The Wiener Sequential T esting

Problem with Finite HorizonP.

V. GAPEEV and G. PESKIR�

Abstract

W e present an explicit solution of the Bayesian problem of sequential testing of

two simple hypotheses about the mean value of an observed Wiener process on the

time interval with �nite horizon. The method of proof is based on reducing the

initial optimal stopping problem to a parabolic free-boundary problem where the

continuation region is determined by two continuous curved boundaries. By means

of the change-of-variable formula containing the local time of a diffusion process

on curves we show that the optimal boundaries can be characterized as a unique

solution of the coupled system of two nonlinear integral equations. �

MaPhySto

– A Network in Mathematical Physics and Stochastics, funded by the Danish National Research Foundation.Mathematics

Subject Classi�cation 2000. Primary 60G40, 35R35, 45G15. Secondary 62C10, 62L15, 60J60.

Key words and phrases: Sequential testing, Wiener process, optimal stopping, �nite horizon, parabolic free-boundary problem, a coupled

system of nonlinear V olterra integral equations of the second kind, curved boundary, a change-of-variable formula with local time on curves. 1

R EFERENCES

[1] D VORETZKY, A. KIEFER, J. and WOLFOWITZ, J. (1953). Sequential decision problems

for processes with continuous time parameter. T esting hypotheses. Ann. Math. Statist. 24

(254-264).

[2] DYNKIN, E. B. (1963). The optimum choice of the instant for stopping a Markov process.

Soviet Math. Dokl. 4 (627-629).

[3] GRIGELIONIS, B. I. and SHIRY AEV, A. N. (1966). On Stefan’s problem and optimal stopping

rules for Markov processes. Theory Probab. Appl. 11 (541-558).

[4] IRLE, A. and SCHMITZ, N. (1984). On the optimality of the SPRT for processes with

continuous parameter. Math. Operationsforsch. Statist. Ser. Statist. 15 (91-104).

[5] JACKA, S. D. (1991). Optimal stopping and the American put. Math. Finance 1 (1-14).

[6] LEHMANN, E. L. (1959). T esting Statistical Hypotheses. John Wiley.

[7] LIPTSER, R. S. and SHIRY A YEV, A. N. (1977). Statistics of Random Processes I. Springer,

Berlin.

[8] MCKEAN, H. P. Jr. (1965). Appendix: A free boundary problem for the heat equation

arising from a problem of mathematical economics. Ind. Management Rev. 6 (32-39).

[9] MIKHALEVICH, V. S. (1958). A Bayes test of two hypotheses concerning the mean of a

normal process. V isnik Kiiv. Univ. No. 1 (Ukrainian) (101-104).

[10] MYNENI, R. (1992). The pricing of the American option. Ann. Appl. Probab. 2 (1-23).

[11] PEDERSEN, J. L. and PESKIR, G. (2002). On nonlinear integral equations arising in problems

of optimal stopping. Proc. Funct. Anal. VII (Dubrovnik 2001), V arious Publ. Ser. No. 46

(159-175).

[12] PESKIR, G. (2002). A change-of-variable formula with local time on curves. Research

Report No. 428, Dept. Theoret. Statist. Aarhus (17 pp).

[13] PESKIR, G. and SHIRY AEV, A. N. (2000). Sequential testing problems for Poisson processes.

Ann. Statist. 28 (837-859).

[14] REVUZ, D. and YOR, M. (1999). Continuous Martingales and Brownian Motion. Springer,

Berlin.

[15] SHIRY AEV, A. N. (1967). T wo problems of sequential analysis. Cybernetics 3 (63-69).

[16] SHIRY AEV, A. N. (1978). Optimal Stopping Rules. Springer, Berlin.

[17] V AN MOERBEKE, P. (1976). On optimal stopping and free boundary problems. Arch.

Rational Mech. Anal. 60 (101-148).

[18] WALD, A. (1947). Sequenatial Analysis. Wiley, New Y ork.

[19] WALD, A. and WOLFOWITZ, J. (1948). Optimum character of the sequential probability

ratio test. Ann. Math. Statist. 19 (326-339).

[20] WALD, A. and WOLFOWITZ, J. (1950). Bayes solutions of sequential decision problems.

Ann. Math. Statist. 21 (82-99).

Pavel V. Gapeev

Russian Academy of Sciences

Institute of Control Sciences

Profsoyuznaya Str. 65

117997 Moscow, Russia

gapeev@cniica.ru

Goran Peskir

Department of Mathematical Sciences

University of Aarhus, Denmark

Ny Munkegade, DK-8000 Aarhus

home.imf.au.dk/goran

goran@imf.au.dk