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Abstract

We study embedded eigenvalues of automorphic Laplacians A(To(N), ), for
Hecke groups with primitive character xy and develop the corresponding Hecke
theory for cusp forms. We prove that A(To(N),x) with the Hecke operators T(p),
p1 N, determine common eigenfunctions uniquely (multiplicity one theorem). The
Hecke operators U(q), q|N, are proved to be unitary with eigenvalues +1, and
the continuous spectrum equals the unit circle. From this follows the analogue of
Selberg’s small eigenvalue conjecture for the exceptional Hecke operators. Utilizing
this theory we prove that for a large class of regular character perturbations defined
by holomorphic Eisenstein series of weight 2, at least one eigenfunction from each
odd eigenspace becomes a resonance function except for possible eigenvalues of the
form

1 9 s . .
A =—=+71., T =n—— n€Z,qis a prime, q|N.
4 log q
This indicates that the Phillips-Sarnak conjecture about violation of the Weyl law
holds true, provided the dimensions of eigenspaces remain bounded.
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Introduction

It was proved by [Sel] that the Laplacian A(I") for congruence subgroups I' of the modular
group I'z has an infinite sequence of embedded eigenvalues {\;} satisfying a Weyl law
#A{N <A}~ %)\ for A — oco. Here |F| is the area of the fundamental domain F' of the
group I', and the eigenvalues \; are counted according to multiplicity. The same holds
true for the Laplacian A(T'; x), where x is a character on I" and A(T'; x) is associated with
a congruence subgroup I'y of I'. It is an important question whether this is a characteristic
of congruence groups or it may hold also for some non-congruence subgroups of I';. To
investigate this problem Phillips and Sarnak studied perturbation theory for Laplacians
A(T") with regular perturbations derived from modular forms of weight 4 [P-Sal] and
singular perturbations by characters derived from modular forms of weight 2 [P-Sa2].
Their work on singular perturbations was inspired by work of Wolpert [W1], [W2]. See
also [DIPS] for a short version of these ideas and related conjectures. Central to their
approach was the application of perturbation theory and in that connection the evaluation
of the integral of the product of the Eisenstein series Ej(s;) at an eigenvalue \; = s;(1—s;)
with the first order perturbation M applied to the eigenfunction v;. If this integral I (s;),
which we call the Phillips-Sarnak integral, is non-zero for at least one of the Eisenstein
series E(s;), then the eigenvalue \; disappears under the perturbation aM+a?N for small
a # 0 and becomes a resonance. This follows from the fact that Im A7(0) is proportional to
the sum over k of |I(s;)|?, a fact known as Fermi’s Golden Rule. The strategy of Phillips

and Sarnak is on the one hand to prove this rule for Laplacians A(I") and on the other



hand to prove that I;(s;) # 0 for some k under certain conditions. For congruence groups
with singular character perturbation closing two or more cusps a fundamental difficulty
presents itself due to the appearance of new resonances of A(T',«) for o # 0, which
condense at every point of the continuous spectrum of A as &« — 0. These resonances
(poles of the S-matrix) were discovered by Selberg [Se2| for the group I'(2) with singular
character perturbation closing 2 cusps, so we call them the Selberg resonances. Any
method of proving that eigenvalues become resonances or remain eigenvalues has to deal
with these resonances, which arise from the continuous spectrum of the cusps, which are
closed by the perturbation. This makes the problem very difficult in that case. This is
also illustrated by the example of I'g(p) with trivial character, where p is a prime. Here
the Riemann surface has two cusps, which are both closed by a singular perturbation
defined by a holomorphic Eisenstein series of weight 2. The Phillips-Sarnak integral is
non-zero for all new odd cusp forms, but the spectra of the perturbed operators are purely
discrete, condensing in the limit on the original continuous spectrum. Se also Remark 8.9
for another example. In the case of regular perturbations derived from cusp forms it is not
too difficult to prove Fermi’s Golden Rule, but it is very hard to prove that the integral

1S not zero.

We consider instead as our basic operator A(T, ), where I' = T'y(N) is the Hecke group
of level N and  is the one-dimensional unitary representation of I'y(/N) defined by a real,
even, primitive Dirichlet character mod N. These characters are fundamental in number
theory, since they are related to real quadratic fields. We study basic spectral properties

of the operators A(Ty(N),x) and related Hecke theory. We prove that the multiplicity



one conjecture holds for A(Tg(N), x) and the set of non-exceptional Hecke operators T(p),
p1 N. The exceptional Hecke operators U(q), ¢ |V, are shown to be unitary and have only
the eigenvalues 1. This implies that the analogue of Selberg’s small eigenvalue conjecture
is valid for the exceptional Hecke operators U(q) with primitive character. Moreover, we
prove that the Hecke L-functions are regular and non-zero on the boundary of the critical

strip.

Based on this theory we develop the perturbation theory for embedded eigenvalues of
the operators A(I'o(N), x). We prove that for a class of regular perturbations defined by
holomorphic Eisenstein series of weight 2 the Phillips-Sarnak integral I;(s;) # 0 for all

odd Hecke eigenfunctions of A(To(N),x) with eigenvalues \; = s;(1 — s;) except if s;

s
loggq’

takes one of the values s(n,q) = 3 + in q a prime, ¢ |N.

Consequently, at least one eigenfunction from each odd eigenspace of A(I'o(NN), x)
with s; # s(n, ¢) for all n and ¢ |N becomes a resonance function under this perturbation,
the corresponding eigenvalue giving rise to a resonance. We notice that in the case of
A(To(N)) with trivial character the embedded eigenvalues are discrete in the space of
new forms, whereas in the case of A(I'o(N)) with primitive character they are genuinely

embedded, since both cusp forms and Eisenstein series are new.

We now describe in more detail the contents of the paper. It consists of the following

sections:

1. The group ['o(NN) with real, primitive character y



2. The Eisenstein series

3. The discrete spectrum of the automorphic Laplacian A(To(N), x)

4. Hecke theory for Maass cusp forms

5. Non-vanishing of Hecke L-functions

6. The form w(z)

7. The Phillips-Sarnak integral

8. Perturbation of embedded eigenvalues

In Section 1 we introduce the Hecke groups I'o(INV) to be considered and define their
primitive character mod N. We consider precisely those sequences of values of the level
N for which such a character exists: 1) N = N; = 1 mod 4, 2) N = 4Ny, Ny = 3 mod
4,3) N = 4N3, N3 =2 mod 4, where Ny, Ny, N3 are square-free integers. The Riemann
surfaces associated with the groups I'o(N) have d(N) cusps, where d(N) is the number of

divisors in N.

The primitive character x keeps all cusps open in case 1 and closes one third of the
cusps in case 2 and one half of the cusps in case 3 (Theorem 1.1). Closing of a cusp means

that the continuous spectrum associated with that cusp disappears.

In Section 2 we discuss the Eisenstein series, and in Section 3 we prove the Weyl law for
eigenvalues of A(To(N),x) (Theorem 3.6), using the factorization formula for the Selberg

zeta function [V1] and Huxley’s explicit formula for the scattering matrix of I';(N) [Hul].



In Section 4 we develop the Hecke theory for Maass wave cusp forms of A(o(N), x).
We prove that there is a unique common eigenfunction of A(I'o(N),x) and the Hecke
operators T'(p), p 1 N, with given eigenvalues and first Fourier coefficient 1 (the multiplicity
one theorem) (Theorem 4.2). The exceptional Hecke operator U(q), ¢ |N , are unitary
(Theorem 4.1) and have only the eigenvalues £1 (Theorem 4.3). This is in contrast with
the case of A(To(N)) with trivial character, where the operators U(q) are not normal in

the whole Hilbert space and normal but not unitary in the space of new forms.

In Section 5 we study the Dirichlet L-series L(s;v;) and L(s,?;) associated with the
eigenfunctions v; of A(y(N),x) and their conjugates ¥;. They have an Euler product
representation (Theorem 5.1) and analytic continuation to all of C, connected by a func-
tional equation (Theorem 5.2). Based on this together with a general criterion proved in
[M-M] (Lemma 5.3) we prove that L(s;v;) and L(s;0;) are regular and non-zero on the

boundary of the critical strip (Theorem 5.4).

In Section 6 we introduce perturbation of A(To(N),x) by characters x(a). This is
equivalent to perturbation by a family of operators a M +a?N, where M = —4miy? (wla% — wQa%) ,
N = 47% |w|” and w = w(2) = w; + wy is a modular form of weight 2 derived from the
classical holomorphic Eisenstein series Es(z). The basic result here is in each of the cases
2) and 3) the existence of such a form w(z), which keeps the same cusps open and closed,
which are already open and closed by the primitive character x (Theorem 6.1). In Theo-
rem 6.2 an explicit (k —1)-parameter family of such forms w is constructed, where k is the

number of prime factors in Ny or N3. This makes the perturbation defined by w regular



relative to A(Lg(NN)) and thereby accessible to analysis of embedded eigenvalues. In case

1) this is not possible, and the remaining part of the paper deals with the cases 2) and 3).

In Section 7 we prove for this class of perturbations, using the non-vanishing of
the Dirichlet L-series for eigenfunctions, that for some £ the Phillips-Sarnak integral
I, (% + z'rj) is different from zero for all odd eigenfunction except for r; = n@, q=2or

g an odd prime, ¢ |N, n € Z (Theorem 7.1).

Section 8 contains the general perturbation theory (Theorem 8.4), which allows to
conclude from the non-vanishing of the Phillips-Sarnak integral that at least one eigen-
function from each odd eigenspace turns into a resonance function (Theorem 8.5). Using
this result, the proportion of odd eigenfunctions which leave as resonance functions can be
estimated depending on the growth of the dimensions m(s;) of the eigenspaces (Theorem
8.6). The estimate m();) << m/g\—j,\]-v which can be obtained using Selberg’s trace formula,
gives at least the proportion c\/)Tj log A, while boundedness m(\;) < m, which has been

conjectured, implies that a positive proportion leaves (Corollary 8.7).

The operator M, which is derived from the real part of the form w, maps odd functions
into even functions and even into odd. Therefore, the Phillips-Sarnak integral is always
zero for even eigenfunctions, and it remains an open question whether some of these leave

under this perturbation.

There is another perturbation aM + a2N , where M is derived from Imw and M pre-

serves parity. This perturbation, however, is completely different. It is singular, but in



some sense very simple. Although the Phillips-Sarnak integral is non-zero for all even
Hecke eigenfunctions, it does not follow that corresponding eigenvalues give rise to res-
onances. Quite the contrary happens. All eigenvalues and resonances remain constant,
because the Laplacians L(«) are conjugate to L via multiplication by an automorphic

phase function (Remark 8.8).

The proof that the Phillips-Sarnak integral is not zero utilizes strong arithmetical
properties based on Hecke theory and is specific for the operators A(I'o(NNV),x). Gen-
eral perturbation theory makes it possible, however, to draw some conclusions about
the eigenvalues more globally (Remark 8.9). Thus, eigenvalues of A(I'y(N), x) with odd
eigenfunctions which leave the spectrum for o # 0 can then only become eigenvalues for

isolated values of & € (—1,1).

This preprint is a revised version of previous preprints entitled “The Phillips-Sarnak
conjecture for Hecke groups with primitive character” and “The Phillips-Sarnak conjecture
for T'y(8) with primitive character”. Section 4 gives a considerably expanded account of
the Hecke theory, which was incomplete in the previous versions. In Section 8 we give the

correct version of Theorems 8.5 and 8.4 from the previous preprints.

1 The group ['((N) with primitive character

We consider the Hecke congruence group I'g(N) together with its one-dimensional unitary
representation x, also called a character of the group. We are interested here only in

arithmetically important characters, coming from real primitive Dirichlet characters y



mod N. We have, following Hecke,

xX(7) = xn(n), v = < (]l\fc Z ) € To(N). an — beN = 1.

It is well-known (see [D]) that the real primitive characters mod N = |d| are identical

with the symbols

d
n
where d is a product of relatively prime factors of the form

—4,8, -8, (—=1)P~V/2p p > 2, (1.1)

We have

() ()2

provided (dy,ds) = 1.

By definition

4 1, n=1 mod 4
<—) =xu(n)=<¢ -1, n=3 mod 4

" 0, otherwise

3 1, n=4#+1 mod 8
<—) =xs(n) =< —1, n=43 mod8

K 0, otherwise



We have also, by the law of quadratic reciprocity for the Legendre symbol

()= sr-comrsa

provided n is an odd square-free integer. By Kronecker’s extension of Legendre’s symbol

we have

or, more generally,

Thus, relation (1.2) holds whether n is odd or even. It holds also in the more general

form
-9
[ n
where
= (=102
and | = pips, ..., that is if [ is any square-free odd positive integer, and ' = Piph... (see

(1.2)).

Finally, we recall that

n\ _ | +1 if nRp
p) | —1 if nNp

for p an odd prime and (p,n) = 1. We also define

ORES

10



Here by definition, nRp just means that there exists an integer x, such that 22 = n mod

p, in the case of n/Np such integer does not exist.

For odd n we also have

This explicit definition of the symbol (%) is important in order to calculate the values

of the character x on the parabolic generators of the Hecke group.

The numbers
(_1)@71)/2]77 P> 27

are all congruent to 1 mod 4, and the products of relatively prime factors, i.e. distinct
factors, each of this form, comprise all square-free integers, positive and negative, that
are congruent to 1 mod 4. In addition, we get all such numbers, multiplied by -4, that
is, all numbers 4N, where N is square free and congruent to 3 mod 4. Finally, we get all
such numbers, multiplied by £8, which is equivalent to saying all numbers 4N where N

is congruent to 2 mod 4 (see [D]).

By this we have obtained all real primitive Dirichlet characters. But we need only
even characters here, since we consider the projective Hecke group T'o(N) C PSL(2,R),

that means we identify two matrices

a b —a b
Nc d —Nc¢ —d
and x(d) = x(—d). According to this classification of primitive even real characters, we

11



will consider three different choices of N in To(N).
].) Fo(Nl), N1 = Hp>2(_1)(p*1)/2p7 N1 > 0.
That means N is any positive square-free integer and N; = 1 mod 4.

2) We take M, = Il,o(—1)P~Y/2p M, < 0, and we consider [y(4Ny), where N, =

—Mé. That means, N, is any square-free positive integer Ny = 3 mod 4.
3) We take My = IT,55(—1)®~Y/2p and we define N3 = 2 |Ms|.
We have, N3 is any square-free positive integer, and N3 = 2 mod 4.
Then we consider ['g(4Ns3).

We now recall the basic properties of the group I'o(N), having in mind our choices 1),

2), 3) for N. It is well-known [Sh] that for any N

[To(1) : To(N)] = NT(1+ 1/p) = m

p|N

(oo e -1 5
Ng = —1 . —]=<1, p=1 mod4
HP‘N (1 + ( - )) otherwise, p 1 p=3 mod4

0 p=3
N -3 ’

n3:{0 _ 9|][1 ‘ (_): I, p=1 mod3

Hp|N( + (7)) otherwise, -1, p=2 mod3

h=7 o((d N/d)

d|N
a>0

12



m no n3 h
a2 D .
9=t T 373

Here m is the index of ['y(N) in the modular group, ns is the number of ['y(N) inequivalent
elliptic points of order 2 (n3, of order 3), h is the number of ['y(N) inequivalent cusps, g is
the genus, p(n) is the Euler function, (1) =1, p(n) =n(l —1/p)(1 —1/ps)...(1 —=1/px),

_ 2l l2 (M
n=pips--Py-

For our purposes it is important to see the parabolic generators of our groups and

corresponding cusps of the canonical fundamental domains.

Case 1). For I'((N;) we have Ny = pips...p, a product of odd different primes. Then

hi = > o((d,N1/d)) = d(Ny), the number of positive divisors of the positive integer Nj.
d|N,
>0

Let 04 € To(1), d|N, d >0

ad:@ (1)) (1.3)

We can take a complete set of inequivalent cusps for T'g(V;) the set of points zg = 1/d € R,
d|Ny, d > 0. We define then I'y = {'y € To(N) |yza = zd}. Let S; be the generator of

['y. We can find S, from the condition S, € T'o(NV;)

(10 1 m, 1 0\ [ 1—dm; m,
Sd_(d 1)(01 )(—d 1)_<—d2m;l 1+dm;) (1.4)

where we have to take the minimum |my| (width). That gives my = N /d, and we obtain

[ 1-N, Ny/d
Sd—<_dN1 1+N1),d>0,d|]\71. (1.5)

Since our character x = xn, is mod Np, we obtain

XN, (Sa) = xnv, (1 4+ Ny) = xn, (1) =1 for any d|N; , d > 0. (1.6)

13



Case 2) Tg(4Ns), Ny is the product of different odd primes. Then we have

ha =Y o((d,AN,/d)).
d|AN,

Since p(2) = 1 we obtain hy = d(4N,), the divisor function of 4N,. For any d |[4N,
we introduce the matrix o4 € I'g(1) (1.3). Again we take as a complete set of inequivalent
cusps for I'g(4Nz) the set of points zg = 1/d € R, d|4Ny, d > 0. We define in analogy

with the first case

Fd = {’Y S F0(4N2) |’72d = Zd} (17)

and for the generator S; = SC(IQ) we have

. 1— dmd mq
Sd o ( _ded 1+ dmd ) (18)
where for mg we have the minimum |m;|, when S, € T'o(4N3) (see (1.4)). We have three

possibilities now. In case (i) d | Ny, then we have 4N, |d*m, and my = 4N, /d. We obtain

( 1— 4N, 4N,/d
Sy =

N 1+4N2),d|N2,d>0. (1.9)

In case (ii) d = 2d;, dy | Ny, then we have 4Ny [d*mg and mg = Ny/d;. We get

o _ 1—2N, Ny/d,
4=\ —4d;N, 1+ 2N,

) , dq |N2 , dy > 0, d = 2d;. (110)
Finally in case (iii) we have d = 4ds, dy |[Ny. Then 4N, [16d%my, and we get mg = Ny /ds.

We obtain

g, ( 1— 4N,  Ny/dy

—16d,N, 1+ 4N, ) » &|N> s do >0, d = ddy. (1.11)

14



Case 3) For I'y(4N3) we have N3 = 2n, n = pi, p...py is the product of different odd

primes. We get

hs = 37 ol(d, ANs/d)) = d(ANy). (112

"0
We take as the set of all I'y(4N3) inequivalent cusps the set of points
zg=1/d, d|4N;5 , d > 0, (1.13)
then we define in analogy to (1.7)

Lg={y€lo(4N3) |yz4 = za }

and its generator Sy, given by (1.8) with d|4N3, d > 0. Similar to (1.4) for m, we take

the minimum ‘m'd}, when S, € [')(4N3). We have 4 possibilities now,

Analogous to (1.8), (1.10) we obtain

( _
1_8dj11N3 Zluffvg dn, d>0
%= Edz%;) ;gg}vg B (1.14)
—16d27;3 1 +22N3 d=4dy, dy|n , dy >0
( 1—6_422) ?Tll/jilNg d = 8ds, ds|n , d3 > 0.

In (1.6) we calculated the values of xn,(Sq), d|N1, d > 0. Now we do that for all

other cases. We have in Case 2) of 4N, with either (i) d [Ny or (iii) d = 4dy, da |Ns

X4NQ(Sd) = X4N2(1 + 4N2) = X4N2(1) = 1, d |N2, d>0 (115)

15



X4NQ(Sd) = 1, d= 4d2, do |N2 , dy >0 (see (111)) (116)

For the case (ii) d = 2dy, dy | N2, d; > 0 we have to calculate

Xan, (Sa) = xan, (1 + 2N3) (see (1.10)). (1.17)
We obtain
4N, —4 —Ny
14+2Ny)) = ——— | = 1.1

Xana (1 +2Ns) (1+2N2) <1+2N2) <1+2N2) (1.18)

M/

= v4(1 + 2N 2

xa(l+ 2)(1+2Ng)

1+ 2N,
Ny

Since Ny = 3 mod 4 we get x4(1 +2N3) = —1 and then

X4N2(Sd) = X4N2(1 + 2N2) = —1, d= 2d1, d1 |N2 , d1 > 0. (119)

In Case 3) ['y(4N3) we have (see (1.14))

X4N3(Sd) = X4N3 (SSdg) =1 (120)
din ds|n
Xczlulvg (S2d,) = Xczlulvg (S1dy) = Xang (1 +2N3) = —1. (1.21)

From the basic properties of the symbol (%) (see the beginning of this section) follows

(1+2N;) < AN; ) w420 (55) M > 0
X4Ns UUNLTE2NS) | (1t 2Ng)xa(1 + 2Ns) (Hﬁ—Ns> - My <0
3

where My = [ (—1)®=Y/2p. Then we have
p>2
LN\ (M )
M, ) \1+2N3)

16




where Mz = [] p, corresponding to the product M:; Next 2N3 =4 }Mé} and we have
p>2

Xa(1+2N;3) = 1. (1.22)
Since N3 = 2 mod 4 we have finally
xs(1+2N3) = —1. (1.23)

We have proved the following theorem.

Theorem 1.1 1. For the group To(Ny), N1 a square-free positive integer, N; = 1

mod 4, and its arithmetical character Xy, = (M) we have a complete system of
[o(Ny) inequivalent cusps zq given by zq = é, d|Ny, d > 0. The system of all
parabolic generators Sy is given by (1.5). Then all the above-mentioned cusps are

open relative to this character. That precisely means that xn,(Sq) = 1. We are also

saying in this case that the character x is reqular for the group To(Ny) (see Section

2).

2. For the group Ty(4Ny), Ny a square-free positive integer, Ny = 3 mod 4, and its

arithmetical character x4n, = (%) we have the complete system of To(4Ns) in-
equivalent cusps zq = 1/d, d|4Ny, d > 0. The system of all parabolic generators
Sq is giwen by (1.9), (1.10), (1.11). The character xun, is singular for the group
[o(4Ny), two third of the cusps zq are open and one third is closed by the character
X- That precisely means, that for open cusps zq, d|Ny, d > 0, or d = 4dy, dy > 0,
do | Ny, we have x(Sq) =1 (see (1.15), (1.16)). For closed cusps z4, d = 2d,, dy > 0,

dy |No, x(Sq) = —1 (see (1.19)).

17



3. For the group T'o(4N3), N3 a square-free positive integer, N3 = 2 mod 4, and its
arithmetical character x4n, = (%) we have the complete system of To(4N3) in-
equivalent cusps zq = 1/d, d|4Ns, d > 0. The system of all parabolic generators
Sy is given by (1.14). The character xan, is singular for the group To(4N3) with
half of the cusps open and the other half closed. The open cusps are zq, d|n, d >0

(N3 =2n), ord = 8ds, ds|n, ds > 0 (see (1.20)). The closed cusps are zq, d = 2d;,

dy |n, di >0, or d =4ds, dy |77/, ds >0 (866 (121), (122), (123))

2 The Eisenstein Series

We recall the main points of the spectral theory of the automorphic Laplacian on the

hyperbolic plane, which we need in this paper (see [Sel|, [He], [BV], [V2]).

Let H be the hyperbolic plane. We consider H = {z € C|z =z +iy} as the upper

half-plane of C with the Poincaré metric

2 _ dz? + dy?

ds )

Let A = ¢? (88—;2 + 88—:2) be the Laplacian associated with the metric ds®. Then let T’
be a cofinite group of isometries on H and x a one-dimensional unitary representation
(character) of I'. We define the automorphic Laplacian A(I'; x) in the Hilbert space H(T")
of complex-valued functions f, which are (I'; x) automorphic, i.e. f(vz) = x(v)f(z) for

any v € I', z € H, and which satisfy

1112 = / PP du(z) < oo

18



It is clear that H(I') = Lo(F'; du), when F is given. The linear operator A(I"; x) is defined

on the smooth (I'; x) automorphic functions f € Ly(F’;du) by the formula

AT ) f = —Af.
We identify A(T; x) with the restriction Ag(I"; x) of A(L'; x) to the space of functions f |,
where f runs over all smooth (T, x) automorphic functions f. The closure of A(T";y) in

Hr is a selfadjoint, non-negative operator, also denoted by A(I"; x).

We recall that the character x is regular in the cusps z; of the fundamental domain
F if x(S;) = 1 and S, is the generator of a parabolic subgroup I'; C I', which fixes the
cusp z;. Otherwise x(S;) # 1, and x is singular in z;. It is clear that this property of the
character does not depend on the choice of fundamental domain, since in equivalent cusps
the character has the same values (that means y(S;) = x(S;), and S;, S; correspond to

equivalent cusps).

The total degree k(I'; x) of singularity of y relative to I' is equal to the number of all
pairwise non-equivalent cusps of F', in which y is singular. If I' is non-compact, which is the
only case we consider, and the representation y is singular, i.e. h > k(I"; x) > 1, then the
operator A(I'; x) has an absolutely continuous spectrum {\ € [1/4,00)} of multiplicity
h — k(T; x), where h is the number of all inequivalent cusp of F. In other words, the
multiplicity 7(T'; x) of the continuous spectrum is equal to the number of inequivalent

cusps where x is regular, r(I'; x) = h — k(T'; x).

The continuous spectrum of the operator A(T'; x) is related to the generalized eigen-

functions of A(I'; x), which are obtained by the analytic continuation of Eisenstein se-
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ries. We define this as follows. For each cusp z; of the fundamental domain F', in
which the representation x is regular, we consider again the parabolic subgroup I'; C I,
I'y = {yel'|yz; =%} T, is an infinite cyclic subgroup of I', generated by a certain

parabolic generator S;, x(5;) = 1.

There exists an element g; € PSL(2,R) such that
g;00 = zj, gj’lSjgjz =Sxz=2+1

for all z € H. Let y(z) denote Im z. Then the non-holomorphic Eisenstein (or Eisenstein-
Maass) series, is given by

Ej(zsiTi0) = Y ylg v2)x(). (2.1)

YEL;\I

Here x is the complex conjugate of x, v is a coset I';y of I" with respect to I';. The series is
absolutely convergent for Res > 1, and there exists an analytic continuation to the whole
complex plane as a meromorphic function of s. We have a system of r(I'; x) functions
given by (2.1). For s = 1/2 +it, t € R, they constitute the full system of generalized

eigenfunctions of the continuous spectrum of the operator A(T'; x).
We recall the definition of the automorphic scattering matrix. We have for

1<, 87T x)

Ea(gszs:T50) = Y anly; 5T x)e™™™X. (2.2)

n=—oo

This function is periodic under z — z 4 1, and moreover
ao(y; ;15 X) = Gapy” + Pas(s: i)y, (2.3)
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z=ux+1y € H, where

The matrix ¢(s;'; x) = {pap(s; ;s x)} which is of the order (I'; x) is called the auto-
morphic scattering matrix. It is well-known that ¢(s;T’; x) is meromorphic in s € C and

holomorphic in the line Re s = 1/2 and satisfies the functional equation

o(s; T x)o(1 — 5T x) = 1o, (2.4)

where I, is the r(I'; x) x r(I'; x) identity matrix. The matrix ¢(s;; x) is important for
establishing the analytic continuation and the functional equation for the Eisenstein series

given by

Eo(z1—sT;x) = Zsoaﬂ — 515 x) Ep(2: 5T X) (2:5)

We make now more precise the formulas (2.4), (2.5). We have

Eo(gs2; 815 X) = 6apy® + 0as(s; T x)y' (2.6)

+ VY Y Papn(5: T3 X) Ko1ya(2 [n] y)em ™
n#0

where K _1/2(y) is the McDonald-Bessel function. This expression is obtained from the
differential equation Af 4+ 1(1 — s)f = 0 by separation of variables in the strip —1/2 <
r<1/2,0 <y < oo. Let ', be the infinite cyclic group generated by z — z + 1. Then

we construct a double coset decomposition (see [I], p. 163)

Too\ga 'T95/Too = dusloc U {U U I's < . ) roo} (2.7)

c>0dmod ¢
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x %\ [ a b _1
Where(C d)_<cd)€gagﬂ'

The general Kloosterman sums are introduced by

ma ~+ nd

Sap(m,n;c; 15 x) = Sag(m,n;c) = Z X ( Z Z ) exp 2mi (2.8)

d mod ¢

C

Here we have assumed that we can extend the character y from I' to g, 'T'gs. Then we

have
['(s—1/2 Sas(0,0;c
peo(s) = pua(siTsx) = v/t 2 57 5o, 00 2.9)
(S) c>0 ¢
2m® o
Papn(5) = apn(s;T5X) = ) 2> Sag(0,m5 ) (2.10)
c>0

where I'(s) is the Euler’s gamma function.

The explicit calculation of these series in full generality for our groups ['o(Ny), [o(4N3),
[o(4N3) and the corresponding arithmetical characters in terms of Dirichlet L-series is
rather technical and will be presented it in a separate paper. The approach to solve this
problem is by developing an idea due to M.N. Huxley (see [Hu]), although he considered
congruence groups without characters. We will use his results later in this paper to prove

the asymptotical Weyl law for discrete eigenvalues of A(I"; x) with the I' and y considered

here.

3 The discrete spectrum of the automorphic Lapla-
cian for I'y(N) with primitive character

We consider in this paragraph the group I' = ['y(NV) with primitive character x. We will

prove here that apart from the continuous spectrum of multiplicity r(I'; x) (see Section 2)
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the operator A(I'; x) has an infinite discrete spectrum consisting of eigenvalues of finite

multiplicity, satisfying a Weyl asymptotical law
N(xTiy) ~ M0, (31)

A—oo 4T

where N(\; T x) = # {\; £ A} is the distribution function for eigenvalues of A(I'; x), and
the \; are repeated according to multiplicity, u(F) = |F| is the area of the fundamental

domain F of T'.

As follows from general results on the spectrum of A(L';x) (see [F] ,p. 382, [V1],
p. 77) and the Selberg trace formula, it is enough to prove that the determinant of the

automorphic scattering matrix

o(s;T5 x) = det o(s; T x) (3.2)

is a meromorphic function of order 1. We will prove this indirectly, reducing to the group

['1(N), and then using Huxley’s result.

We recall the definitions

To(N) = {( (CL Z ) € SL(2,Z)|c = 0 mod N}

rl(N):{<z g) € SL(2,Z)[c=0,a=d=1mod N}

a b

F(N):FQ(N):{<C d) GSL(Q,Z)H)ECEO,aszlmodN}

and we recall the classical result (see [Mi] p. 104).
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Theorem 3.1 1. Let Ty be the homomorphism of SL(2,Z) into SL(z; Z/NZ)
7o (@ b . a mod N, b mod N
M \e d cmod N d mod N
then Ty is surjective, Ker Ty = T'(N) = I'y(N).
2. The mapping < Z Z ) — d mod N € (Z/NZ)* induces an isomorphism
Lo(N)/T1(N) = (Z/NZ)*

and T'1(N) is a normal subgroup of To(N) of index p(N), where ¢ is the Euler
function.

We recall now the general theorem proved in [V1], which we adopt to our situation.

Theorem 3.2 For a general cofinite Fuchsian group I' and its normal subgroup 1" of
finite index the following formula for the kernels of the resolvents of A(I';1) in Hp and

A(T; x) in Hr holds:

Z [trxr(z, 28Ty X)] dim y = r(z, 2s T 1) (3.3)

SR e

where [F : F,} denotes the index of I in I'. Here X runs over the set of all finite-
dimensional, irreducible unitary representations of the factor group I'\I'. We extend
the representation X to a representation x of the group I' by the trivial representation,
setting for y = -7, €T, 72 € T\T, x(7) = x(m)x(12) = x(7)X(12) = X(72). The

trace try 1is the trace in the space of the representation x, and dim x s the dimension of

X-

24



For Res > 1 the resolvent is defined as
R(s;T;x) = (A(T; x) — s(1 = s)I)7, (3.4)
where [ is the identity operator in Hp. We recall

12 = [ |f2du
/

f + FF — V, the finite dimensional space of the representation y. Then the kernel of
the resolvent, considered as an integral operator is given by the absolutely convergent

Poincaré series

r(z255 0 = > x(k(2,7759), (3.5)

yel

where k(z,2'; s) is the Green’s function for the operator —A — s(1 — s) on H.

As the group I' from Theorem 3.2 we consider the projective group I'o(N) and set
I' = T\(N). Then from Theorem 3.1 follows that the factor group T'o(N)/T'1(N) is
isomorphic to the group of all even Dirichlet characters of Z mod N. FEach of these

characters becomes a character of the group ['o(V) if we set

X =xtdy= (¢ 5 ) €T (3.

. a b a v * *
smce(c d)(c’ d’):<* dd,+cb,),CEOmOdN.

The identity (3.3) becomes

2 _ _
——— > 1z To(N);x) = (2,255, T1(N); 1) (3.7)
o(N) S

x mod N
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where x = 1 means the trivial one-dimensional representation. From (3.7) follows the

factorization formula for the Selberg zeta function

ZsTi(N); ) = [ Z(sTo(N);x) (3.8)

x even mod N

and finally we obtain the relation between the distribution functions of discrete eigenval-

ues of A(T';(N);1) and A(T'1(N); x)

NOTI(N); ) = > NG To(N); x). (3.9)

x even mod N

We have

u(F () = 28Ry () (3.10)

N\ To(N); x) < M)\, (3.11)

where p(F1(N)), u(Fo(N)) are the areas of the fundamental domains for T'; (V) and To(N)

respectively. From that follows

Lemma 3.3 Let the Weyl formula (law) hold for N(A\;T1(N);1). Then the Weyl formula
is true for each summand N(\;To(N);x) in (3.9). In particular, the Weyl law is valid

for N(X\;To(N); x) with real primitive character mod N.
Let us formulate now the result of Huxley (see [Huj, p. 142).

Lemma 3.4 For the group I'1(N) the determinant of the scattering matriz ¢(s; T1(N); 1)
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1S given by

det ot 51) = (e (T ) (AN HE 2200 )

Tk
where k is the number of cusps, -k = tré(1/2,T1(N); 1), A is a positive integer composed
of the primes dividing N, and the product has k terms, in each of which x is a Dirichlet
character to some modulus dividing N, L(s, x) the corresponding Dirichlet L-series, Y is

the complex conjugated character.
From (3.12) follows

Lemma 3.5 det ¢(s;['1(N); 1) is a meromorphic function of order 1.
From Lemmas 3.3-3.5 and the Selberg trace formula follows

Theorem 3.6 For I' = I'y(N) with real primitive character x mod N the Weyl law (5.1)

1s valid.

So we have infinite discrete spectrum of eigenvalues of A(To(N), ). Actually, having
in mind the Selberg eigenvalue conjecture and equality (3.8), it is very likely that the
whole spectrum of A(To(V); x) belongs to [1/4, 00), since we have a nontrivial congruence

character y, coming from the symbol (ﬂ)
The even and odd subspaces H. and H, of H are defined by

He ={f e H|f(=2) = f(2)}, Ho={f e H|f(=2) = —f(2)}.
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The spaces H, and H, are invariant under A(To(NV);x), giving rise to operators

A(To(N); x) and Ag(To(N);x). The spectrum of Ag(To(N); x) is purely discrete.

Corollary 3.7 The Weyl law for A.(To(N);x) and Ao(To(N); x) is given by

|F|
#FAN N <A p 8—7r/\’

where {\;} is the sequence of eigenvalues counted with multiplicity for either A.(To(N); x)

or Ao(To(N); x).

Proof. We refer to [V3], which deals with the modular group without character. This

can be extended to T'o(NN) with primitive character. m

4 Hecke theory for Maass cusp forms

We now recall the Hecke theory for Maass cusp forms in application to all our cases
Lo(N1), Xy, Do(4N2),xan, and Tg(4N3), xan,. There is no published account of this theory
except for the short review by H. Iwaniec (see [I], p.70-72). But for holomorphic forms
the corresponding results are well known and published in [Ogg], [A-L], [Li]. We make this
transfer to the case of Maass forms specifically for the form with real primitive character
in the style of [I] supplying more details about exceptional Hecke operators. We will write

here simply I'y(/N) and , having in mind the three particular cases we consider.

Let f be a continuous (I'g(NV), x)-automorphic function, i.e.

f(vz) = x(N[f(2), Vy €Lo(N), z€ H
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and let n € Z,. Then the Hecke operators are defined by

T = 7= Yva 5 (%) (1)

ad=n b mod d

and T'(n) f(z) is again a continuous (I'g(N), x) automorphic function.

It is not easy to see immediately this property from the definition (4.1). We have to

bear in mind the more general definition

M

T,f(2) =Y x(y)f (g " 52) (4.2)

j=1

for an arithmetical cofinite group I' acting on H and for some isometrical transformations
g of H with the property that the intersection I" = g7 'T'¢g N I" has a finite index both in

g 'I'g and T'. Then we define 7; from the right coset decomposition

M
r=Jry.
j=1

In this definition we assume that we can define the character y of I" for the group ¢~ 'I'g.
Then the definition (4.1) follows from (4.2) if we take I' = I'o(N) with our character y

and

(5 1)

It is easy to check this in the simplest case n = p prime, p{ N. We have

) np_ Jf 10 po 1
F—FO(N7p)7F\F_{<O 1)>bm0dp7 <N’y 1)

(see [A-L], p. 137) where 3,7 are any integers with the property pg — Ny = 1.

Then from (4.1) directly follows the basic relation

T(m)T(n) = > x(d)T(mn/d*). (4.3)

d|(m,n)
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It is easy to check (4.3) for (m,n) = 1 and then to consider the case n = p*, m = p*,

different powers of the same prime p. From (4.3) follows that all 7'(n) commute with each

other and also commute with the automorphic Laplacian A(To(V); x).

From (4.3) follows also that the most fundamental are the Hecke operators T'(p) which
correspond to primes. Here we have to distinguish two cases, 1) p { N, 2) p|N. For
convenience we introduce the notation U(q) = T'(q) for ¢ |N, while T'(p) is reserved for

p1 N. We can see from (4.1) and the definition of x :

T(p)f(:) = Sx)fp2)+& X f(52) ptN
Lot 4.4
V@) =T =% T 7(2)  alv o

All the operators T'(p), U(q) are bounded in the Hilbert space H(To(N)), also they map
the subspace of cusp forms H(Iy(N)) into itself. The operators T'(p) are x(p)-hermitian

in H(Co(N)):

(T'(p)f.9) = x(p) (. T(p)g) (4.5)

or

The equality (4.5) is similar to Lemma 13 of [A-L], where the corresponding fact was
proved for holomorphic forms without character in relation to the Petersson inner product

(on the subspace of cusp-forms).

We introduce next two involutions, K f(z) = f(z) is the complex conjugation, Hy f(z) =

f(=1/Nz). It is easy to see that they map (I'¢(IV), x)-automorphic functions to them-
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selves because, in particular, we have

(% o) (he o) (50 0™ )= (2w &)

HyTo(N)Hy' = To(N). Then we have obviously

KT(p) =T(p)K, Up)K =KU(p) . (4.6)
KHy = HyK
Less trivial facts are
T*(p) = HxT(p)Hy (4.7)
U*(q) = HvU(q)Hn (4.8)

where T*(p) and U*(q) are the adjoint operators of T'(p), U(q) in H(I") respectively. From

(4.5), (4.7) follows

HNT(p) = x(p)T(p)Hn, pt N. (4.9)

Then we can see that all Hecke operators have only point spectrum in the space of
all cusp forms Ho(I'o(N); x), and we want to find the common basis of eigenfunctions for
A(To(N), x) and all Hecke operators T'(p), U(q) in this space. And actually it is possible,
because we consider primitive characters y, which make all cusp forms "new”. We recall
briefly the definition of old and new forms for ['y(/V) and ¥, generated by a Dirichlet

character mod N.

If x is mod M and v(2) € Ho(Lo(N); x) then v(dz) € Ho(To(N); x) whenever dM |N .

By definition HZ4(To(N); x) is the subspace of Ho(To(NV); x) spanned by all forms v(dz),
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where v(z) is defined for [y(M) with character x mod M, M < N, dM|N and v is a
common eigenfunction for all Hecke operators T'(m) with (m, M) = 1. Let the space Hj"

be the orthogonal complement

Ho(To(N); x) = Hg“(To(N); x) & H™ (Fo(N): x).

From this definition it is clear that there are no old forms for the pairs (I'o(Ny); X, ),
(To(4N3); xan,) and (Fo(4N3); xan,) We consider, because Xn1, Xan,, X4ns are primitive
characters mod Ny, 4Ns, 4 N3, respectively. The existence of the above-mentioned common

basis of eigenfunctions follows from the following important theorem.

Theorem 4.1 Fach Hecke exceptional operator U(q), q|N , is a unitary operator in the

space H(Lo(p)), U(q)U*(q) = U;U, = I, where I is the identity operator in H(Lo(N)).

Proof. The proof is a transfer of Theorem 4 and Corollary 1 of [Ogg] to our case of
non-holomorphic forms with primitive character. The case ¢ = 2 is the simplest, because
22 |N. We consider the more difficult case where ¢ is a prime, ¢|N, ¢ # 1. By (4.8) we

have to prove U(q)H,,U(q)H,, = I. We have

U(q) HvU(q) H f(2) Z Y of <_N/q bzzjlbl_ e bb,) (4.10)

b mod ¢ b mod g

_q,m —N/qbz+1— N/q bt

z4+U
Z f<—N/qbz+1—N/qbb’)

b’ mod ¢
b£0

+‘ > 2 f(_N/qsz:lb,—N/qbb’)

b mod ¢ b mod ¢
b£0

32



We want to prove that the double sum on the right hand side of (4.10) is equal to zero.
Then we get that for each pair b, )’ mod ¢, b # 0 there exists a unique matrix depending

on a’ mod g,

a 0 1 v
(N'y 5 ) € I'o(N), such that < _N/gb 1—N/qbb’)
(o B 1 a
~ \ Ny o —N/q 1—N/qd

and § = b mod ¢, § = 1 mod N/q. That means x(0) = x4(6)xn/q(0) = x4(b). Here we

use a notation for the x,(6) part of the character symbol (&

), which corresponds to the

period ¢ (see Section 1).

Then we get that the double sum considered is equal to

1 z+d
A e (E DR UL

a’ mod ¢ b mod ¢q

and that proves the first part of the theorem. The proof of the identity U;U, = I is

similar. m

From Theorem 4.1 follows that all operators U*(gq) also commute with all Hecke op-
erators and A(I'g(N), x) and that is the reason why there exists the common basis of
eigenfunctions for all these operators in the space Ho(I'o(NV); x). In fact, it is possible to
prove a much stronger result about the existence of the common basis of eigenfunctions,
the so-called "multiplicity one” theorem. Unitarity of U(q) does not follow from this
theorem, however. It is analogous to Theorem 3 of [A-L] and to Theorem 3 of [Li]. This
theorem is about the following. We take first the common basis of all eigenfunctions v;(z)

for all T'(n), (n, N) = 1, and A(Ts(N); x) in the space Ho(Io(N); x) of cusp forms. Let
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us introduce
T'(n) =iT(n) if x(n) = =1 and T'(n) = T(n) if x(n) =1 (4.11)
We can see then that all 7(n) are selfadjoint operators (see (4.5)).

Since v; is an eigenfunction of A(Lo(N);x), Av; = A\jv;, Aj = s;(1 — s;) we have for

j=1,2,..
v;(2) = nzﬂ Pi(M)VY K —1/2(2m ] y)e*™"” (4.12)
(similar to (2.6)) with p;(n) € C. We have also
T(n)v;(2) = Aj(n)v;(2) (n, N) = 1. (4.13)

From (4.1), (4.12), (4.13) follows that if p;(1) = 0, then p;(n) = 0 for all n, (n, N) = 1.

If pj(1) # 0 we obtain for all n, (n, N) =1

Ay(n) = 22 (4.14)
Before talking about the proof of this theorem we make the following remark.
There is also the important involution
J:z— —Z z€ H.

This involution acts on the space of all continuous (I'g(N), x) automorphic functions and
splits this space into the sum of subspaces of even and odd functions given by f(Jz) = f(2)

or f(Jz) = —f(2). This J commutes with A(I'o(NV), x) and with all Hecke operators. The
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conditions for the eigenfunction v;(z) of A(Lo(N), x), we consider in (4.12) to be even or

odd are the following, respectively

pi(n) = pj(—=n), pj(—n) = —p;(n). (4.15)

That means, in particular, that the Fourier coefficients p;(n) with negative numbers n are

determined in both cases by p;(n) with positive numbers n. We have also

HyJ = JHy, KJ = JK. (4.16)

Let us consider the case p;(1) = 0 first. Then we will show that the whole function
vj(2) is zero. From that follows that only the eigenvalues A;(n) for (n, N) = 1 determine
completely the function v;(z) up to multiplication by a constant, of course. In that case
v;j(z) has to be an eigenfunction of all U(q), U*(¢), ¢ |N. And that is the multiplicity one

theorem in our case.

Very briefly the idea of the proof of the multiplicity one theorem is the following. We
consider an eigenfunction (4.12) with (4.13) and we assume that p;(1) = 0, p;(n) = 0,

(n, N) = 1. Then we see that the series (4.12) can be written as a sum of terms

vi(2) = ) wi(2). (4.17)

alN

Each wj, is associated with a subgroup of I'((N) with character y and level ¢, where the
numbers ¢ are mutually prime. Then, since the whole sum (4.17) belongs to (I'o(N), x) it
follows that each w;, € (I'o(N), x). The last step of the proof is to see from the structure
of wj, as a Fourier series similar to (4.12) that each w;, belongs to some overgroup of

[o(N) with trivial extension of . Since the character y is primitive it is only possible
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if each w;q(2) = 0. Now we have for any nontrivial v;(z) from (4.12) with (4.13) that

pj(1) # 0. Let us introduce the normalization

pi(1) =1 (4.18)

for all f;(z). This normalization is different from the Hilbert space theory normalization

[l =1 (4.19)

but it is more natural when we are talking about Hecke theory. From the previous
argument follows that v;(z) from (4.12) with (4.13), (4.18) is completely determined,
in other words for the eigenvalues {)\;,Aj(n)}, (n,N) = 1, (4.14), there is only one
eigenfunction v;(z). This is the idea of the proof of the "multiplicity one” theorem. We

formulate this theorem as follows.

Theorem 4.2 1. There exists a unique common basis of eigenfunctions for all opera-

tors A(To(N); x), T(n), T*(n), n > 1 in the space of cusp forms Ho(To(N); x).

2. Each eigenfunction v;(z) (4.12) of this basis can be taken with normalization (4.18)

and is uniquely determined by the eigenvalues A;, Aj(n), (n,N) =1, (4.14).

3. We have also (see (4.3))

and
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in particular p;j(q)p;(n) = p;(gn), ¢|N,
pi (") = p;(0"M)p;(p) — x(p)p; P* 1), PI N, k>0,

where by definition p;(p~') =0, p,q are primes.

On the basis of these two theorems we can prove

Theorem 4.3 For any q|N we have p;(q) = %1, j =1,2,..., see 8) of Theorem 4.2.

Proof. We consider the involution Hy K (see (4.6)). We have

T(p)(HvK)v; = x(p) K HNT (p)v; = x(p)Aj(p)(Hn K )v;

= Aj(p)(HyK)v;.

From Theorem 4.2 follows then that HyKwv; = vjv; with v; € C. Since (HyK)? =1 we

have v; = £1. So we obtain
HyKvj = $v, (4.20)
for any j = 1,2, ... . Then from Theorem 4.1 follows
HyU(q)HyU(q) =1
is equivalent to
(HvK)U(q)(HyK)U(q) = K - K = I (see (4.6)). (4.21)
Applying (4.21) to the function v;(z) and using (4.20), we obtain the claim of the
theorem A%(q) = p;(g)* =1. =
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Remark 4.4 The Selberg small eigenvalue congecture for A(Lo(N), x) says that all eigen-
values are embedded in the continuous spectrum [i, o0). It is not difficult to see that for
q|N the continuous spectrum of U(q) is the whole unit circle. Since the only eigenvalues

are +1, the analogue of Selberg’s small eigenvalue conjecture holds true for the exceptional

Hecke operator.

5 Non-vanishing of Hecke L-functions

For each function v;(z) from (4.12) with (4.13), (4.18) we define the Dirichlet series

Lsi) =S @ (5.1)

From studying the Rankin-Selberg convolution we can see that the series (5.1) is

absolutely convergent for Res > 1.

From Theorems 4.2 and 4.3 also follows

Theorem 5.1 Let L(s,v;) be the series (5.1) and the function vj(z) be as in the Theorem

4.2. Then for Res > 1 we have an Euler product representation for L(s;v;)

L(sivy) = [T (1 = ps@)p + x(p)p™) . (5.2)

p

The product s taken over all primes.

We can also write (5.2) in the form

L(s;v) =[] (0= pila)a™) " TT (0 = ps@)p™ + x(@)p™>) (5.3)

q|N ptN
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since x(¢) =0, ¢|N. From Theorem 4.3 we know p,(q) = £1, ¢|N, j=1,2,3,....

We derive now the functional equation for the pair of the Dirichlet series

Llsivg) = 2 e

L(s;0;) = 1/)2(?)7 Res > 1.

(5.4)

We only consider the case of odd eigenfunctions since that is important for this paper.

We have together with (4.12) by definition

ij N)YK s, —1/2(27 [n] )™, (5.5)

n#l

If s; —1/2 € iR or s; € (3,1) then K, , (2m|n|y) is a real-valued function and for

1
2

A

odd v; we have v;(z) = —0;(2). We will write v;(2) = v;(x,y), where z = x + iy. We
have v;(—x,y) = —.v;(z,y). The action of the involutions Hy K (4.20) can be written as

follows

o (5.6)
U= TN ) U= N@R?)
We apply the partial derlvatlve ~ and obtain
1 oyy (%]
Ny? ou |,_ 83:
This is equivalent to
+B(y) = £N3/2y? ij(n)nKs, , (2mny) = ij n)nks, 1 2(2mn/Ny). (5.7)
i3

n=1

We multiply the left hand side of (5.7) by 47 N*/273/2y5=3 and integrate it from 0 to
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oo in y. We obtain

(e 9]

/47?8/2_3/2y8_33(y)dy (5.8)

0
= 7 m®/?T (HTSJ + 1/4) r (S _Qsj + 3/4) - L(s:9;)

That is because

[e.e]

/ysKS]._l/g(y)dy — 951 <¥ + 1/4) r <S _283' + 3/4) .

0

We can now write the integral obtained as a sum of two integrals

00 1/vV'N 9]
Ayr®/2-3/2 / B(y)y5_3dy — 4rms/?3/2 / + / . (5.9)
0 0 1/VN

In the first integral we use (5.7) for B(y) and then map y — 1/Ny.

Then we obtain that (5.9) is equal to

4r | N3/ / Y’ Z pi(n)nK, _1/2(2mny)dy + Nz / yts Z pi(n)nK, _1/2(2mny)dy
1/\/N n=1 1/\/N n=1
= C(s;0;) £ C(1 — s;v5).
(5.10)
It is clear that C(s;v;), C(s;0,) are entire functions of s. Then we have
Q(s;0;) = C(s;0;) £C(1 — s;05). (5.11)

The analogous calculation shows

Qs;v;) = C(s;v5) £ C(1 — s;0)

Q1 = s;v) = C(1 = s;v;) £ C(s;05)
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and we finally obtain
+Q(1 — s;v5) = Q(s; 05). (5.12)

We have proved the

Theorem 5.2 Any L(s;v;) (5.1) which is defined by the odd eigenfunction v;(z) by (4.12)
with (4.13), (4.18) has an analytic continuation to all s € C. The same property has the
Dirichlet series L(s;vj) which is defined in (5.4). Both series are connected by (5.12) with

(5.8), where the functions U(s;v;) and Q(s; V) are entire functions of s € C.

We shall prove that the functions L(s;v;) and L(s,v;) are regular and non-vanishing

on the boundary of the critical strip.

We start with the Rankin-Selberg convolution. For each eigenfunction v;(2) from

(4.12) we define the series

which is absolutely convergent for Re s > 1.

For Res > 1 we consider the following Selberg integral

/ 03 (2) 2 B (2 53 To(V): 1)dpa(z) = A(s)

Fy(N)

where

Ew(z8) = Ex(zsiTo(N; ) = Y °(72)

'YEFoo\f‘O (N)
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Using the unfolding of the Eisenstein series we obtain

A = [ S Il K (2l )y =
0 n#0

(/20T (5 +iry) T(s/2 — i) &= [y (n)

B 45T (s) ; ns

It is well known that E(z, s;To(N); 1) has analytic continuation to the whole s-plane,
and at Res > 1/2 it has only a simple pole at s = 1 with residue equal to u(Fy(N))™*
(inverse j-area of the fundamental domain of [y(N)). From that follows that the Rankin-

Selberg convolution (5.13) is a regular function in Res > 1/2 except for a simple pole at

s=1.

We want to see now the Euler product for the Rankin-Selberg convolution (5.13). The
method is due to Rankin (see [R]). The main difference from Rankin’s case is that our

coefficients p; may be complex numbers, and that we have also exceptional primes ¢ [N .

First consider the main case (n, N) = 1. It follows from (4.5) that

pj(n) =x(n)pi(n) j=1,2,.. (5.14)
and for x(n) = —1, pj(n) is purely imaginary (it can not be zero). In both the cases
x(n) = £1 we have

lps(n)|* = x(n)p}(n). (5.15)
From Theorem 4.2 follows
{ p3") = (s (p)ps (") = X (0" %)) (5.16)
OcP)ps(0"2))* = (=pi (") + pi (PP (P" 7))
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Then multiplying the second line of (5.16) by x(p) and taking the difference, we obtain
n72) o

5 (") = ;)P (") + x ()P} (") + x ()5 (p) 0 (") = P (p

Multiplying now (5.17) by x(p") and using (5.15) we obtain

i) = [, [ 1o 0)” + | @™ D + 1o ) |os 0" = s (") = 00" )| = 0.
(5.18)

In the case ¢|N we have from Theorems 4.2, 4.3 that
lpi(d)] =1, n=12, ... (5.19)

Then applying Theorem 4.2 again we get

= ()]’ o 1 | o)) ( 11 )
LLAASTARNSS 1+ + + +.. - 1+ —+—+..
; n25 H pQS p4s p6s H q23 q4s

" " (5.20)
) ql;v[ (=) ]g L—lp; ()] =% + p21 if;;)ﬁ P45 — p—ts _ p6s
! e I KO L B e S
~IT0 -0 TL-r) (=) (= P + )
- e 1 o) [0+ lnmPw™ )

ptN

where L(s; ) is the Dirichlet L-series with principal character mod N.

Lisix) =[] (0= xwp~) " =¢s) JJa—p7).

P p|N

The products in (5.20) are taken over all primes p{ N, ¢|N. For pt N we now introduce

new functions a;(p), B;(p), which are important to define symmetric power L-series, by

a;(p) + B;(p) = pi(p)
{ a;(p)Bi(p) = x(p) (5.21)
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Applying (5.22) to (5.20) we obtain by the definition

[Ja+@= @ +p )

ptN
2 -1 2 -1
T (1 B x(p)cjsj (p)) <1 B x(p)fj(p)) _ L@2si)
i p p
Combining with (5.20) we finally obtain
L L(ssn)
L(s;vj; X v;) = (2 )A()Lg(s;vj)g(s)

where L(s;v; x 7;) is the Rankin-Selberg convolution (5.13).

We can also write using (5.21) for Res > 1

L(s;vj) =] (1+£¢ )" I] (1 - a;(sp)>_1 (1 B @2’—@)_1

alN ptN

Loy = TL0 ) T (1-52) 7 (1-22)

alN ptN

(5.22)

(5.23)

(5.24)

(5.25)

For the proof of the next theorem we will make use of the following general criterion

proved in [M-M] (Theorem 1.2).

Lemma 5.3 Let f(s) be a function satisfying

1. f is holomorphic and f(s) # 0 in {s|Res=0 > 1}

2. f is holomorphic on the line o = 1 except for a pole of order e > 1 at s =1

3. log f(s) can be written as a Dirichlet series

o0

by

ns
n=1
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with b, > 0 for o > 1.
Then if f has a zero on the line o = 1, the order of the zero is bounded by e/2.
We now want to prove the following
Theorem 5.4 L(s;v;) and L(s,0;) from (5.4) are reqular for s =14 1it, s =it, t € R,
and
L(1+4it;v;) # 0, L(it;v;) # 0, L(1 +it;05) # 0, L(it;05) #0, j=1,2,....  (5.26)
Proof. Clearly, (5.26) is analogous to the prime number theorem, ((1 + it) # 0,

for the Riemann zeta function. This kind of property for different zeta-functions is very

important in number theory (see, for example, [J-S], [M-M].

From the functional equation (5.12) follows that it is enough to prove the inequalities
L(1+4it;v;) #0, L(1 +it;0;) # 0 (5.27)
because we know all singular points of the Euler I'-function from (5.12).

Consider the following product

f(s) = L(s;v; x 0;)L(2s; ) L(s;v;) L(s, ;) [ [(1 = ¢7*) (1 = pj(@)a*)(1 = pi(q)q ™).

qlN

Let Res > 1, then from (5.23), (5.24), (5.25) follows

log f(s) = — Y {2log(1—p~*) +log(1 — x(p)e] (p)p~*) + log(1 — x(p) 3} (p)p™*)
PIN

45



+log(1 — a;(p)p~*) +log(1 — B;(p)p~*) + log(1 — a;(p)p™°)

+log(1 - 3;(p) - p™*)} - (5.28)

For |z| < 1 we have log(1 —x) = — > 2"/n. Using this we continue (5.28)

n=1

SR A OB ) (529)

log f(s) =)D

ptN n=1

+57(p) + aj(p) + 5} (p))

=D >

ptN n=1

We will show now a,, , > 0.

We consider two cases: x(p) =1, x(p) = —1. In the first case

(np = 24207 (p) + 267 (p) + 3" (p) + 7" (p) = (L + 7 (p))* + (1 4+ B} (p)) > 0 (5.30)

because in that case a;(p),;(p) are real numbers. In the second case we have that

a;(p) = id;(p), B;(p) = iB;(p), and a;(p), B;(p) are real numbers. We have

Uy =2+ A"+ B2 + @0 (0)"((—1)" + 1) + B7(0)"((=1)" + 1) (5.31)

2

and this is real and > 0if n =2m — 1, m=1,2,... . We consider n =2m, m = 1,2, ...

Gy = 2+ G 4 B 4 (<1) 262 (1) 252 = (14 (—1)"@2")2 + (1 + (1) G272 > 0

J

and we have proved that a,, >0 forall pf N, n=1,2,....

Let us assume first that L(s;v;) = 0 at s = 1. That means also L(s;0;) =0 at s = 1.

Since L(s;v; x 0;) has only a simple pole at s = 1, we see that the function f(s) has a
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zero at s = 1. On the other hand, since log f(s) has the property 3, log f(s) > 0 for s > 1,

so f(s) > 1 for s > 1, a contradiction. So we have L(1;v;) # 0, L(1,v;) # 0.

Suppose now that L(1 + it;v;) = 0 for some ¢ # 0. Then f(s) has a zero of order
> 1 on the line Res > 1, s # 1, since L(s;v;) and L(s;v; X 0;) are regular at s = 1 4 it.
Also, f(s) has a pole of order 1 at s = 1, since L(s;v; X 0;) has a simple pole at s = 1
and L(1;v;) # 0, L(1;9;) # 0. This is in contradiction with Lemma 5.3, and Theorem 5.4

is proved. m

6 The form w(z) and perturbation of A(I'\(N),x) by
characters

Let w(z) be a holomorphic modular form of weight 2, which belongs to ['o(N). Thus

w(vz) = (cz + d)*w(2),

It is well known that the integral

Y20
Xa(7) = exp 2mic Re/w(t)dt, v € Ty(N) (6.1)

20

a € R, z € H, defines a family of unitary characters for the group I'y(XN), which is
independent of the choice of the point z;. We consider the family of self-adjoint operators

A(To(N), X * Xa), as we defined in Section 1 by the Laplacian acting on functions g(z)

satisfying
9(v2) = x(Mxa(1)9(2), ¥ € To(N). (6.2)
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We consider « as a small parameter, || < €, & > 0. The domain of definition D(A(To(N); x-
Xa)) is a dense subspace of Lo(F';du), varying with . We consider then the operator

Ay = A(To(N); x-Xa) as a perturbed Ag = A(To(N), ), since the character (6.1) becomes

trivial when o = 0.

In order to apply perturbation theory we have to bring all the operators A, to the
domain of definition of Ag. Then we have to choose the form w which makes the pertur-
bation regular, and this is very important if we want to get information on eigenvalues
and eigenfunction. On the other hand, it is very important to take as w(z) the old holo-
morphic Eisenstein series, coming from the holomorphic Eisenstein series Fs(z) = P(z)
which belongs to the modular group. The last condition is crucial for the evaluation of the
Phillips-Sarnak integral and for proving that it is not zero (see Section 7). We will show
that there exists a form w(z), which satisfies these two conditions, for exactly the two
cases 2), 3) from Theorem 1.1: 2) To(4N5), Ny a square-free positive integer and Ny = 3
mod 4, and its arithmetical character y = (%) , 3) To(4N3), N3 a square-free positive
integer, N3 = 2 mod 4, and its arithmetical character y = (%) In these two cases the
character y is always singular, since there exist both open and closed cusps. We construct

now this perturbation, and then we will find the appropriate form w(z).

For a function f, f(yz) = x(7)f(2), v € [o(N), we define

z

9(z) = f(2) exp2mia Re/w(t)dt = f(2)Qz, ). (6.3)

20

It is not difficult to see that g(z) satisfies the condition (6.2). Applying the negative
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Laplacian

82

A = 4y
Y 9207

(6.4)

to the function g(z), we obtain that the operator A(I'o(IV); X - Xa) is unitarily equivalent

to the operator
L(a) = —A +aM + o*N (6.5)
where

{ M = —ig? (wnfy —wafy) = —dmiy? (wft + &) (6.6)

N =4’y lw(2)[" = 4n®y® (0} + w3)
and w = w; +iwy, @ = w; —iwy. The domain of definition D(L(«)) equals Q(z, «) " D(A,)

and

L(a) = Q(-,a) TAQ(, ). (6.7)

Note that M maps odd functions to even and even to odd. Recall that functions
satisfying f(—x+iy) = —f(z+1y) are odd and functions satisfying f(—z+iy) = f(x+iy)
are even by definition. Note also that a function f, satisfying f(vz2) = x(7)f(2), v €
[o(N), with our arithmetical character y, is allowed to be odd or even. It is also true
for the trivial character. It is not difficult to see also that the differential operators M, N

map (I'o(N), X - Xa) automorphic functions to (I'o(N), x - X«) automorphic functions.

We will determine now the form w(z). We start with constructing the holomorphic
Eisenstein series of weight 2 for I'y(/N) without character, using non-holomorphic Eisen-

stein series of weight zero. This method goes back to Hecke (see also [Sch] p. 15). We
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consider the series (2.1) for I' = T'y(N), x = 1. Then we define

o, o .0
Gy(z;8;151) = 2z$Eg(z, s;I51) = <8_y + 2(‘3—9@) Ey(z;5151) (6.8)

1 < g < h, where h is the number of all inequivalent cusps of F'.

(The function E,(z,-) depends also on z, complex conjugate variable, since it is not
a z-holomorphic function, so we have to write E,(z,) = Ey(z,z;-) or Ey(z,y;-), 2 =
x4+, Z =11 —1y, a% = %—l—%, a% = i(%—%)). It is well known that each of the
Ey(2;5;T';1) has a simple pole at s = 1 with residue constant, independent of g. That

means G,(z;s) = Gy(z;5;1; 1) is regular at s = 1. We set Gy2(2) = G4(z,1). It is clear

then that G 2(z) transforms as a modular form of weight 2,
Gya(72) = (2 + d)*Gya(z) for any y € T (6.9)
a b
=(cu)
But G, 2(2) is not a holomorphic form. Let us denote cz + d = j(7; 2).
From (2.6) follows the Fourier decomposition:

‘, 2:C
Gg,Q(gﬁZ)] 2(9572) = Oap — >

AT "V pagn(15T5 1) (6.10)
n=1

-z

where Res,—1 Ey(2;5) = C, Kipa(y) = /5.¢7%.

Let nq, ..., n, be integers with the condition
h

> na=0. (6.11)

a=1
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Then we define

h
Z naGa2(2) = G(z;n1, ..., np). (6.12)
a=1

From (6.10) follows that G(z;ny, ..., ny) is a holomorphic modular form of weight 2 for I'.

Then it is not difficult to see that all periods

YZ0
/ Glt,n, ... np)dt (6.13)

20

are real, vy € I', zg € H.

We construct now our form w(z) as one of these functions G(z;ny,...,n,). Let us go
back to Theorem 1.1. We consider there the last two cases. In Case 2) we had I' = ['y(4Ny),
N, is a square-free positive integer No = 3 mod 4. For our arithmetical character (%)
we have open cusps zg, d|Na, d > 0 and d = 4dy, dy | Ny, do > 0. We have the closed

cusps z4, d = 2dy, di | Ny, di > 0. The total number of all closed cusps is

E( To(4Ns), AN = d(Ny) (6.14)
(roa ()

where d(-) is the divisor function. The total number of open cusps is

. (F0(4N2), (4—N2)) — 2d(Ny) (6.15)

and we certainly have h = k 4+ r = 3d(Ny) = d(4N3). We now define the form w(z) by

w(z) = Z n2d, Gaa, 2(2) (6.16)

d1| N2
d1>0

where each of the ngg, is equal to &1 with the only condition

D nag, = 0. (6.17)
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From (6.10) follows that w(z) is exponentially small in all open cusps and it is like j%(gg, 2)

in each closed cusp ( = 2d;.

In analogy to this we consider Case 3) of Theorem 1.1. We have I' = ['g(4N3), N3 is a

square-free positive integer, N3 = 2 mod 4, and y = (%) The open cusps are zq4, d |n,
d >0 (N3 =2n) and d = 8ds, d3|n, d3 > 0. The closed cusps are zq4, d = 2dy, dy |n,

dy > 0 and d = 4dy, dy |n, dy > 0. We have

N3/2) (6.18)

w(z)= Y 120,Ga2a,(2) + Y 14a,Goua, (2) (6.19)

where each of nyg, , n4q, is equal to £1 with the condition

> npa + Y nug, =0 (6.20)

di|N3 /2 d2|N3/2
d1>0 d2>0

From (6.20) again follows that w(z) is exponentially small in all open cusps and it is like

7%(gs; 2) in each closed cusp = 2d;, 3 = 4d,.

Let us calculate now the parabolic main periods of w(z) in the two cases (6.16), (6.19).
We consider (6.16) first. Let Sy be a parabolic generator of Case 2), ['o(4N;) (one of

(1.9), (1.10) or (1.11). We have

Sy 70 9;,15(1/20
[ea= [ (6:21)
w(z)dz = w(gat)- )
Y 52 (gast
%0 9;/12’0
where
Jar00 = Zgr, g;lsd/gd/z =S.z=2z+1. (6.22)
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The right hand side of (6.21) is equal to

g;,lsd/gd/to Sooto
dt dt
wg/t%:/wg/ti_ 6.23
9t) 52 9t) 52 (6:23)
to to
e dt
— n G lt =, -
dz 2d1 / 2d1,2(gd )]Q(Qd’7t)
1| N2 to
d1>0
We apply formula (6.10) and we finally obtain
Sy 20
1 a=
/ w(z)dz = Z n2d15(2d1)d/7 5aﬂ = { 0 « %g (624)
20 d1| N2
d1>0

This is zero, if zy is any open cusp, since the sum in (6.24) is taken over closed cusps

only. And if zy is one of the closed cusps, then (6.24) is equal to ngy = +1.

The analogous calculation shows in Case 3) T'g(4N3) that the w(z) from (6.19) has the

main parabolic periods equal to

S 120
¢ 4N,

| 0 if 2y is an open cusp for ( _
/ w(z)dz = { ng if zy is a closed cusp for (4 (6.25)
20

_ Y20
ng = +1. Thus in Case 2) [o(4N2) with x = (2) and ya(7) = exp27miaRe [ w(t)dt =

20

exp 2mia [% w(t)dt we obtain

1 if z is an open cusp for (%)

X(Sd/)Xa(Sd/) = { e2mian y —mi _ e7ri(2and/—1) if 2, is closed for (%) ' (626)

ng = +1. The same result is valid in Case 3) To(4N3), x = (*2) and xa(7) =

YZ0 Y<0
exp 2miaRe [ w(t)dt = exp2micv [ w(t)dt. We have
20 20
1 if z4 is open for (4—]\’3
X(Sd/)Xa(Sd/) - { e2miany —mi _ em‘(Qand/—l) if Zar is closed for (4_/\’2,) (627)

ne = £1. We obtain in both cases that for o € (—=1/2,1/2) the character x - x, relative

to the group I' has the same degree of singularity and keeps the same cusps open and
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closed. For T'o(4N,) and (222) it is given by (6.14) and for T'(4N3), (222) by (6.18). This

means that the perturbation (6.6) is regular for the constructed forms w(z).
We now consider the case ['g(4Ns), Ny = pips... D

We want to get an expression for the form w(z) of (6.6) as

wz)= Y P(dz)ay (6.28)

d|4N3,d>0

with real coefficients a4, and we will prove that there exists a set of integers nqy, = +1

satisfying (6.17) such that the coefficient a; which corresponds to d = 1 is not zero,
ar # 0, (6.29)

Here P(z) is the holomorphic Eisenstein series of weight 2 for the modular group [y(1).

We recall

P(z) = Ey(2) =124 o(n)e”™. (6.30)

It is not quite a modular form of weight 2. We have the following transformation

properties:

b <az—|—b) (2 +d?P() - Se(ez v ), < ‘ Z) e To(1). (6.31)

cz+d T

In particular

P(—1/z) = 22P(z) — &z
{ P(z+1) = P() ' (6.32)

We consider (6.28) as a system of linear equations with unknown g, using well-known

asymptotics of w(z) and P(z) at cusps of Fy(4Ns), fundamental domain for T(4Ns).
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When we defined the non-holomorphic Eisenstein series (2.1) we introduced the ele-
ments g;. We now parametrize these elements by the divisors d [4N,, and we will consider

all inequivalent cusps of I'g(4Ns), see (1.8), (1.9), (1.10), (1.11). We have

94Ss0dy " = Sa (6.33)
. 1 0 /My 0 . \/ My 0
9d = d 1 0 ,/mdil a d,/md ,/mdil '
As a linear fractional transformation, g4z = dﬁiil, it has integer coefficients. To calculate

the asymptotics of the right hand side of (6.28) at the cusps 1/d’ we have to find the

asymptotics of the functions

dmyg z
Pldgyz) =P ——— .34
(dgws) = P (tas ) s = o (631

for all positive divisors d [4Ny, d'[4Ny. We set mgz = 2’ and consider P ( d,ifjrl) =

dlZ”
P <d22,,+1 where

d=d/(d,d), dy = d')(d,d), 2" = (d,d)? = (d,d)maz
where (d, d') is the greatest common divisor of d,d’. The matrix
dy 0O
dy 1
does not belong to T'y(1), so we can not directly apply formula (6.31), but since we have

(dy,d2) =1 we can make the following transformation. We define

92(3 ?) € PSL(2,R)

dlz” . dl,Z”
Pl-———)=pP A
(1) =7 (e
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, dy 2" B o <d2dz15+1> + 0 B (adl + Bd2)2// + 05 (6 35)
dQZ” + 1 y ( dy 2" > + 6 (’ydl + 5d2)2// —+ 6 .

doz"+1

We now choose «, 3,7,9 by ady + Bdy = 1, vdy + ddy = 0.

For example v = —ds, § = dy. Since (dy,dy) = 1 there exist integers «, § with these

conditions. That means g € SL(2,7Z). We have

dlz// _Z”'f'ﬁ_g
ngZ” +1 N dl 7
and we apply (6.31) to the function
o d 2 - o 2 o 6 o
P (g_lz) =P li b = (d22 + a) P (z) — —ng (d22 + a) ) (6.36)
doz + s

We have finally from (6.34), (6.35), (6.36) and (6.30)

7 2 " 2
<d25+a)2 _ (w +@) = <d22d+ 1) (6.37)
1 1

1

= E (dg(d, d’)md/z + 1)2
1
1\ 2
= 7 (d/md'z + 1)2 = (d’dg) (d'md/z + 1)2 .

That means, from (6.32), (6.37) we get

d. d 2
lim (d'mgz + 1) 2P(dggz) = (d.d) .

2—00 d2

(6.38)
That gives the desired asymptotics of the right hand side of (6.28).
From (6.10), (6.16) we can see that

-2
lim Gd,g(gd/z) <d’,/md/z + \/mdfl) = 5dd/
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that means

Oddr
lim Gaa(gaz)(dmgz +1)72 = i’ (6.39)
zZ—00 md’

Combining with (6.16) we obtain the following system of linear equations where d’ |[4Ny

n 1
> Buld d")? =Y Spaa WZI (6.40)

U
d”\4N2 d1| N2
d">0 d1>0

where agr = 40 - d"?. From this system we have to determine the coefficients ags and to

see that there exists a form w(z) with oy # 0.

Before studying the system (6.40) we will define the analogous system for the case

['y(4N3). We have

w(z) = Z P(dz)ay. (6.41)

d|4N3 ,d>0

Using the definition of w(z) in this case (6.19), we obtain in analogy with (6.40) the system

Nad UZV]
o(d. d")? = ) / ! 1) y—2 42
E Bar (d',d") E (2d1)d e, + g (4d2)d r (6.42)
d//‘4N3 d1‘N3/2 d2‘N3/2
d">0 d1>0 do>0

where Qg = ﬁd// . d//2.
In AppendixA we prove the following Theorem about solution of the systems of equa-

tions (6.40) and (6.42).

Theorem 6.1 In both the cases ['o(4Ns) and Xan,, Lo(4N3) and xun, there exist forms
w(z) given by (6.16), (6.17) and (6.19), (6.20) with the properties that each of them is

given by a formula (6.28) with rational coefficients oy, and the coefficient ay is not zero.
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At the end of this paragraph we present some class of forms w(z) with explicit coef-
ficients . For these forms we can evaluate the Phillips-Sarnak integral (see Section 7).
We have to satisfy two necessary conditions for the coefficients ay. Namely 1) w(z) has to
be a holomorphic form of weight 2 for our group I'(N) with trivial character. 2) It has to
be small in all open cusps for the character y. We have w(z) = > agP(dz), w(1/d') =0

dIN

if 1/d’ is an open cusp. Then we have

B dmgz \ o (N (dd) 60 d
P(dgd/z)—P<NZ+1) — (Nz+1) P<z> -2 S (N2 ).

The first condition becomes

> ag-1/d=0 (6.43)

dN

since we have d (dgg + a) =ds - % (Nz+1) = (ddc’i,) . (d’jl) (Nz+ 1) (see notations for

(6.35)). And the second condition is

d.d 2
Z %&d =2 = 01if 1/d" is open. (6.44)
d|N

1

We introduce now the notations d = 2% - qlﬁ ...q,f’“, d|N , where ¢; are different primes.

Then [y = 0, 1,2 in the second case (see Theorem 1.1) and Gy = 0, 1,2, 3 in the third case.

For other 3; j =1, ..., k we have in both cases 5; = 0,1. We denote

Qg = QBB .0

We will now prove the theorem, considering the cases 2) and 3) separately.

Theorem 6.2 Let w(z) = >y @aP(dz), aq = agyp,..5,- The following systems of coeffi-

cients ag,.. g, define a class of forms w(z) = Y aqP(dz) which satisfy (6.43), (6.44) and
N
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therefore define reqular character perturbations of A(Lo(N),x). For N = 4N, we have

d = 2Pyq ﬂl qk , ¢; | N2 different primes, then aq = ag,p,..5,, where

Qog,..8, = (_1)ﬂl+ﬂ2'"+ﬂk5§ﬁ . ﬂkqﬁl Qk ,e1=1
Q1p,..3, = —OQ0B, .3y (6.45)

023, .8, = 404061..-ﬂk
B;=0,1,j=1,..k.
For N =8Ny, d = 2%g% g

Q0By..8, = (_1)ﬁ1+m+ﬁk5ﬂl ggk%ﬂl' QIfka g1 =1

=7
aQﬁl...ﬁk = 14&0ﬂ1ﬂk
Q3p;..68, = _8‘10131---Bk

where 5, ..., € are any real numbers.

Proof. Let N = 4N,. We have

1

7081 B = (1)t ek (6.47)

and if we sum (6.47) over all d | N, we are obviously getting zero, because of (—1)”* coming
with #; = 0 and 51 = 1. The same is true for the other two lines in (6.45). So the condition

(6.43) is satisfied. We check now (6.44). We have

2 1
QBy...0 2min(Bo,8,) ,2min(f1,81)  2min(By,B5;)
Z Z Z 2260 261 25k2 oo aq ! gy (648)
Bo=0 B1=0 Br=0 q q
1 1
D oy g pmin(ng) | 2ming50)
Z Z ,31 ﬂk 1€ 4 -l
p=0 =0 N
1 — ? . 22min(1,ﬁ’6) + i . 22min(2,ﬂ6) ' (649)
4 16

From Theorem 1.1 follows that 3 = 0 or 3 = 2 for the open cusp zy. Then the last term

in parenthesis of (6.48) is equal to zero in both these cases.

The case N = 4Nj3 is dealt with in the same way. For the last step we have the
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common multiple

1— Z Cgmin(3) 4 1 opminep) 8 g2mingap) (6.50)

16 64

The open cusps in that case correspond to ) = 0 or ) = 3, and we obtain in that case

that (6.50) is equal to zero. The theorem is proved. =

These forms w(z) are important for our perturbation (6.5), (6.6), and precisely for

these forms we will consider the Phillips-Sarnak conjecture.

7 The Phillips-Sarnak integral

In this section we study the Phillips-Sarnak integral, adapted to our perturbation (6.6).
For any odd eigenfunction of Theorem 4.2, which corresponds to an embedded eigenvalue
A; > 1/4 (actually, according to the Selberg eigenvalue conjecture, reduced to our case of
congruence character, all A; > 1/4) we define the integral over the fundamental domain
Fy(N) of To(N). We use the notations of Section 6 (see the beginning of Section 6).
The cusp 1/N is equivalent to co. So we have Fy(N), containing oo, and we define the

Eisenstein series

Ew(z8) = Ex(z,5To(N)ix) = Y v (32)x(7). (7.1)

Y€l \I

The integral is the following one

L) = [ (M0)()Ew e 9)du(2) (7.2
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Theorem 7.1 1) For any Hecke eigenfunction v; of A(Lo(N);x), given by Theorem 4.2,
with eigenvalue \j = s;(1—s;) = §+ 1% and for any form w(z) from Section 6 the integral

I;(s;) is well defined.

2) Let w(z) be a form given by Theorem 6.2 with real parameters e ...,ex (€1 = 1).
Leteg,...,ey = £1 and €, # £1 form =1+ 1,....k. Then I;(s;) #0 if s; = % +1ir; does

not belong to any of the following sequences:

1
Sn:§+iTn with r, = n—— m=1.1,né€LZL.

log 2’ = nlogqm’

Proof. The proof contains two parts, the first being the calculation of the integral,

and the second the evaluation of the Dirichlet series coming from v; and w.

We take first Res > 1. It is not difficult to see that v;(z) is a function of exponential
decay in all parabolic cusps of Fy(NN). This follows from the fact that v;(z) is an eigen-
function of the Laplacian, which is (I'g(V), x) automorphic. In open cusps z,, it is a cusp

form and it has Fourier decomposition
i(gm2) = VI Y o () K,y (27 ] ) e (7.3)
n#0
where g, is defined in (2.1). In closed cusps z; it has Fourier decomposition
i(9i2) = Vi Z P () K127 [+ 1/2] y)e2mint/2)e, (7.4)
Then it is obvious that

v;(v2) = x(V)v(2), (Mv;)(vz) = x(v)(Mv;)(z)
Eoo(v255) = X(7) Ex(2, 5)
xX*(7) =1, v € [4(N)
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That means that the integral (7.2) is well defined and we can unfold the Eisenstein

series Foo(z, s), obtaining

00 1/2
Ij(s) = / ? / dx (M (=)’ (7.5)
0 —1/2

where y~2(Mu;)(z) = —4mi(w1vj; — wovyy) (see (6.6)),

81;]- ij
Vg = %, Vjy = a—y

Then we have

1/2 1/2 1/2
/Wl(xay)vjx(xay)dx:wlvj / - / wia (2, y)v; (2, y)dx (7.6)
—1/2 -1/2  -1/2
1/2
- - / wlx(xuy)vj(xvy)dx
—-1/2

because w and v; are periodic in « with period 1. Similarly

/ySWQ’ijdy =y wov s/ y*  wavidy — /ysvngdy (7.7)
0 0 0 0

= —s/ys_lwwjdy—/ysvngydy.
0 0

Also we have Fourier decompositions

o0
wi(z,y) = > ape” ™ cos 2mnx

ns! (7.8)
wo(z,y) = Y. ane” ™ sin 2nx
n=1
Using (7.3)-(7.8) we obtain
00 1/2 00 1/2
Ii(s) = 4m’/ysdy / dr(wiy — way )y, —47ris/y31dy / wovjdx (7.9)
0 ~1/2 0 ~1/2
o 1/2
= —47Tis/ys_1dy / wa(z,y)v;(z,y)dz.
0 ~1/2
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Then we apply (4.12), (7.8) to (7.9). We obtain

(e o]

Ii(s) = 47rs/y51/2 Z anpj(n)e ™K 1 p(2mny)dy (7.10)
0 n=1
= 47?571 57120t (t)dt i anp; (1)
- (27 )5+1/72 sj=1/2 - nsti/2
0 n=

The standard integral in brackets is equal to

I'(s+s;)I(s—s;+1)

.91 11
v (s + 1) (7.11)
and we finally obtain
___S L(s +55)0(s — 85 + 1) ¢ anps(n)
Ii(s) = 92s—1ys—1 T(s+1) ; ns+1/2 (7.12)

We have now s = 1/2+ir, 7 #0, s, =1/2+i71;, 7, # 0 (1, 7; € R).

With these conditions the factor to the Dirichlet series in (7.12) is never equal to the

zero. So we have to study the Dirichlet series in more detail.

We have w(z) = Y agP(dz). We introduce ©(z) = —z=w(2), b(n) = —1/24a,. The

24
dN

series we will study is
R;i(s) :ZM, Res > 1. (7.13)
We have then

B(2) =) aq )y _o(n)e*™"®=. (7.14)
d|N n=1

We arrange the summation in (7.13) in the following way. We write n = py°pi*...p" -

Tk+1

Pt -ppr where 75, > 0,0 < j <m, m=0,1,...and p; [N, 0 < j <k, pp = 2. Then we
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have for d|N, d = po p1 pk where 3y = 0,1,2 in the case N = 4N, and 3y, =0,1,2,3

in the case N = 4N3. For other primes 8; = 0,1, 1 < j < k we have

Z .. ﬂkz (p°) -0 (Pyy) exp 2miz (péom N ARy PZZZ>~ (7.15)

-----

/ _ o .
b(p’.-pr) = Zﬁo 5, (P00 (po° ﬁO) e <p;f ﬁ’“) (i) o (o). (7.16)

.....

The prime means that the sum is taken over 3; with the conditions r; — 3; > 0.

We have from (7.16) and Theorem 4.2, setting

l [ ! m
n = p00+ﬂ0. pkk-i-ﬂk . pkkill"'piﬂ (7'17)

lm lo+Bo  letBr | plet1  im
— b(n)p;(n) © g (Po ) (P1 ) (pm) Pj (p Py, Pt ...pm)
DT = 2L hen )

n=1 BosBr n—1 <lo+ﬁo p;kJr,@k ler1 1,

s+1/2
“Prg1-e )

(7.18)

Bo
" (po)
- Z a50~~~ﬁkpj s+1/2 HZ n(s+1/2 HZ ns+1/2

B05---,B%k (pg. D, ) q|N n=0 ptN n=0
The right hand side of (7.18) is the product of three factors 6, 05, 03. We consider first 6,

and 63. For 0y we have

ri ()
HZ n(s+1/2 HZ - g—1 ' n(s+?/2) (7.19)

g|N n=0 q\N n=0
=TT - ps@a )" (1= pyl@)a=12) "
q|N

For 653 we have

0 - HZ P s+1/2 p] ) (720)

ptN n= 0
p] n+1 -1
- H Z pn s+1/2 ' 1
ptN n= 0
HZ ppi(P") _ pi(p")
B -1 n(s 1/2) pn(s+1/2) ’
ptN n= O
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Then we get

| o e
by =] — Tl (1= pj(p)p~ 2 + x(p)p~271/?) (7.21)

— (L= ps(p)p D 4 x(p)p~ /D) 7]

= [J = x@p™>)(1 = p;(p)p~ 2 + x(p)p~>+)) !
ptN

(L= pi(p)p~ T - x(p)p )
Then using Theorem 5.1 we obtain that the product of 65 and 3 from (7.18) is equal to

Oy - 05 = H . H = L '(2s;X)L(s + 1/2;v;)L(s — 1/2;v;). (7.22)

qIN  ptN

From Theorem 5.4 follows that (7.22) is not zero for any s = 1/2+4ir, r € R. In order
to prove the theorem we have to study now the first factor #; in (7.18). Here we have to

consider separately two different cases N = 4Ny, N = 4N3. For N = 4N, the factor 6, is

equal to (with notation p; = ¢; |N)

—(s+1/2)
> pospi(2) ()" ()™ (260611&-‘-615'“) (7.23)
Bo---Br

1_g —2s €
= (1-5p2) - 2+ 422)2) ] (1 - qs_—imq)) €= g
g|N2,q prime

We have s — 1/2 = ir. To make (7.23) equal to zero we have to satisfy one of the

following conditions,
pi(2) =2, pj(2) =1/2-2", pi(q) = ¢ /2q.

We apply now Theorem 4.3 that p;(¢) = %1, p;(2) = £1, and that gives the result in the

case N = 4N,. To prove it for N = 4N3 we have to see also the equation

1—7p;(2)- 277 + 14p7(2)272" = 8pJ(2)27°" = 0. (7.24)
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That gives solutions for p;(2) equal to 277, 1/2-27 1/4 -2 and the result follows as in

the case N = 4N,. The theorem is proved. m

8 Perturbation of embedded eigenvalues

Definition 1 Suppose that F' has h cusps z, ..., z;, and that under the character x. the
cusps 21, ..., 2 are open and Zkyi, ...,z are closed. Let v;z; = oo, © = 1,....k, where

vi = g;'. The Banach spaces Cup = Cuu(F) are defined as the spaces of continuous

functions f on F such that

|f(7i2)| < ClIm~yz|t fori=1,..,k

|f(viz)| < ClIm~;z|” fori=k+1,...,h
with the norm

— , ) TH , )TV
1£1l,,, = max q max - sup | f(viz)| (Tmyiz)™", max = sup [f(yz)] (Imyz)

Im~y;2>1 Im~y;2>1
We utilize mainly the spaces C _o, C1 = C11 and C_ .
We make use of results of [F]| on estimates and mapping properties of the resolvent

kernel of the Laplacian A(I') extended by [V1] to operators A(I",y) with character y.

From the results of [F] and [V1] we obtain the following theorem.

Theorem 8.1 For any o € (—3, 1) the resolvent R(s,a) of L(a) = L + oM + o®N has
an analytic continuation R(s,a) to {s|0 < Res < 2} as an operator in B(C_y 4, Cy_s).

ForRes > 1, R(s,a) € B(C _,).
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We set R(s) = R(s,0).

We consider the mapping properties of the operators M and N. In the open cusps the
coefficients of M and N are exponentially decreasing, in the closed cusps they go like y2.

It follows that V() € B(Cy—2),C_1,), where V(o) = aM + o*N. This implies

Lemma 8.2 V(a)R(s) € B(C_) for0<s <2,

VR s o

and for |a| < e

R(s,a) = R(s)(1 + V()R(s)) " € B(C_1,Cy ).

R(s,a) is analytic with values in B(C_1,C} _2) for 0 < Res < 2 as a function of «

for |a| < e.

We now consider the operator Li(a) = L + aM + o?N acting in the Banach space.

C,—2 with maximal domain D(L;(«)).

By Theorem 8.1 the resolvent R;(s) of L1 = L;(0) exists as an operator in B(C} _3) for
Res > 1, hence V(a)Ri(s) € B(Cy—2) and ||V (a)Ry(9)|| — 0 for Res > 1. Moreover,

for |a| < e and Res > 1

Ri(s,a) = Ri(s)(1 + V() Ru(s)) ™" € B(Cy,-o).

It follows that L;(«) is closed on the domain D(L;(«)) = D(L4) for |a] < e. We have

established
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Lemma 8.3 L,(«) is analytic for |a| < € as a family of closed operators in Cy _o with

domain D(Ly).

We shall analyze now the perturbation of embedded eigenvalues. This was investigated
by [Ho] for Schrédinger operators —A+«V with multiplicative potential V. In our case the
form of the perturbation requires a somewhat different approach, combining the analytic

family P(«) derived from Faddeev’s analytic continuation of the resolvent with Kato’s

theory of regular perturbations of isolated eigenvalues for selfadjoint operators [K].

Let Ay = so(1 — so) > i be an eigenvalue of L = A(T, ), so = % + itg, to # 0, with

eigenspace N' = N (L — \g) of dimension m.

Let K = K(so,9) be a circle with center sy and radius ¢ separating sy from other
points s; corresponding to eigenvalues \; = s;(1 — s;) of L, and choose € > 0 such that
R(s,a) € B(C_1,Cy,_5) for s € K and |a| < . The operators P(a) € B(C_;,C) _5)

are defined for |a| < € by

Pla) = ——— [ R(s,a)(2s — 1)ds.

2mi S

P(a) is analytic in a for |a| < &, and P(0) coincides with the orthogonal projection

Py of H on N(L — X), restricted to C_y .
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We consider the operators

8 1 g
PyP(a)Py = ——,Po/ R(s,a)(2s — 1)dsFy
K

271

1
—__—p 25 — 1)dsP,
5 O/KR(S)( s —1)dsPy

1 ~ -
+ —,Po/ R(s,a)(aM + o®*N)R(s)(2s — 1)dsP,
211 K

1 ~ -
=P+ ozPoT R(s,a)(M 4+ aN)R(s)(2s — 1)dsD.

™ JK

Here we use that R(Py) = N C C_1 o = D(P(a)). Since the eigenfunctions ¢ € N decay

exponentially, we can also consider Py as an operator in B(Cy _s, H), so PyP(a) Py € B(H).

For a — 0, the second term converges in norm to zero.

It follows that dim R(PyP(«a)Py) = dim R(FPy) = m for |a| < e.

The circle K contains for each a with |a| < ¢ a finite number of poles s (@), ..., sp(«) of

the meromorphic function R(s, a) with values in B(C_1 9, Cy _5). Let Py(a) = —Res{f%(s, a)}

s=s;(a) .

Then

For |a| < € we have

m = dim R(P(a)Py) = zk:dim R(Pi(a)Pp. (8.1)

This implies that for |a| < € all the poles s;(a) of R(a, s) inside K are simple.
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Then we have with \;(a) = s;(a)(1 — s;(v))

We choose a basis ¢1, ..., o, of N and set ¢;(a) = P(a)g;.

Let now ¢(«) be an eigenfunction or a resonance function with eigenvalue or resonance

Ma). Then ¢(a) € P(a)N, hence

$(o) = Z a;(@)p;(@) =Y a;(a)P(a)d;. (8.2)

J=1 Jj=1

The condition (L;(a) — A(«))é(a) = 0 is equivalent to

(Li(a) = Ma))p(a), px) =0, k= 1...m (8.3)
or
Zaj(a)<(L1(a) —Ma))P(a)o;, dr) =0, k= 1..m.
j=1
In order that these equations have non-trivial solutions, it is necessary and sufficient
that
A ) = det {{(Li(a) = Ma) Pla)gy én) | =0, (8.4)
7,k=1

Since the coefficients of the polynomial d(\, «) are analytic in « for |a| < €, it follows
that the m—dimensional eigenvalue A\ splits into analytic functions \;(«) and branches
Aji(a) of Puiseux cycles. Any embedded, real eigenvalue is analytic, while resonances,

which are non-real for a@ # 0, may be analytic functions or branches of Puiseux cycles.
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Due to the special circumstance that a resonance \j;(c) can not move into the resolvent
set, but has to move to the second sheet, the Puiseux series for A;;(a) has to begin with

a polynomial of the form

2k—1
Z aal + agk&%, a; real for | <2k —1, Imag, #0, k> 1.
1=0

This implies that \;;(a) € C%*(—¢,¢).
Based on this we construct a Kato basis for N and L(a).
Let
M), (@), ..., As(@)
be the distinct real eigenvalues of L(«) with multiplicity m;, i = 1, ..., s, and let

AS+1(OZ), )‘8+2(a)7 a3 AS-l—t(OC)

be the distinct resonances of L(«) with multiplicity m;, i = s+ 1, ..., s + t. The functions

A(@), ..., As(a) are analytic for |a| < e, while the functions Az 41 (@), ..., Asy¢() are at least

C?(—¢,¢) and may be analytic. The dimensions mj, j = 1,..., s + ¢, are independent of «
s+t

for 0 < |a| <eand Y m; =m.
j=1

For i =1,..,s we get from (8.3) with A(a) = \;(«)

Zaj(a)<(L1(a) — N(@))P(a)gs, ¢) =0, k=1,...,m. (8.5)

Since d(\;(a), ) = 0 and \;(«v) has multiplicity m; as root in d(\;(«), @), we can obtain

m; linearly independent solutions {a;;(a)};_, of (8.5), I = 1,...m;. Then by (8.2) we
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obtain m; linearly independent eigenfunctions ¢(a) = > " a;(a)¢;(a), analytic for

7=1

la| < e. It follows that for any linear combination ¢ = >, c;¢i(0), ¢(a) = P(a)p =
> aP(a)g(0) = >t adi(a), so (Li(a) — Ai(a))¢(a) = 0 for any ¢ in the subspace

E; spanned by ¢1(0), ..., ¢;(0).

Consider now a resonance \;(«), where we assume that A;;(«) is a b ranch of a Puiseux
cycle, i = s+1, ..., s+t. Again we insert \;(«) in (8.3), getting (8.5), but we only know that
Ni(a) € C*(—¢,¢). We can again solve (8.5) for a;;(«a), since d(\;i(a), ) = 0, obtaining
C?(—¢,¢) functions a;;(«), I = 1, ..., m;. Moreover, we get m; linearly independent vectors
{ai(a)},, since for |a| < &, \i(a) is a simple pole of R()\, @) so that the range of
Resy, (o) R(A, @) is N(L;(a)—Ai(a)). This gives by (8.2) m; linearly independent resonance

functions ¢y (), I = 1,...,m;, which are C?(—¢,¢) with values in C; _5. As above, for any

function ¢ — lmyi B 0)
Pla)y Zﬁl¢lz ) and (Li(a) — Mis(a))(a) = 0.

We can choose an orthonormal basis for Ej; = span{t;;(0)};",, but whereas the subspaces
E; and E; corresponding to embedded eigenvalues \;(«) and A;(«a) are orthogonal, £j; is
not necessarily orthogonal to the spaces Ey;, E; and E;. If the resonance \;(«) is analytic,

we onbtain analytic functions 1;(a).

We have proved the following general result on perturbation of embedded eigenvalues

and eigenfunctions.
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Theorem 8.4 Let Ay = so(1 — sg) be an eigenvalue of L with eigenspace N of dimension
m. The poles (), ..., \e(a) of R(av, s) inside the curve Ky can for |a < e be divided
into groups forming Puiseux cycles of order p > 1. If p =1, the corresponding \;(a) is
analytic for |a| < e. If p> 2, the Puiseux cycle consists of p branches Aji(a)...\jp(a) of
a function having a branch point of order p at o = 0. In the first case p = 1 we have the

following possibilities,

1. M(«) is real for all real o, and N\;(«) is an embedded eigenvalue of L(«) for o €

(—¢,¢).

2. M) = Mo+ a1 + ... + ag1027 + aga? + ama™, ay,...,aq_1 are real
) 0 A A m ) g eeey W21 )
m>21+1

Imag > 0 for sg = % + itg, Imag < 0 for so = % —atg, tog > 0.

In the case p > 2, the functions \j1(a), ..., \jp(«) have expansions of the form
)\jl(Oé) = )\0 + bla + ...+ bgm,1a2m71 -+ meOéQm -+ b2m+1wl04(2m+1)/p + vy

[ =1,...,p, where by, ...,ba,_1 are real and Imby,, > 0 for sg = %4— 1tg, Imby,, < 0 for

80:%—2.750, to > 0.

The multiplicity of each X\;(a) and \;(«v) is constant and is the same for all elements

of a Puiseux cycle.

The total dimension of the eigenvalues and resonances A\;(«) and \j () equals m.

For each eigenvalue function or analytic resonance function A\;(«) of multiplicity m;

there exists an m;-dimensional subspace N; of N, such that for ¢ € N;, ¢(a) = 15(a)¢ €
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N(Li(a) — Ni(@)), and ¢(«) is analytic for |a| < € with values in H  for embedded
eigenvalues \;(a) and Cy _o for resonances \;j(a)). When A\j;(«) with multiplicity m; is a
branch of a Puiseux cycle, there exists an mj-dimensional subspace Ny; of N, such that
for ¢ € Nij, ¢(a) = P(a)p € N(Li(a) — Nj()), and d(a) € C?*(—¢,¢) with values in
C1,—2. Choosing any orthonormal bases of each of the spaces N; and Ny;, we obtain taking
their union a Kato basis of N, where functions from different subspaces are not necessarily
orthogonal unless both consist of eigenfunctions ¢; € N;, ¢p € Ny where ¢;i(c) and ¢;(c)

are eigenfunctions of L(c).

We shall now derive explicit formulas for the perturbation of the eigenvectors ¢ to first

order and the eigenvalue \g = so(1 — sg) to second order.

Let ¢ € N (L — )\g) = PyH. Then ¢(a) = P(a)¢ is an analytic function with values in

Ch.—o for |a] < e. We calculate ¢y = ¢/(0) as follows.

61 = lim — {P(a) - P(O)} é (8.6)
i é(;l) /K [Rla.s) ~ R(9)} (25— 1)ds
iy % /K %R(a, ) (aM + a2N)R(s)6(2s — 1)ds
S /K Rla, s)(M + aN)(L — s(1 — 5))"¢(2s — 1)ds
= 57 | RMOso(1 = s0) = s(1 = )} (25 = D).
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Setting ¢ = M@, we derive an expression for R(0,s)1. Let |s — so| < 6, Res > 3,

Im(s — sp) > 0. Then by the spectral theorem,

R(s)v = i/oo Z B+ i B — i) (87)

2
oo4+?n

+ Ry(s)Y + Ra(s)¥ + (s0(1 — s0) — s(1 — )" Py,

where h is the number of open cusps,

Z [0k ) ( Bl ) (s (1 = ) = s(1—5))"

-1

Zm (Sl ¥) (s (1= k) — s(1—s))

and si(1 — si) are the embedded eigenvalues different from so(1 — s¢) with eigenfunctions

¢r and s;(1 — s)) are the small, discrete eigenvalues with eigenfunctions ¢}.

Here we use the notation (u,v) = [, u(2)v(z) du(z) for any pair of functions on F

such that [, |ul - [v] du(z) < co. Also, |u) means multiplication by the function u.

The integrand is analytic in r, and we can deform the contour R to a contour I'g,
|s — so| < R < 4, obtained by replacing [ty — R, to + R] by the semicircle {—Re™ [0 < ¢ < 7 },

see Fig. 1.
-1

For a fixed s the poles of the function (1 + 1% —s(1—s))  are

ptr = Fi(s — 1) = i (itg + s — so) = Fto+i(s— o).
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Y

Figure 1: Deformation of the spectrum of L.

We have chosen to focus on sy = % + itg. The root p_ =ty — i(s — so) lies inside the

above semicircle. The residue of the integrand at the simple pole p_ is

Res{ R Zua b in <Ej<%—ir>|¢>}
Dr+i(s— ()

T Py Z Ej(1=s)[¢)

so the first term R.(s)1 of R(s)Y equals

1 1 L L L
RC(S)@D:E/iJFTQ_S(l_S)ZIEj(5+W><Ej|5—W¢>dr (8.8)

J=1

I'r

Z Ej(L=s)[ ).

Both terms of R.(0,s) have analytic continuations to {s|s — so| < R}, and we obtain

R.(0, s)1 expressed by the same equation (8.8).
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We calculate the first term at s = sg. Replacing R by any smaller radius p > 0 we

obtain
1 ! Z By +ir) ) { By(h — ir)| ) dr
47'('F i—FTQ—SQ(l—SQ)j:l Jh2 Ih2

= - lim / / |Ej<%+ir>><Ej<é—ir>|w>dr

—oo  totp
1 1 h
— 1 (L (L
+4771£g/i+7“2—80(1—80)21|EJ(2+ZT>><EJ(2 ir)| ¥) dr
é, i=
1 11
— 1 . 1 .
_EPP/r—tor+to;|EJ’(5+”)><EJ(§—W)Iw>dr

h
1, . 1 . .
—l.9o9m R E E.(L E.(L_— d
+ 47T2 e es{i_{_?a —80(1 —80) — | 1(2 +ZT) >< 1(2 ZT)| w> T}SS

=S50

where C'p is the semicircle {s = pe™ |—m < ¢ < 0}. Thus, half of the previously subtracted

residue is added, and we obtain

oo

Rc(so)w:%PP/ L L SN B G i) ) (B (B—ir) | 9)dr

™ r—1tyr+ 1o o
—oo (8.9)

gltOZlE Lpito) ) ( By (5 —it) | ).

We can now introduce (8.7) in (8.6), using (8.9). We obtain the following expression
for ¢y, using that all the terms of R(s)i) have a simple pole at s = sq except possibly the

last term of (8.7) which contains a double pole if 1 is an eigenvalue of L.

® h
1 1 1 1 . 1 .
¢1:EPP/ r—t0r+t0;|Ej (3+r) ) (E; (3 —ir) | M¢)dr (8.10)

1 <& . .
+ it D 1B (3 +ito) ) ( Ej(3 — ito) |Mg)
j=1

+ Re(SQ)M¢ + Rd(SQ)M¢.
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From this expression for ¢; and Theorem 7.1 it is clear that for every odd Hecke
eigenfunction v; of Theorem 4.2, vj(a) can not be a linear combination of eigenfunctions
corresponding to embedded eigenvalues \;(«), since v;; ¢ H. Thus, if N(L — Xg) contains
odd functions, there exists at least one eigenfunction ¢ with eigenvalue \g, such that ¢(«)

is resonance function with resonance A(«).

To complete the picture we prove, using (8.10), the expression for the imaginary part
of the coefficients in the 2nd order expansion of the resonances \;(«) known as Fermi’s

Golden Rule.

Let AM(a) = Ni(«), © = s+ 1,...,8 + t, be a resonance of L(a) of multiplicity m;,
0 < |a] < e, areal, A(0) = A. Let ¢ be a function in the subspace N; of N of Theorem

8.4, such that

Li(@)¢(@) = AMa)¢(a). (8.11)

Since A(a) € C?*(—¢,¢) and ¢(a) € C*(—¢,¢) with values in C; 5, we can expand both

sides of the equation (8.11) to second order, obtaining

(L+aM +a®N) (¢ + agr + 2aPps + o(a?)) (8.12)

= (A + a4+ 36°X 4 0(a?)) (¢ + agr + 3y + o(a?)).

The first and second order equations are

Loy + Mo = Aot + No (8.13)
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and
1L+ Moy + N = 2Ads + M1 + 200 (8.14)
Integrating (8.13) and (8.14) with ¢, we get

(M¢r,¢) =M (8.15)

(M1, ) + (N, §) = La. (8.16)

Here we have used that ¢ is a cusp form and hence

<(L = )\)@', ¢> = <¢z‘, (L - )\)¢> =0,1=12

and (¢1, ¢) = 0, which follows from (8.10).

Introducing (8.10) in (8.16), we obtain
h
> (B (3 —ir) | Mg)?dr (8.17)
1

1 00
Re)\gz—PP/
2 r—to?”—{—toj

+ ((Be(s) + Ra(5)) Mo, 6) + (N¢, )

h
1
Im Xy = 47502' (3 —it) | M) |*. (8.18)
7j=1

By Theorems 7.1, 8.4 and (8.10), (8.18), we have obtained the following result.

Theorem 8.5 Let X = 1 + 12, s = 1 +it, be an eigenvalue of L = A(To(N),x) with
ergenspace N of dim N = m, and assume that N contains a subspace of odd functions.

Let ¢ € N and ¢(a) = P(a)¢. Then ¢y = Lp(a) |ao is given by

¢1+—Z|E 3 H)(E;(3 —it) | Mg)
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where ¢y € H is given by (8.10).

The function ¢1 ¢ H if and only if (E;(5 —it) | M¢) # 0 for some j.

For odd Hecke functions ¢, the function ¢, does not belong to 'H.

There exists at least one eigenfunction ¢ in N, such that ¢p(«) is a resonance function

with resonance \(a), A(0) = .

For any such eigenfunction, Im \"(0) is given by Fermi’s Golden Rule

1 h
m Ay = 4—%2 | {E;(3 —it) | Mo) |

j=1
Definition 2 Let
A< <. < <..

be the eigenvalues of L whose eigenspaces contain odd subspaces IC, C N(L — \) with

multiplicities

Let

my, =max{d; |1 <j <k}

m(A) = my for Mg < A < Mgy
Let S be the union of the exceptional sequences of Theorem 7.1 and
Ni(A) = #{\ < A}
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No(A) = #{ A S A € 5}

Ny(A) = #{A S A A € S} = Ni(A) = Na(A).

We write

A 2 BO) i for every e >0, T 510 xS A,
LO)

Theorem 8.6 Assume that m(\) = o(\) as A — oco. Then

L |F]
> ————\.
Ns(A) 2 m(\) 8w

Proof. We consider first A = A\;. By Corollary 3.7

N
|F()\k) >1—¢ for Ay > A(ey). (8.19)
87 M
But
N(A
Ni(Ag) > ) oy all & (8.20)
my,
SO
F
Nl()\k) Z (1 - 81)7n]|€ ) |87T/\k
1
Since Na(Ag) =~ cA?, we conclude that
1 |F
N3(Mg) 2 —u/\k.
my o7

To obtain the result for general A we first prove N]\(,)("j\:)l) 7 1. We have

N(Apg1) = # i < Mo ) = # {s < ef +disr = N(Ag) + dieyr < N (M) + Mg
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where

<o <o < g <

are the eigenvalues of L, counted with multiplicity. Then

N (A1) M1 N( A1)
1< <1+ =1+ (M),
hence
N(Ari1)
1-— <1
N(Ar) (=) <L e(er) = 0,
SO

fim Y Aes)
koo N(Ag)
From (8.20) and (8.21) we obtain
G N N Nwr) N(Akt1)
N(\) > = . >(1—¢ , Ak > A(e
() 2 22t - B Foet) 5 o Teal e
By (8.19)
N(A
|F( k+1) >1 — &9, )\k > A(€2).
T Mk

From (8.22) and (8.23) follows

N (M)

1 |F

> (1—e1)(1 —e9) >1—¢for A\, > A(e),
mg 47r/\k3+1

where

g1+ &9+ €189 < e, Ale) = max {A(e1),A(e2)} .
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Since N(A\) = N(\g), m(A\) = m(\g) = my, for Ay < A < A\ppq, this implies

and the Theorem is proved. m

The result on the asymptotic number of eigenvalues, which become resonances under
character perturbation, thus depends on bounds on the dimension of eigenspaces, see
[Sa]. We obtain the following asymptotics from increasingly strong proved or conjectured

bounds.

S

Corollary 8.7 (a) Assume m(X) < ¢; c>0

og X

This can be proved using estimates of the argument of the Selberg zeta function on
Res =1, (cf. [Sel, [V]).

This bound implies by Theorem 8.6

|F|

8re

N(\) = Sz log A,

(b) Assume m(\) < cA? for some ¢ >0, 0< 3 < 1.

This is a conjecture [Sal, which implies

F] -
N(\) > —\5
W) 2 g oA

(¢) Assume m(X\) < m for all A > A.

This boundedness conjecture implies
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This indicates that the Weyl law is violated for small o # 0. We note that it follows

from the Hecke theory of Section 4 that m > 2.

Remark 8.8 For even eigenfunctions the Phillips-Sarnak integral is zero, since M¢ is
odd for even ¢. It is therefore not known whether even eigenfunctions leave or stay under
this perturbation. There is another perturbation obtained by replacing Rew by Imw in the

definition of the characters w(a),

X(@)(7) = 2o w0ty e TN,

The family A(To(N),x - X9)) corresponds by unitary equivalence via the operator

2o L2 Mt 4o e family of operators in H(To(N), x)

L(a) =L +aM + o*N

where

L= A(To(N),x)

M = —A4mig)? (a@% + wl%)

N = 47%y* (W] + w3).

It turns out that the operator M is not L-bounded, and therefore the perturbation the-
ory developed for M does not apply. Although the Phillips-Sarnak integrals are in fact

giwen by the same Rankin-Selberg convolution and can be proved to be non-zero for Hecke
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eigenfunctions, this does not imply that certain eigenvalues with even eigenfunctions be-
come resonances under this perturbation. Indeed, Im f;zo w(t)dt = 0 for~y € I'y(N), which
implies that x - x(a) = x for all « and the functions Q(a) = exp {27?2'04 Im f; w(t)dt} are
Lo(N)-automorphic. Thus, the operators L(a) are unitarily equivalent to L for all a via

L(a) = Q Ya)LQ(a), and all eigenvalues stay. The domain D(L(a)) equals Q(a)D(L),

which changes with «.

Remark 8.9 The proof that the Phillips-Sarnak integral is not zero is based on the non-
vanishing of the Dirichlet L-series for eigenfunctions, which is proved using Hecke the-
ory. This is therefore specific for the operators A(To(N),x). However, we can draw the
following conclusions about embedded eigenvalues of A(Lo(N),x - x'*) based on general
perturbation theory. Due to the analyticity in «, each embedded eigenvalue A(cv) of L(cay)
under the perturbation aM + o?N either stays as an embedded eigenvalue for o # v,

analytic in «, or leaves as a resonance.

Therefore eigenvalues of L = A(Lg(N), x), which leave the spectrum as resonances for

a # 0, can only become eigenvalues for isolated values of a € (—%, %) )

A Appendix

We will study the matrices of (d’,d”)?, which correspond to the systems . We want to
prove that the coefficient [3; is not zero, for some choices of coefficients naq, , n44,. We

start from (5.3). We have 4Ny = 4p;...pg, where p; are different primes not equal to two.
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To see the matrix
(d',d")?, d'|ANy, d',d" >0, (A.1)
we consider the following primitive matrices:
111 11
A=11 4 4 ,Bi:( 2)1<i<k. (A.2)
1 4 16

It is not difficult to see that the inverse matrices are

48  —12 0 )
A= Zioos 3 ,B.—1=<pi _1) ! (A.3)

= i - 72_
B\o 0 -3 3 b -l

We define the tensor product A ® B; ® Bs... ® By, by recurrence relations os the block

matrix
A A Cl Cl Ck—l Ck—l
Ci = Cy = Cyp = ) A4
' < A p%A ) e ( C chl ) ok ( Cr1 p%Ckfl ) (A.4)

It is not difficult to see that the matrix Cj, coincides with the matrix (A1.1), if we take

the following order of divisors d’ and d”
1,2,4,p1(1,2,4),p2[1,2,4,p1(1,2,4)], ... . (A.5)

It is easy to see now that the inverse matrix to C} is coming from the recurrence relation
2 4—1 ~1 2,11 —1

el 1 prAT, —A ol 1 pCr, —C)

1 p?—1 —A_l, AL ’ 22 p2—1 _0;1’ C;l y e

2 1—1 21
ol= < PkaTp _Clk—l )
.. — | "L _ .
Pi Crcrr Gy

From this follows that C, ' exists, and we can determine the coefficients Bg» from (5.3)

(A.6)

explicitly. Actually, it is important to see now only the first row in the inverse matrix

C; !, since we want to prove 3; # 0. Let us denote this first row of C; ' by ¢, 1 <1 < k.
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From (A.6) follows

(A7)

i1 = p?njlfl (P2 1€m, —€m) 1<m <k—1.

{ €= 36(p1%—1) (p7(48,—12,0) — (48,—-12,0))

Let us see now the right hand side of (6.40). When d’ runs through all positive divisors
of 4N5 in the order of (A.5), we get the column vector, which has non-zero components
only on places d' = 2dy, dy N2, di > 0 equal to ngg, /mag, . From (1.8), (1.10) follows
Mo, = No/dy. We remind that the coefficients nyg, = £1 with the only condition (6.11).
Applying e to this vector we obtain up to the common multiple

1
36(pi — 1)(ps — 1)-..(pp — 1)

that (; is equal to

Z N2d, T2d; (A.9)

d1| N
d1>0

where 94, are pairwise different integers with equal number of positives and negatives.
From that follows that there exists the choice of coefficients noy, = +1 with condition

(6.11) which makes (A.9) not equal to zero.

The investigation of the system (6.42) is completely analogous. We have 4N3 = 8n,

n = py - Pa---pPr is the product of different odd primes. Instead of the matrix A from we

take
111 1 4/3  —-1/3 0 0
144 4 1| —-1/3 5/12  —-1/12 0
A= 1 4 16 16 |’ A7 = 0 —1/12 5/48 —1/48 (A.10)
1 4 16 64 0 0 —1/48 1/48
and then repeat the proof. We obtain that up to the common multiple
! (A.11)

48(pt — 1)(p3 — 1)...(pp — 1)
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the coefficient 3 is equal to

n n
Z 2d1 Tod, + Z Ad L4d, (A12)

where x94,, T44, are integers with equal number of positives and negatives. There exists
a choice of coefficients nyg, , 144, which makes (A.12) not equal to zero. We have proved

Theorem 6.1.
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