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A Change-of-Variable Formula
with Local Time on Surfaces

GORAN PESKIR*

Abstract™*

Let X = (X!,...,X™) be a continuous semimartingale and lét: R*~! — IR be a
continuous function such that the proced¥ = b(X!,..., X*"1) is a semimartingale. Setting
C = {(a:l,.. ,z,) € R | z,, <b(z1,...,2,—1)} and D = {(z1,...,2,) € R" | z, >
b(xl, ey T 1) } suppose that a continuous functioR : R™ — IR is glven such thatF" is
Chiin on C and F is C*-» on D where eachi;, equals1l or 2 depending on whether
X" is of bounded variation or not. Then the following change-of-variable formula holds:

F(X,) = F(Xo) +Z/ %(g—i(xg,...,xyw
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where (%(X) is the local time of X on the surfaceb given by:

1 S
*(X) = IP—lim —/ I(—e < XP—bX <) d(X"—b%, X"—bX),
el0 2 J

and d¢(X) refers to the integration with respect to— ¢5(X) . The analogous formula extends
to general semimartingalesX and »* as well. A version of the same formula under weaker
conditions on F' is derived for the semimartingalé(t, X, S¢)):>0 Where (X;);>o is an Itd
diffusion and (S;):>o is its running maximum.
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