ISSN 1398-599X MPS-RR 1999-10 www.maphysto.dk

A note on the multi-dimensional monotone follower problem and its connection to optimal stopping

Fred Espen Benth^1 and Kristin Reikvam^2

May 7, 1999

Abstract

We generalize a result by Karatzas and Shreve, [15] to the multidimensional case. A viscosity solution approach is taken to show that the value function of the multi-dimensional monotone follower problem coincides with the integral of the value function of associated stopping problems. The connection holds under a strong factorization property of the running cost function.

Keywords: Monotone follower problem, singular stochastic control, optimal stopping, variational inequalities, viscosity solutions

AMS Classification: 93E20, 60G40, 49L25, 60G35

1MaPhySto – Centre for Mathematical Physics and Stochastics, University of Aarhus, Ny Munkegade, DK-8000 Århus C, Denmark. MaPhySto is funded by a grant from the Danish National Research Foundation. E-mail: fredb@mi.aau.dk

2Department of Mathematics, University of Oslo, P. O. Box 1053 Blindern, N-0316 Oslo, Norway. E-mail: kre@math.uio.no

1 Introduction

We give a multi-dimensional generalization to a result by Karatzas and Shreve [15] on the equivalence between the monotone follower problem and optimal stopping. The monotone follower problem consists of optimally controlling a Brownian motion with a control which may be singular with respect to the Lebesgue measure. Such control problems, and generalizations of it, are also known as singular stochastic control. Karatzas and Shreve [15] show that the value function of the monotone follower problem coincides with the integral of the value function of an associated stopping problem. Such a connection was first noticed by Bather and Chernoff [1], but later proved rigourosly by [15]. We would also like to mention the paper by El Karoui and Karatzas, [7], where a connection to the Skorohod problem is applied in proving the connection. For a special class of diffusions, we prove that a similar relation holds for the multi-dimensional singular stochastic control problem. Our approach is based on the viscosity solution method in [3], where the connection was established for general one-dimensional diffusions.

In a recent paper by Boetius and Kohlman, [2], a one-dimensional generalization of the results of [15] is proved using comparison results. They also consider a multi-dimensional problem where the control of the diffusion takes place in one of the variables. We note that our case is more general since all the coordinates of the diffusion can be controlled.

There is a lot of interest on singular stochastic control problems, both from the theoretical and the applied point of view. We would like to mention a few works on the subject; Benes et al. [4], Karatzas [13, 14], Karatzas and Shreve [16], Zhu [24], Fleming and Soner [8], Haussmann and Suo [10, 11], Lungu and Øksendal [18, 19] and Myhre [22].

The multi-dimensional diffusion process we consider must have a special dependency with respect to its initial condition. This is valid in the case of a correlated Wiener process with drift, which consitute a direct extension of the results in [15]. The running and final cost functions must, however, factorize in their space variables, which means that no cross terms between space variables are allowed. Under some additional conditions, we prove that the value function of the multi-dimensional monotone follower problem coincides with the sum of the integrals of associated stopping problems. A corollary of this is that the multi-dimensional singular control problem factorizes into n one-dimensional control problems. The representation is quite natural in light of the factorization of the cost functions and the structure of the diffusion. The proof highly relies on results by Haussman and Suo [11], which proves that the value function of the follower problem is a viscosity solution of a variational inequality.

The paper is organized as follows: In Section 2 we formulate the multidimensional singular stochastic control problem and state the associated stopping problems. The basic assumptions on the parameter functions and some preliminary results are stated in Section 3. The viscosity property of the value function is discussed in Section 4, where we prove the main result of this paper, namely the connection to the sums of the integral of associated stopping problems. We end the section with a discussion of the connection between the optimal control and the optimal stopping times.

2 Formulation of the problems

Let (Ω, F, P ) be a complete probability space and F_t for 0 ≤ t ≤ T be the σ-algebra generated by the m-dimensional (standard) Brownian motion B(s), 0 ≤ s ≤ t. T < ∞ is a fixed time horizon. We assume F_t to satisfy the standard conditions with F_T = F. Let X^{t,x}(s) be the n-dimensional diffusion process starting in x = (x_1, .., x_n) ∈ IR^n at time t defined as

X^{t,x}(s) = x +

∫_s t μ(u, X^{t,x}(u)) du +

∫_s t σ(u, X^{t,x}(u)) dB(u)

(2.1)

where μ : [0, T ] × IR^n → IR^n and σ : [0, T ] × IR^n → IR^{n×m} are bounded continuous functions, continuously differentiable in the space variables and with a restricted dependency structure on the different arguments. We assume that X^{t,x}_i (s) is only dependent on the i’th coordinate of the initial point x:

X^{t,x}_i (s) = x_i +

∫_s t μ_i(u, X^{t,x}_i (u)) du + m∑ j=1 ∫_s t σ_{ij} (u, X^{t,x}_i (u)) dB_j(u)

for i = 1, 2, .., n. For this special class of diffusions we thus have X^{t,x}_i (s) = X^{t,xi}_i (s). Note that our diffusion process really is a slight generalization of a correlated multidimensional Wiener process with drift. For example, Let μ ∈ IR^n and σ ∈ IR^{n×m}. Then

X^{t,x}(s) = x + μ(s − t) + σ(B(s) − B(t))

satisfies the structural assumptions above.

The problem consists in optimally controlling the diffusion process under some cost criterion. Denote by A_n(t) the class of IR^n-valued F_s-adapted processes ξ = {(ξ_1(s), . . . , ξ_n(s)) : t ≤ s ≤ T } such that a.s. ω and for every i = 1, . . . , n

(i) ξ_i(t, ω) = 0,

(ii) s → ξ_i(s, ω) is nondecreasing and left-continuous with right limits.

Denote the controlled process X^{t,x,ξ}(s) i.e.

X^{t,x,ξ}(s) = x +

∫_s t μ(u, X^{t,x,ξ}(u)) du +

∫_s t σ(u, X^{t,x,ξ}(u)) dB_u − ξ(s)

(2.2)

The value function for the follower problem is given by

V (t, x) = inf_{ξ∈An(t)} E^{t,x}

[∫_T t h(s, X(s)) ds + ∫ [t,T )

f(s) dξ(s) + g(X(T )) ] (2.3)

where h : [0, T ] × IR^n → IR, f : [0, T ] × IR^n and g : IR^n → IR are Borel measurable functions. See next Section section for the precise assumptions on h, f and g. The integral with respect to ξ is interpreted as ∫ [t,T )

f(s) dξ(s) = n∑ i=1 ∫ [t,T )

f_i(s) dξ_i(s)

(2.4) and ∫ [t,T ) fi(s) dξi(s) is understood in the Lebesgue-Stiltjes sense; ∫ [t,T )

f_i(s) dξ_i(s) =

∫_T t f_i(s) dξ^c_i (s) + ∑ t≤s<T

f_i(s)△ξ_i(s)

(2.5)

where ξ^c_i (s) is the continuous part of ξ_i(s) and △ξ_i(s) = ξ_i(s+) − ξ_i(s). Note that the (possible) last jump of ξ_i(s) at time T is not accounted for in the integral. The function h represents the running cost, while using the control will lead to costs according to the function f. After reaching T we have to pay g.

The controls ξ are not necessarily absolute continuous with respect to the Lebesgue measure on IR^n. In fact, it will in many cases behave like a local time on the boundary of some open region in [0, T ) × IR^n (see e.g. [15, 16]). Thus, Problem (2.3) is usually refered to as a singular stochastic control problem.

From [12] we know that X^{t,x}(s) is differentiable with respect to the intital condition x. Since X^{t,x}_i (s) is only dependent on x_i we have ∂_j X^{t,x}_i (s) = 0 for j ≠ i, where we use the notation ∂_j ψ(x) =^{∂ψ(x)}_{∂xj} . Denote the partial derivatives of X^{t,x}_i (s) with respect to x_i by Y^{t,1}_i (s), i.e.

∂_iX^{t,x}_i (s) = Y^{t,1}_i (s)

Hence,

Y^{t,1}_i (s) = 1 +

∫_s t ∂_iμ(s, X^{t,x}(s))Y^{t,1}_i (s)ds +

∫_s t m∑ j=1 ∂_iσ_{ij} (s, X^{t,x}(s))Y^{t,1}_i (s)dB_j(s)

(2.6)

With the notation Y^{t,y}_i (s) we mean the process that starts in y at time t. We now state the corresponding stopping problems. For each i = 1, . . . , n, define the optimal stopping problems,

U_i(t, x, y) = inf_{t≤τ ≤T} E^{t,x,y}

[∫^τ t ∂_xh_i(s, X^{t,x}_i (s))Y^{t,y}_i (s) ds

(2.7)

+ f_i(τ)Y^{t,y}_i (τ)1_{τ <T} + g^′_i(X^{t,x}_i (τ))Y^{t,y}_i (τ)1_{τ =T} ] where the τ’s are stopping times with respect to F_s and X^{t,x}_i (s) is the i’th coordinate of the diffusion X^{t,x}(s) defined in the section above. Each U_i(t, x, y) is a measurable, positive-valued function defined on [0, T ] × IR^2. Observe that U_i(T, x, y) = g^′_i(x, y) and U_i(t, x, y) ≤ f_i(t)y for t < T .

3 Assumptions and and some preliminary results

A basic assumption throughout the paper is a factorization property of the cost functions h and g:

h(t, x_1, . . . , x_n) = h_1(t, x_1) + . . . + h_n(t, x_n)

(3.1) and g(x_1, . . . , x_n) = g_1(x_1) + . . . + g_n(x_n)

(3.2)

Under appropriate regularity conditions on the parameters of the monotone follower problem, we will show that for x = (x_1, . . . , x_n)

V (t, x) = n∑ i=1 ∫_{xi} −∞ U_i(t, z, 1) dz

This relation actually says that the multi-dimensional monotone follower problem factorizes into n one-dimensional follower problems. Thus, if ξ^∗(s) is an optimal control, it will consist of coordinates which optimally controls each of the X_i(s) separatly. This factorization of the control problem is natural in view of the simple nature of X^{t,x}(s) and the factorization of h and g. We make the following regularity assumptions on the functions h_i : [0, T ]× IR → [0, ∞), f_i : [0, T ] → [0, ∞) and g_i : IR → [0, ∞), for i = 1, . . . , n:

h_i is bounded and Lipschitz continuous in both variables,

(3.3)

continuously differentiable in x where ∂_xh_i is non-negative,

g_i is Lipschitz continuous of polynomial growth, continuously

(3.4)

differentiable, and g^′_i is non-negative,

f_i(·) > 0 and Lipschitz continuous.

(3.5) The following relation between f_i(·) and g^′_i(·) holds: sup_{IR} g^′_i(x) ≤ inf_{t∈[0,T ]} f_i(t)

(3.6)

In addition, both h_i(·, ·) and g_i(·) vanish at −∞, i.e. lim x→−∞ h

i(t, x) = 0 = lim_{x→−∞} g_i(x)

(3.7)

for every t ∈ [0, T ], i = 1, . . . , n. From now on we assume that all the conditions stated above holds for the parameters in the problem. From [3] we have the following continuity and integrability result for U_i(t, x, 1): Proposition 3.1. For every i = 1, . . . , n, U_i(t, x, 1) is uniformly continuous on [0, T ] × IR. Moreover, U(t, x, 1) is integrable in x on (−∞, x̂) for every x̂ ∈ IR.

Proof. The continuity results in [3], Section 3.2, are strictly speaking only valid for one-dimensional Brownian motion. However, by straightforward modifications of the argument given there, we see that the results can be extended to multidimensional Brownian motion.

We state a “dynamic programming principle”. First, introduce the continuation region for U_i:

D_i = { (t, x, y) ∈ [0, T ) × IR^2 ; U_i(t, x, y) < f_i(t)y } (3.8)

From Shiryayev [23] the following holds: Let τ_i be the first exit time from D_i. Then, for any stopping time τ ≤ τ_i,

U_i(t, x, y) = E^{t,x,y}

[∫ τ t ∂_xh_i(s, X_i(s))Y_i(s) ds + U_i(τ, X_i(τ))Y_i(τ) ] (3.9)

Otherwise, for a general stopping time τ,

U_i(t, x, y) ≤ E^{t,x,y}

[∫ τ t ∂_xh_i(s, X_i(s))Y_i(s) ds + U_i(τ, X_i(τ))Y_i(τ) ] (3.10)

(3.9) and (3.10) are exactly the kind of “dynamic programming principle” we need to prove the connection between U_i and V .

Direct calculation gives the following natural factorization result for U_i Lemma 3.2. The value function U_i(t, x, y) satisfies: U_i(t, x, y) = yU_i(t, x, 1)

(3.11)

From now on we will only consider the stopping problem with y = 1, i.e. the value function U_i(t, x) := U_i(t, x, 1).

Introduce for i = 1, .., n the continuation regions for the stopping problem when y = 1;

D^1_i = { (t, x) ∈ [0, T ) × IR; U_i(t, x) < f(t) } (3.12)

Like in [3] we make the following structural condition on the continuation regions D^1_i : For i = 1, .., n the following holds (C) The region D^1_i defined in (3.12) is connected in the sense that if (t, x̂) ∈ D^1_i then (t, x) ∈ D^1_i for any x ∈ (−∞, ẑ)

4 The connection

The variational inequality connected to the singular stochastic control problem is min ( LV (t, x) + h(t, x); f_i(t) − ∂V ∂x_i

(t, x), i = 1, . . . , n ) = 0 (4.1)

V (T, x) = g(x)

(4.2) where L is the generator for the diffusion X^{t,x}(s) known to be L = ∂ ∂t + n∑ i=1 μ(t, x_i) ∂ ∂x_i + 1 2 ∑ i,j (σσ^T )_{ij} (t, x_i)

∂^2 ∂x_i∂x_j

The notion of viscosity solution was introduced by Crandall and Lions [6] for first-order equations and Lions [17] for second-order equations. For a general overview of the theory we refer to [5]. We recall the definition of viscosity solution: Denote by C^{1,2}([0, T ] × IR^n) the space of functions ϕ : [0, T ]×IR^n → IR which are once continuously differentiable in t and twice continuously differentiable in x.

Definition 4.1. Assume V (t, x) is continuous on [0, T ] × IR^n and V (T, x) = g(x):

(i) V (t, x) is a viscosity subsolution of (4.1) if for every ϕ ∈ C^{1,2}([0, T ]×IR^n) min ( Lϕ(t̄, x̄) + h(t̄, x̄), f_i(t̄) − ∂ϕ ∂x_i

(t̄, x̄), i = 1, . . . , n ) ≥ 0 where (t̄, x̄) ∈ [0, T ) × IR^n is the maximizer of V (t, x) − ϕ(t, x).

(ii) V (t, x) is a viscosity supersolution of (4.1) if for every ϕ ∈ C^{1,2}([0, T ] × IR^n) min ( Lϕ(t̄, x̄) + h(t̄, x̄), f_i(t̄) − ∂ϕ ∂x_i

(t̄, x̄), i = 1, . . . , n ) ≤ 0 where (t̄, x̄) ∈ [0, T ) × IR^n is the minimizer of V (t, x) − ϕ(t, x).

(iii) V (t, x) is a viscosity solution of (4.1) and (4.2) if it is both a viscosity subsolution and supersolution.

From [11, Th. 5.5] we have the following result for the connection between the value function V (t, x) defined in (2.3) and the variational inequality (4.1) and (4.2):

Theorem 4.1. If g(·) ≡ 0 then V (t, x) is the unique viscosity solution of (4.1) for which V (T, x) = 0.

Note that in the paper of [11] they consider a singular stochastic control problem involving a continuous control in addition to the control ξ(t). Our problem is a special case of their formulation.

Let V (t, x) be defined as in (2.3) and U_i(t, x) as in (2.7). We first investigate the relation between the stopping problem U_i(t, x) and a onedimensional singular control problem. Define

V_i(t, x) =

∫_x −∞ U_i(t, z) dz

(4.3)

By extending the results in [3] in an obvious way, we get the following proposition,

Proposition 4.2. V_i(t, x) is a viscosity solution of the variational inequality min ( L_iV_i(t, x) + h_i(t, x); f_i(t) −

∂V_i ∂x_i

(t, x) ) = 0 (4.4)

V_i(T, x) = g_i(x)

(4.5)

where L_i = ∂ ∂t + μ_i(t, x) ∂ ∂x + 1 2 m∑ j=1 σ^2_{ij} (t, x)

∂^2 ∂x^2

If g_i(·) ≡ 0, i = 1, . . . , n, we can conclude by Th. 4.1. that V_i(t, x) is the value function of a singular control problem:

V_i(t, x) = inf_{ξ∈A1(t)} E^{t,x}

[∫ T t h_i(s, X_i(s)) ds + ∫ [t,T )

f_i(s) dξ(s) ] (4.6)

We proceed with the n-dimensional case: For x = (x_1, . . . , x_n), define the function

W (t, x) = n∑ i=1 ∫_{xi} −∞ U_i(t, z) dz

(4.7)

We show that W (t, x) is a viscosity solution of (4.1):

Theorem 4.3. Assume condition (C) is satisfied. Then the function W (t, x) is a viscosity solution of (4.1) satisfying the boundary condition W (T, x) = g(x).

Proof. This argument follows the lines of the proof of Th. 4.1 in [3]:

The boundary condition g(x) is obviously satisfied since, ∫_{xi} −∞ U_i(T, z) dz =

∫_x −∞ g^′_i(z) dz = g_i(x_i)

where we used the assumption lim_{z→−∞} g_i(z) = 0.

We first treat the viscosity supersolution case: Let ϕ ∈ C^{1,2}([0, T ] × IR^n) and (t̄, x̄) be a minimizer of W (t, x) − ϕ(t, x). Without any loss of generality we may assume that

ϕ(t̄, x̄) = W (t̄, x̄) and ϕ(t, x) ≤ W (t, x)

Suppose (t̄, x̄_i) /∈ D^1_i for at least one i ∈ {1, . . . , n}. Since (t̄, x̄) is an optimum and both ϕ(t, x) and W (t, x) are differentiable at (t̄, x̄), we have ∂ϕ ∂x_i

(t̄, x̄) = U_i(t̄, x̄_i) = f_i(t̄)

Thus we see that the supersolution property is satisfied in this case independent of what Lϕ + h is. Suppose now that the minimum is inside all the regions D^1_i , i = 1, . . . , n. Since D^1_i is open and assumed to have property (C), there exists a stopping time τ_i which is smaller than or equal to τ_D1_i (t̄, z) for all z and not being equal to t̄. Namely, τ_i = inf_z{τ_D1_i (t̄, z)}. (We use the notation τ_D1_i for the first exit time out of D^1_i (t, z) when the process starts at (t, z)). Let τ = inf_i τ_i. The Fubini-Tonelli theorem and the dynamical programming principle (3.9) in each D^1_i give

ϕ(t̄, x̄) = W (t̄, x̄) = n∑ i=1 ∫_{x̄i} −∞ ( E^{t̄,z}

[∫_τ t̄ ∂_xh_i(s, X_i(s))Y_i(s) ds + U_i(τ, X_i(τ))Y_i(τ) ]) dz

= n∑ i=1 E [∫_τ t̄ (∫_{x̄i} −∞ ∂_xh_i(s, X^{t̄,z}_i (s))Y^{t̄,z}_i (s)) ) dt ]

+ n∑ i=1 E [∫_{x̄i} −∞ U_i(τ, X^{t̄,z}_i (τ))Y^{t̄,z}_i (τ)) dz ]

For each i, do the substitution u = X^{t̄,z}_i (s) in the integrals above. This yields, ∫_{x̄i} −∞ ∂_xh_i(s, X^{t̄,z}_i (s))Y^{t̄,z}_i (s) ds =

∫_X^¯t,x̄i_{i (s)} −∞ ∂_xh_i(s, u) du = h_i(s, X^{t̄,x̄i}_i (s))

In the last equality we have used that lim_{x→−∞} X^{t,x}_i (s) = −∞ a.s. and the assumption lim_{x→−∞} h_i(t, x) = 0. Equivalently, we have ∫_{x̄i} −∞ U_i(τ, X^{t̄,z}_i (τ))Y^{t̄,z}_i (τ) dz =

∫_X^¯t,x̄i_{i (τ )} −∞ U_i(τ, u) du

Hence, by summing up and using ϕ(t, x) ≤ W (t, x) we get

ϕ(t̄, x̄) = E^{t̄,x̄}

[∫_τ t̄ h(s, X(s)) ds ] + E^{t̄,x̄}

[_n ∑ i=1 ∫_{Xi(τ )} −∞ U_i(τ, u) du ]

≥ E^{t̄,x̄}

[∫_τ t̄ h(s, X(s)) ds + ϕ(τ, X(τ)) ]

Dynkin’s formula yields

0 ≥ E^{t̄,x̄}

[∫_τ t̄ Lϕ(s, X(s)) + h(s, X(s)) ds ]

A limiting argument when τ → t̄ gives that Lϕ + h ≤ 0. Hence, W (t, x) is a viscosity supersolution.

Consider now the viscosity subsolution case: Let ϕ ∈ C^{1,2}([0, T ] × IR^n) and (t̄, x̄) be a maxmizer of W (t, x) − ϕ(t, x). Without any loss of generality we may assume that

ϕ(t̄, x̄) = W (t̄, x̄) and ϕ(t, x) ≥ W (t, x)

Since U_i(t, x) ≤ f_i(t)1_{t<T} + g^′_i(x)1_{t=T} we know that f_i(t̄) −^{∂ϕ}_{∂xi} (t̄, x̄) ≥ 0. It remains to show that Lϕ(t̄, x̄) + h(t̄, x̄) ≥ 0 in order to have the viscosity supersolution property. Use the dynamic programming principle (3.10) for each of the U_i’s and argue as above,

ϕ(t̄, x̄) = n∑ i=1 U_i(t, x_i) dz

≤ n∑ i=1 ∫_{x̄i} −∞ ( E^{t̄,z}

[∫_τ t̄ ∂_xh_i(s, X_i(s))Y_i(s) ds + U_i(τ, X_i(τ))Y_i(τ) ]) dz

= E^{t̄,x̄}

[∫_τ t̄ h(s, X(s)) ds + n∑ i=1 ∫_{Xi(τ )} −∞ U_i(τ, u) du ]

≤ E^{t̄,x̄}

[∫_τ t̄ h(s, X(s)) ds + ϕ(τ, X(τ)) ]

Dynkin’s formula now yields,

0 ≤ E^{t̄,x̄}

[∫_τ t̄ Lϕ(s, X(s)) + h(s, X(s)) ds ]

A limiting argument when τ → t̄ gives that Lϕ + h ≥ 0. Hence, W (t, x) is a viscosity subsolution. This completes the proof.

It is now obvious that if g_i(·) ≡ 0, for i = 1, . . . , n,

V (t, x) = n∑ i=1 V_i(t, x_i)

(4.8)

where the V_i’s are the singular control problems defined in (4.6). Hence, we see that the n-dimensional singular stochastic control problem factorizes into n one-dimensional singular control problems.

For singular control problems one can - as already mentioned - split the domain of definition into an in-action and action region (see e.g. [15, 16]). If we denote the in-action region by D̃, an optimal control ξ^∗ can in many cases be constructed as follows: Push the process immediately out of D̃^c if it starts inside the action region. Thereafter the control will behave like a local time on the boundary ∂D̃, pushing the process just enough to keep it inside the in-action region. As long as the process is in the interior of D̃ the control does nothing. The region of in-action is defined as

D̃ := { (t, x) ∈ [0, T ) × IR^n ; ∂V ∂x_i

(t, x) < f_i(t), i = 1, . . . , n } (4.9)

When the singular control problem coincides with the sums of the integrals of the stopping problems as shown above, we have

D̃ =^n ⋂ i=1 D^1_i

(4.10)

From the theory of optimal stopping the optimal time to stop is - under certain conditions - when the process reaches the boundary of the continuation region. This relates the optimal stopping time and the optimal control process, τ^∗_i = inf{ s ≥ t ; ξ^∗_i (s) > 0}

I.e., the optimal stopping time is the first time one intervenes with the optimal control. This connection was proven by [15, 16] in the one-dimensional case.

Karatzas and Shreve [15] also proved the existence of ξ^∗ under regularity conditions on the parameters. One of these conditions says that ∂_{xi} h should be non-decreasing. From Haussmann and Suo [11], on the other hand, we need h to be bounded in order to have the viscosity property of the value function.

Acknowledgements: K. Reikvam is supported by the Norwegian Research Council under the grant NFR 118868/410. This work was done while K. Reikvam visited the Department of Theoretical Statistics at the University of Aarhus. Their hospitality is greatly acknowledged.

References

[1] Bather JA and Chernoff H (1966) Sequential decisions in the control of a spaceship. Proc 5th Berkeley Symp on Mathematical Statistics and Probability 3:181-207

[2] Boetius F and Kohlmann M (1998) Connections between optimal stopping and singular stochastic control. Stoch Proc Appl 77:253-283

[3] Benth, FE and Reikvam, K (1998) On a connection between singular stochastic control and optimal stopping. Preprint. MaPhySto No. 28, University of Aarhus, Denmark.

[4] Benes VE, Shepp LA and Witsenhausen HS (1980) Some solvable stochastic control problems. Stochastics 4:39-83

[5] Crandall MG, Ishii, H and Lions, PL (1992) A user’s guide to viscosity solutions. Bull Amer Math Soc (N.S.) 27:1-67

[6] Crandall MG and Lions, PL (1984) Viscosity soluitoons of Hamilton- Jacobi equations. Trans A.M.S., 244:1-42

[7] El Karoui N and Karatzas I (1991) A new approach to the Skorohod problem, and its applications. Stoch. Stoch Rep. 34:57-82

[8] Fleming WH and Soner HM (1993) Controlled Markov Processes and Viscosity Solutions. Springer-Verlag, New York

[9] Gihman I and Skorohod AV (1972) Stochastic Differential Equations.

Springer Verlag, New York

[10] Haussmann UG and Suo W (1995) Singular optimal stochastic controls I: Existence. SIAM J Control Optim 33:916-936

[11] Haussmann UG and Suo W (1995) Singular optimal stochastic controls II: Dynamic programming. SIAM J Control Optim 33:937-959

[12] Ikeda N and Watanabe S (1989) Stochastic Differential Equations and Diffusion Processes. Second Edition, North-Holland/ Kodansha, Tokyo.

[13] Karatzas I (1981) The monotone follower problem in stochastic decision theory. Appl Math Optim 7:179-194

[14] Karatzas I (1983) A class of singular stochastic control problems. Adv Appl Probability 15:225-254

[15] Karatzas I and Shreve SE (1984) Connections between optimal stopping and singular control I. Monotone follower problems. SIAM J Control Optim 22 (6):856-877

[16] Karatzas I and Shreve SE (1985) Connections between optimal stopping and singular control II. Reflected follower problems. SIAM J Control Optim 23 (4):433-451

[17] Lions PL (1983) Optimal control of diffusion processes and Hamilton- Jacobi-Bellman equations, Part II: viscosity solutions and uniqueness, Comm. PDE 8:1229-1276

[18] Lungu E and Øksendal B (1997) Optimal harvesting from a population in a stochastic crowded environment. Math Biosci 145(1):47:75

[19] Lungu E and Øksendal B (1998) Optimal harvesting from interacting populations in a stochastic enironment. Preprint University of Oslo Nor- way [20] Ma J (1993) Discontinuous reflection, and a class of singular stochastic control problems for diffusions. Stoch Stoch Rep 44:225-252

[21] Ma J (1994) Singular stochastic control for diffusions and sde with discontinuous path and reflecting boundary conditions. Stoch Stoch Rep 46:161-192

[22] Myhre T (1998) Connections between optimal stopping and singular stochastic control: An approach based on variational inequalities. Research Report 395, University of Aarhus Denmark

[23] Shiryayev AN (1978) Optimal Stopping Rules. Springer Verlag, New York

[24] Zhu S (1991) Dynamic programming and variational inequalities in singular stochastic control. Ph. D. Thesis, Brown University