 Jp F(z+in,e) H(xz+in,¢)

<C 82+ya(u)+g 1

d
L H@ i o)™

The estimate (3.28) implies that

E is uniformly bounded for a fixed .
Take the limit 1 \, 0 to get

1
|H (z+in,e)

Lo / ot 1 1 ;
im— [ e — x
N0 271 [ F(z +in,e) H(z+tin,e)
1

< Oe2tr+s / = dx. (3.40
< L THaop (340

11



Now due to (3.32), (3.35), and (3.36) we have

|Hy(x,€)| > C’\/(a: — x9(€))? 4 et (3.41)
and then

v 1
2+p(v)+%
€ 2 - dz
/15 |H (z +in, )|
4+v

o0 0] oo 1
< bv) c dx = eP®) / de, (3.42
=€ /_OO (x — xo(g))? 4 et ree Lo 241 7, (3.42)

and the proof of the lemma is finished. n

Let now (see (3.33))
[(e) = —1(zo(e), ). (3.43)

Notice that for sufficiently small ¢ (see (3.30) and (3.15)) we have I'(¢) > 0.
We want to replace Hy(x,¢) with the following function

Ly(x,e) = —(x —xo(e)) £ i(z0(e),€). (3.44)

Inserted into the expressions above it leads to a Lorentzian function. The next
lemma estimates the error, when Hy(z,¢) is replaced by Li(x,¢).

Lemma 3.5. For sufficiently small € we have

[ e [Hglx,s) - Li<1x,a>] o

Proof. As in the proof of Lemma 3.3 we have to estimate Hi(x,e) — Ly(z,¢).
From (2.2) and (3.29) we have

< Cmax{e'*2|Ine|, 3. (3.45)

d? d
= — < Ce? .
222{)d$2}2(x,5)‘ + ‘de(x,e) + 1\} < Ce (3.46)
and p
sup —I(:c,s)’ < Celts, (3.47)
zel AT

Then from the Taylor expansion (with remainder) we get
|Hy(x,€) — Li(x,e)| < C(eM 3|z — zo(e)| + €2z — zo(e)|?) (3.48)
. Using (3.41) and (3.48) one obtains that

f e {Hglx,@ - Lié,e)} o

2
< Co1+ 1O | e |z — 2o(e)]
: Ll —a@P + e T T meeR + e
< C(e"2]ng| 4 &%) < Cmax{e'*2|In¢|, %},

which finishes the proof of the lemma. O
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We can now evaluate A,_(t).
Lemma 3.6. For sufficiently small € we have
A, (t) — e7 @@= TE)| < CPM)|Ingl, (3.49)
where 1 = 1 for v = —1,1, and zero otherwise.

Proof. By direct computation
1 1 1

—ixt

omi J,. {L+(:L',5)_L(:c,e)}dx

_ l e—ixt F({f) T
= W/IE (:17—3:0(5))2+F(5)2d . (3.50)

Due to (3.37), (3.23), and (2.2) we have
T(e) = =" lg,b2e®"2 + O(32) (3.51)
which together with (3.37) implies

'/ / mx—xo<rg>€)+r< >2d9”
(

I'(e) 14%
<C dv < Ce'tz. (3.52)
@ (z—20(c))” +1T(e)?
Since by the residue theorem
1 izt ['(e) it —
- i dr = it(zo(e)—il'(e)) 3.53
T /Re (@ —awo(@))2 + (2 © ’ (3.53)
(3.49) follows from Lemmas 3.4, 3.5, and the results (3.50) and (3.52). O

We are now in position to formulate the main result.
Theorem 3.7. Suppose (A1)—(Ab) hold true. Then for sufficiently small € we

have
[(Wy, e_itH(e)\Ifo> — e‘it(zo(s)_ir(e))| < C’ap(")|lne§|L7 (3.54)
where 1 =1 for v = —1,1, and zero otherwise. Here
I'(e) = —* g, b"/22/2(1 + O(¢)), (3.55)
zo(e) = be(1 4 O(e)). (3.56)

Proof. The theorem follows from Lemma 3.6 by an argument due to Hunziker [§].
For completeness we reproduce it. Taking ¢ = 0 in (3.49) one gets

(Wo, g: (H (2)) ) — 1] < Ce"Ine,
which gives (recall that 0 < g.(z) < 1)
11 = ge(H(2)))2 T|* < C=®[In e, (3.57)

Now
1

[(Wo, e OWg) — Ay, (1)) = [{(1 = g-(H (€))7 Wo, e O (1 — g.(H()))? Wy)|
< NI(1 = g-(H(e)))2 Voll?,
which together with Lemma 3.6 and (3.57) finishes the proof. O
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4 Examples

As examples we consider one and two channel Schrédinger operators in odd di-
mensions. We shall restrict ourselves to the “physical” dimensions one and three.
In the three dimensional case we consider various cases for both one and two
channel Schrodinger operators. In the one dimensional case with local potentials
we only consider the two channel case. We obtain explicit examples with g, # 0
for v arbitrarily large. In the final example we show how to apply the methods
to non-local perturbations of a one dimensional Schrodinger operator in the one
channel case. In each case we find v and g,, which gives the leading term in ¢ of
I'(e) (see (3.55)).

In the one channel local potential case

H=-A+V(x), (4.1)
(Wf)x) =W(x)f(x) (4.2)
in L2(R™), m = 1,3, with V, W satisfying
(VPV € L®(R™), (4.3)
(VW e L®(R™), (4.4)

and (3, v are sufficiently large, in order to obtain the expansions below (see [11]),
and we suppose that the singularity of (H + x?)~! at k = 0 is coming only from
the existence of a nondegenerate eigenvalue at the threshold. Note that we can
allow singularities in V' and W, but we have decided to omit the technicalities
involved in dealing with such singularities.

In the two channel case we consider examples of a nondegenerate bound state
of zero energy in the ”closed” channel decaying due to the interaction with an
odd dimensional Schrodinger operator in the open channel. Since only the bound
state in the closed channel is relevant in the forthcoming discussion, we shall take
C as the Hilbert space representing the closed channel, i.e. H = L*(R™)® C. As
the unperturbed Hamiltonian we take

H=— {‘A(f v 8} , (4.5)

where V' satisfies (4.3), and as the perturbation we take

=L " (40
which is a shorthand for
dtR o B
Here we assume
(VWi € L2(R™),  ()*Wy, € L®(R™), (4.8)
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and furthermore that Wi, is realvalued. In order to satisfy (3.1) we assume b > 0

in (4.6).
We use the following factorization of W. To simplify the notation below we
introduce the weight function
oy = ()72, (4.9)
In the one channel case we write
W = p,Cps, (4.10)

i.e. C is the bounded operator of multiplication with (x)YW(x). Writing the
polar decomposition for C' (with a self-adjoint D satisfying D* = I) as

C = |C|"*D|C|"?, (4.11)
we have in this case
A=1|C|"?p,. (4.12)
In the two channel case let
_ |~ 0
5= 9. ”
and
C = BWB = |C|V*D|C|*?, (4.14)

where D is defined to be the identity on Ker C', such that D is self-adjoint with
D? = I. The operator C is bounded and self-adjoint, and we take

A=|C|"*B™, (4.15)

le.

W = B~Y|C|Y?D|C|*B~, (4.16)
Now, since |C|*/? is bounded, it is clear from (3.3) and (4.15) that we need the
expansion of

pr(—A+V + £ p, 0
B H A+ B = o1, (4.17)
’ P
which, together with the fact that in our case
00
Py = [O 11 , (4.18)

reduces the problem of writing down (3.3) to the expansion of the resolvent in
the scalar case. Summing up, in all cases the needed expansion of (H + k2)~!
follows at once from the expansion of p,(—A + V + £?)"'p,. The expansions of
(—A+V +k?)~! near K = 0 have been written down in [10, 9, 17, 11]. For the first
example we take results from [10]. For the second example we need to carry the
computations further than was done in [11], in order to get explicit expressions
for the coefficients. The last two examples have not been treated previously, so we
give some details of the computations. We use both the weighted space technique,
and the factorization technique.
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4.1 Schrodinger operators in three dimensions

We first present the results in the case where the Schrédinger operator acts in
three dimensions.

We will draw on the results in [10] to get the results on asymptotic expansion
of the resolvent, and the explicit form of the expansion coefficients. The results in
[10] are formulated using the weighted L2-spaces. Here we use the factorization
technique. It is quite straightforward to translate between the two formalisms, so
we shall not elaborate on this point.

Let us briefly recall a few results from [10] in order to establish the notation.
We have H = —A+V on L?(R3). The integral kernel for the free resolvent yields
the following expansion, valid pointwise, and as an asymptotic expansion between
weighted spaces, see [10, Lemma 2.3].

. 2\—1 o 1 —K|x—y]|
( A—i_ﬁ) <X’y>_47r‘x—y|e
= GY(x,y) + kG (x,y)

+RIGY(x,y) + KOG (x,y) + - (4.19)

Note that the coefficients in [10, (2.2)] are here denoted by GY. The expressions
for the kernels are

(=1)

Tl x -y}, j=01,2,.... (4.20)

H(x,y) =

We use the convention that the expansion coefficients in (3.3) in the weighted
space formalism, i.e. without the A-terms, are denoted by G; (omitting the tilde).
When we use the weighted spaces, (-,-) also is used for the duality between L**
and L%,

The point zero is classified into four cases. It may be a regular point, in
which case there is no singularity in the resolvent expansion. In the other three
cases there exist at least one solution to (—A + V)¥ = 0, in the space L»~*(R?),
1/2 < s < 3/2. We have the result that ¥ € L?(R3), if and only if (V, ¥) = 0, see
[10, Lemma 3.3]. In case there is a solution with (V, W) # 0, it is normalized by
the condition (V, ¥) = Var. Tt is called the canonical zero resonance function.

Our first result concerns the one channel case. Note that we take ¥y to be
realvalued.

Theorem 4.1 (One channel case). Assume that V and W satisfy (4.3) and
(4.4) with 8 > 7 and vy > 5, respectively. Assume that (A1) holds for H = —A+V.
Let
Xj = , \I/()(X)V(X)ijdx, j = 1, 2, 3. (421)
R
Assume that X; # 0 for at least one j. Then v = —1, and
b?
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Proof. Under our assumptions on V' we have an asymptotic expansion (3.3) with
N = —1, see [10, Theorem 6.4], and furthermore

G_, = P VGLVE,.

Insert this expression into (3.11) and use the explicit kernel (4.20) together with
the result [10, Lemma 3.3]

/ Uo(x)V (x)dx =0 (4.23)

to get (4.22). O

Remark 4.2. One can understand the result (4.23) as follows. The eigenfunction

satisfies
1 1

A Rs [X — Y]

Wy(x) = V(y)¥o(y)dy.

By expanding the kernel for large |x| on finds the condition (4.23) in order to have
U, € L2(R?).

Concerning the two channel case we have the following result.

Theorem 4.3 (Two channel case). Assume that V and W satisfy (4.3) and
(4.4) with 8> 7 and v > 5, respectively.

(i) Assume that —A + V' has neither a threshold resonance nor a threshold
ergenvalue. Then v > 1, and we have

—1
g1 = EKWH, (I+GV)"1)P. (4.24)

(ii) Assume that —A+V has a threshold resonance, and no threshold eigenvalue.
Let U denote the canonical zero resonance function. Assume (Wig, W) 2 0.
Then v = —1, and

g1 = [(Wa, T) . (4.25)

Proof. In the two channel case we have ¥y = [9]. We start with part (i). We
get the required resolvent expansion (3.3) from [10, Theorem 6.1]. In this case
G_1 = 0. Under the assumption on the potential V (3.3) holds for N = 1. We
also have the expression

G 2+ GV)T((I+GV)~1| 0
0 0|’

see [10, (6.3)]. Now the proof consists in combining this expression with the
definition (3.11) and the matrix . This leads to the result stated in part (i).
Concerning part (ii), then we use [10, Theorem 6.3] and perform the same com-
putations as for part (i). O
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4.2 Schrodinger operators in one dimension

Since in the case dimension m = 1 and local short range potentials, there is no
bound state at the threshold, we can only consider the two channel case. For
m = 1 the expansion of p,(—A 4+ V + k?)~!p, is much more complicated, due to
the 1/k singularity in the free resolvent. The result needed is obtained from [11].
Since it was not written down explicitly in [11], we reproduce some results needed
to complete the computation.

The kernel of the free resolvent has the expansion

(-84 8 (xy) = 5o

2K
1 fr—yl Jr =yl >
=5 5 + K 1 + O(k”)
1
= EGgl(Xv Y) + Gg(X, Y) + O(’%% (426)

where we also introduced the notation used here. Note that the Gg here are
different from those defined in (4.20). We also use the notation v(z) = |V (z)[*/2,
Ux)=1,if V(z) >0, U(x) = —1, if V(x) < 0, such that the factorization used
is V =ovUv. We write w = vU.

Thus p
M(k) = %/{1 + My + Mk + &*r(k), (4.27)

where
P=a )], a=|? (4.28)

and My — U and M; are the integral operators given by the kernels

(M~ U)(z,y) = —5e(@)le — ylo(y). (4.2

v(z)|z —y[Pu(y)

M1($7y> = 4 )

(4.30)

and, for # > 7, the remainder r(x) is uniformly bounded in norm. Let Q@ = 1— P,
and let S: QL*(R) — QL*(R) be the orthogonal projection onto Ker QMyQ.
Then (see [11, Theorem 5.2 and (5.18)]) Rank S < 1, and the formula for M (x)~*
is as follows.

(14 £M(K)'Q(mo + S + rmy (k) 'Q(1 + kM (k)™

+ /{_12(1 + kM) Q(mo + S + kmy (k)" Sq(k) 1S

x (mo + S + rmy (k) 'Q(1 + kM (k)Y (4.31)
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where we use the notation

—~

M(k) = §<MO + kM) + O(k2),

mlx) = ZQMoQ — KQ(=M — M)Q + O(s?)

= mg + k(my + kma(kK))
= mo + kmy(K), (4.32)
and
q(k) = qo + O(r) (4.33)

as an operator in SL?(R), with
q(0) = g = Smy S. (4.34)

In the formula (4.31), if QMyQ is invertible as an operator in QL*(R), i.e. S =0,
the last term vanishes. If S # 0, we have the following result (see [11, Theorem
5.2])

Proposition 4.4. Assume S # 0. Let ® € SL*(R), ||®|| = 1. If U is defined by

V() = 2o, Mo®) + 5 [ o= yio(0) () (4.35)

then

wl = O, (4.36)
U ¢ L*(R), ¥ € L=(R), and in the distribution sense

H = 0. (4.37)

Conversely, if there exists ¥ € L*(R) satisfying (4.37) in the distribution sense,
then

d =wV € SL*(R). (4.38)
In addition,
2
0) = — =29 4.39
q(0) M (4.39)
with 5 1
&= ?m}, My®)|? + 5|<u,X<1>)|2 > 0, (4.40)

where X s the operator of multiplication with x.
We are prepared to state the main result of this subsection.

Theorem 4.5 (Two channel case). Assume V satisfies (4.3) with > 7, and
W satisfies (4.8) with v > 5. Then we have the following results.

(i) If in the open channel there is no threshold resonance (i.e. S = 0), then
v>1.
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(ii) If there is a threshold resonance in the open channel (i.e. S # 0), and
(Wi, W) # 0, where U is the resonance function, then v = —1, and

g1 = '<ch+‘1}> 2. (4.41)

Proof. We have to insert the expansion (4.31) into

P (=A+V + 5 py = po (A + K,
(=B ) M () oA + k), (442)

and compute the % term. The main observation is that most of the singular terms
vanish or cancel each other. Observe that

QL+ kM (k) v(—=A + &2)p,
2
= QI (o] — ~ QMG p, — QuGp, + O(w)

2
= _EQMOUGgLOv — QuGop, + O(k), (4.43)

since by definition Pv = v and QP = 0. Insertion of the expansion (4.31) into
(4.42) gives four terms to be considered. From (4.43) follows that the third one
is O(1). Computing the 1 contribution from the first two terms, one obtains (see

(4.28))

S0} (0r] = 502, Do) s = 0. (4.44)

Since in the regular case (i.e. S = 0) the fourth term does not exist, the first part
of the theorem follows from (4.43) and (4.44). Moreover, in the case S # 0, one
has to consider only the fourth term. The computation of the % coefficient leads
to (observe that SQ = S, and see also (4.26), (4.33), (4.39), (4.34), (4.35), and
(4.40)),

B 1
py(=A+V + %) p, = = lp) oy | +O(1), (4.45)

which gives (4.41), and the proof is finished. O

4.3 Schrodinger operators on the half line with ¢/ > 1
In this subsection we consider the operator

2 0+ 1)

Hoe = dr? 72

L (=12, (4.46)

on the space H = L?(R.). It will provide us with examples of resolvent expan-
sions, where we can verify Assumption (A5) with v > 3 odd and arbitrarily large.
Note that the cases v = —1 and v = 1 were covered in the preceding sections.

It is well known that the operator H, is essentially selfadjoint on the set
C5°((0,00)). We now give the integral kernel of the resolvent (Hy,++%)~!. To this
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end we need some results on special functions. We denote by j,(z) the spherical

Bessel functions of the first kind, and by hgl)(z) the spherical Bessel functions of
the third kind. We follow the notation and normalizations given in [1, Section

10.1]. We then define

we(z) = zje(2), we(z) = izhél)(z).

We need the expansions of these two functions around zero. We have from [1,
(9.1.10),(10.1.1)] after some simplifications,

F(k+0)!
— ﬁ-‘rlzﬁ 2k 44
(2) =2 Z e k—i—ﬁ ] z (4.47)

For the function wy(z) we change the variable to get a simplified expression. Using
[1, (10.1.16)], we get, computing as in [9],

we(i¢) =i~ deng (4.48)

o N~ (CHR)I(=2)F ]
dn = (=1) Z =k (n—C+k) (4.49)

We recall from [9] the following result on the expansion coefficients of hgl). Note
that we have not made the /-dependence in d,, explicit, in order to avoid a com-
plicated notation.

Lemma 4.6. The coefficients (4.49) have the following property
d,=0 forn=1,3,...,2(—1. (4.50)

We now recall (see any standard text, for example [2, 18]) that the kernel of
the resolvent is given as

(Hoyg + K2 (r,r') = —£Ug(iHT<)wg(i/€T>). (4.51)

Here we have introduced the standard notation
r~ = max{r,7'}, r.=min{r,r'}. (4.52)

The expansion results for u, and w, then lead to asymptotic expansions for
the resolvents. We keep the same notation as in the previous subsection, so we
introduce the weight function p.(r) = (r)=7/2, now for r € R,.

Proposition 4.7. Assume that v > 2p + 3. We then have an expansion

p—1
py(Ho o+ k%)™ ZHJG + K1y (K). (4.53)

7=0
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Here the expansion coefficients are bounded operators on H, and the error term
rp(K) is uniformly bounded for k small. We have

G;=0, 7=13,...,20—-1. (4.54)
We have the following integral kernel expressions (assuming v > 20+ 5)

(7“<)Hl (T>)7e

ot 1") = o) L o), (455)

_ r ) () , ) /

&1 = oy ()L S 2 ), wso)
Garaa(11') = 2 32 ()= 1)V, (1), (457)

Proof. The results (4.47), (4.48), and (4.51) yield, after some computations, the
existence of an asymptotic expansion of the form given in (4.53). The result (4.54)
is a consequence of Lemma 4.6, since the expansion of z~~1u,(z) only contains
even powers of z. The kernel expressions follow after some tedious computations,
which we omit. In the expression for (4.57) we used the relation ro-r~ =r-r’. [

We can now describe our results. We consider the two channel set-up, where
we now take the Hilbert space H = L*(R,) ¢ C, and replace (4.5) by

_ |Hoe O
H= { 0 O} (4.58)
Theorem 4.8 (Two channel case). Consider the two channel case with H given
by (4.58). Assume that W given by (4.6) satisfies (4.8) with v > 20 +5. Assume
that (Wyg, 1) #£ 0. Then we have v =2+ 1 and

= 0 gy | 10 P, (459

where I' denotes the usual Gamma function.

Proof. We insert the expansion coefficients into (3.11), and after some simple
computations, the result follows. A computer algebra computation using (4.49)
yields the closed form of the coefficient, given in the theorem. n

Remark 4.9. The above result should be compared with the results in [3]. Here
the same Hamiltonian is investigated using analytic continuation of the resolvent.
The expression in (4.59) agrees with the one in [3].

Remark 4.10. One can also consider the operator

0+ 1)
— +
dr? r?
where V' decays sufficiently rapidly at infinity. The analysis of the threshold can
be carried out along the same lines as above. In this case one can get a simple
eigenvalue at the threshold for suitable V. The detailed analysis shows that also
in the one channel case one can get examples, where (A5) is satisfied with v

arbitrarily large.

H=-—

+V(r), (4.60)
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Remark 4.11. The results obtained here are similar to those in [9] for —A +V
on L*(R™), m > 5 and odd. The free Schrodinger operator has an asymptotic
expansion with coefficients having the same properties as above. The link between
the two cases is given by m = 2¢ + 3. One could use the results in [9] to get one
channel examples similar to those mentioned in the previous remark.

4.4 Schrodinger operators on the half line with nonlocal
interactions

In this subsection we show that the factorization technique allows one to treat
some classes of nonlocal interactions easily. We first give the general scheme, and
then we apply it to a finite rank perturbation.

In this section the Hilbert space is H = L?*([0,00)). We take as Hy the free
Schrodinger operator on the half line with Dirichlet boundary condition, i.e. the
operator with the domain and action given by

d2

dr2”
Here the space AC? denotes functions f that are continuously differentiable on
[0, 00), with f” absolutely continuous (see [22]). It is well known that this operator

is selfadjoint.
In this subsection we will use the weighted space formalism. Let

D(Hy) ={f € H|f € AC*([0,00)), f(0) =0}, Hof =— (4.61)

HE = {f cI2 (R,) ‘ /Ooo\f(r)|2(1 ) < oo}, seR. (4.62)

We use the notation B(si, s2) for the bounded operators from H*' to H®.
Using 2 = —k?, and the notation r., r~ as above, the resolvent Ry(z) =
(Ho — 2)~" has the integral kernel

1
2K

Using the Taylor expansion we can get the following result, as in [10, 9, 17].

(Ho + &%) r,r') = (e*"‘(’”>+r<) — e*“(r>*r<)) ) (4.63)

Proposition 4.12. The resolvent Ry(—x~?) has the following asymptotic expan-
sion. Let p > 1 be an integer, and let s > p + % Then we have

p—1
Ro(—k%) =Y G967 + kPri(k) (4.64)
j=0

0

in the norm topology of B(s, —s). Here r)(k) is bounded uniformly in a neighbor-

hood of k = 0, Rex > 0. The operators G? are given explicitly in terms of their
integral kernels by

Gi(r,r") = % ((rs + 7)™ = (rs —ro)’™). (4.65)

If s > j+ 3. then GY € B(s, —s).
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Proof. The straightforward computations and estimates are omitted. O]
We now introduce our assumption on the interaction.

Assumption 4.13. Let V' be a bounded selfadjoint operator on H, such that V'
extends to a compact operator from H=° to H? for some § > 1. Assume that there
exists a Hilbert space K, a compact operator v € B(H™°,K), and an operator

U € B(K) with U* = I, such that V = v*U.

Example 4.14. Let o € H°, andc € R, ¢ # 0. Let X = C. Let v: H? —» K
be given by v(f) = |¢|'*(¢, f), and U multiplication by sign(c).Then v*(z) =
z|e|'?¢p, and we have V' = v*Uv. The generalization to an operator of rank N is
obvious.

The analysis of the resolvent of H = Hy + V, with V satisfying Assump-
tion 4.13, follows along the lines of the preceding subsections. The starting point
is the analysis of the operator

M (k) = U +v(Hy + %) o*. (4.66)
It is now an operator on K. We have again an asymptotic expansion
M (k) = My + kM) + °Ms + k> M + O(*), (4.67)

with My = U +vGv*, and M; = vG9v*, j > 1. The operators GY are those from
(4.65).

The first step is the analysis of Ker M. It differs from the one for a local
potential (see Section 4.2 and [11]), since we no longer can use the Volterra iter-
ation argument to show dim Ker My < 1. Instead, the kernel can have any finite
dimension.

Lemma 4.15. Let Assumption 4.13 be satisfied with 6 > 3/2.

(i) Let f € Ker My. Define g = —Gv*f. Then Hog = 0, with the derivatives
in the weak sense. We have that g € L>®(Ry) N C([0,00)), with g(0) = 0.
We have g € L*(R,), if and only if

(vr, f)x = 0. (4.68)

(ii)) Assume g € H* N C([0,00)), s > 1/2, satisfies g(0) =0 and Hg = 0. Let
f=Uvg. Then f € Ker M.

Proof. Let f € Ker My, and define g = —GYv* f. Then we have
o) =~ [ e+ [ = nw e
0 T
Since v*f € H*® for some s > 3/2, the second term belongs to L?(R.). The
rest of part (i) is now obvious. Part (ii) is proved analogously to the results in

Section 4.2. Details are omitted. OJ

24



We need the following result, which is analogous to the results in [10, Lemma
2.6].

Lemma 4.16. Assume that f; € K, such that (4.68) holds for f;, j =1,2. Then
we have that

(f1,0G" fa) = —(Gov" fr, Gov” fo). (4.69)
Proof. The proof of [10, Lemma 2.6] can be transferred almost verbatim to the
current setting. Details are omitted. O

We will now carry out the computations leading to an asymptotic expansion
of (H + x%)7!, where H = Hy + V, with V satisfying Assumption 4.13. At the
end we apply the results to determine v and g,.

We are interested in analyzing the case where there is both a resonance and
a nondegenerate eigenvalue at the threshold of H. Let S denote the orthogonal
projection onto Ker My in K. Thus we will assume that Rank .S = 2.

Write the expression (4.67) as M (k) = My + xM;(x). By [11, Corollary 2.2]
(see also [12]) we have

M(r)™ = (M(k)+S5)™ + %(M(KJ) + 9) 7 tSm(k)ES(M (k) +S)7t,  (4.70)

where (as an operator in SL?(R))

m(k) = SMy(k)(My + S)™ 1S — kS(M (k) (My + S)™1)2S
+KES(My (k) (Mo + S))*S + O(k%)

= mg + kmy + K>my + O(K?), (4.71)
and we define
mo = SMls, (472)
my = SMyS — SM,(My+ S)"*M,S, (4.73)
mo = SMgS — SMl(MO + S)ilMQS — SMQ(M(_) + S)ilMls
+ SMy (Mo + S) "' My (Mg + S)~* M, S. (4.74)

In the computation of the m; we used the fact that (see [11])
(Mo + 8)7'S =S(My+S)* =8. (4.75)
We first look at (4.72). Using the definitions we have
mo = SMS = —|Svr)(Svr|. (4.76)
Since we want to have a resonance at zero, we introduce

Assumption 4.17. Assume Svr # 0.
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Under this assumption we define the projection
1
P = —|Svr){(Svr|, where a = ||Svr|%. (4.77)
«

We now introduce

’fl\”Lj = —Emj, ] = O, ]_,2

Then Q = I — P is the projection onto Ker my in the space SK. Since we assume
Rank S = 2, it is nontrivial, and we have to apply [11, Corollary 2.2] once more.
Expanding to the order needed, we must invert the operator

q(r) = QM Q + K(QM2Q — QIMIQ) + O(r?) (4.78)

in the space QK. Since Rank@ = 1, we take f € Ran@Q, f # 0, such that
Q = [[fII7?1£)(f]. We then have

. 1
QmiQ = —a<fa QMQ[)Q.
Now we use Lemma 4.15. Define
Uy = —Gov*f. (4.79)

Then W, is an L2-eigenfunction of H for eigenvalue zero. Furthermore, we use
Lemma 4.16 to get

(f,QMQf) = — [T (4.80)
We must normalize ¥, to ||Wg|| = 1. Since by Lemma 4.15 we have f = Uvg, we
introduce the quantity
B=fI> = vl (4.81)
Thus we now have
0() = 5 + R(QLQ ~ QAAQ) + O(?). (1.52)

Since QM; = 0, we have the results

—~ 1 N 1
QWQQ:—EQM?,Q and Qm% :EQMstzQ-

It follows from (4.65) that G9(r,r") = —Z(r(r')> + r3"). Since PQ = 0, we

12
conclude that Qms.@Q = 0. We also introduce the quantity

such that Qm3iQ = ya~2Q. If we insert these results in (4.82) and use the Neu-
mann expansion, we get

(k)™ = (aB + B2y + O(K))Q. (4.84)
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It remains to use the analogue of (4.70) twice, in order to find the expansion
of M(x)~. The computations are very similar to those above, so we omit the
details, and state only the result. We get

_ 1 1 el
M(k)™ = —;ﬁ@ - (— + —Q) o(1). (4.85)
We now insert the expansions (4.64) and (4.85) in the identity (see [11, (4.3)])

(“A+V+ )= (A +r) T = (A +R) oM (k) To(=A + k)7 (4.86)

and compute the singular terms. Here we use that G{v*@Q = 0. The result is the
expansion

1 1 2
(H+r)"= ?ﬁva*Qng + EGSU*SUGO + —@GO *QuGh +O(1), (4.87)

valid in B(s,—s) for s > 9/2. Thus we have an expression for the expansion
coefficient G_;. We need to rewrite this expansion, in order to verify that the
coefficients in it are positive. Since S = P + (), we have

Gov*SvGy = Gov* PuGy + Gv*QuGY.
We now define the resonance function. We take

1
o = —ﬁGSU*SUT’. (4.88)

It follows from the definition and Lemma 4.15 that ® € L>([0, 00)), ® & L*([0, o0)),
and H® = 0 in the weak sense. We have

Gov* PGy = |®) (D]

It follows from the definition (4.79) and the computations above that we have
1
GS’U*QUGg = B|\IJO><\IIO|

We also need to rewrite the expression for v. We have, using the definitions of P
and @

Y= <f7 M2SM2f>
= (f, MoyPMs f) + (f, MaQ M, f)

- $|(f, M,Sur)? + %I(f, My f)[?

— é\(f, MQSUT)|2 + %

In the last step we used (4.80). Collecting all the results, we have shown that
G_1 = [P) (@] + cu| Vo) (Pol, (4.89)
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where

1 1
Cnl:_+_+ﬁ2
(8% (6%

B

We can summarize our results as follows.

|(f, MaSvr) . (4.90)

Theorem 4.18 (One channel case). Let H = Hy+ V', where Hy is given by
(4.61), and where V' satisfies Assumption 4.13 for some § > 9/2. Let Assump-
tion 4.17 be satisfied, and denote by ® the resonance function. Let W be a realval-
ued bounded function on [0,00), such that (-Y?*W (-) is bounded. Let assumptions
(A2) and (A3) hold. Then v = —1, and we have the result

g-1= |<\1107 Wq)>‘2 + Cnlb27 (491)
where b is given by (3.1), and cy by (4.90).

Proof. The proof consists in using the results above, and inserting them in (3.11).
We omit the details. O

5 Further results

In this short section we list a few possible straightforward generalizations of the
results obtained above.

(i) More examples e.g. the one channel case in three dimensions with a bound
state and a resonance at threshold, higher dimensions etc. The only problem
is that the computations are more tedious.

(ii) Even dimensions. Although there are no basic difficulties in extending the
theory developed in Section 3, one has to cope with the more complex asymp-
totic expansions for the resolvents [9, 11].

(iii) Degenerate case, i.e the case when 0 is a m-fold degenerate eigenvalue, m <
oo. If all the eigenvalues b; < by < --- < b, of FhW Py on PyH are strictly
positive and nondegenerate, one can apply the method in Section 3 to each
of them by replacing 1. (see (3.16)) with I;. = (¢(b; — a),e(b; + a)), where

L
a = 51}2}?{[)1, |bj - bk|}

(iv) The case where the eigenvalue at zero is embedded in the continuum, while
still being a threshold eigenvalue. This is most easily realized in a two chan-
nel model with both channels open. Here the asymptotics of the resonance
may be different from the one found in Theorem 3.7.
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