THE CLASS OF DISTRIBUTIONS OF PERIODIC
ORNSTEIN-UHLENBECK PROCESSES
DRIVEN BY LEVY PROCESSES

JAN PEDERSEN AND KEN-ITI SATO

ABSTRACT. The class I(c) of stationary distributions of periodic Ornstein-Uhlenbeck
processes with parameter ¢ driven by Lévy processes is analyzed. A characterization
of I(c) analogous to a well-known characterization of the selfdecomposable distribu-
tions is given. The relations between I(c) for varying values of ¢ and the relations
with the class of selfdecomposable distributions and with the nested classes L,, are
discussed.

1. INTRODUCTION

Let {Z:}iepo,1) be a Lévy process restricted to ¢ € [0,1] with values in R%. Let
c € R\ {0}. Consider the Langevin equation

(11) dXt = —CXtdt -+ dZt, te [0, 1]

with boundary condition

(12) XO :X1 a. S.
This has a unique solution
t

(1.3) Xi=e "Xy + e_Ct/ e“dZs, t€10,1]

0
with

1 1
(14) XO = X1 = / €cstS.

ec—1J

All equalities involving stochastic integrals are understood in the sense “almost surely”.
We call { X, }ejo) the periodic Ornstein-Uhlenbeck process with parameter ¢ and back-
ground driving Lévy process {Z;}¢co,1)- The pathwise periodic extension {)?t}teR of
{Xi} ey by X, = X, fort ¢ [0,1] and )?Hn — X, for t € R and integers n is
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a stationary process, that is, {)?t}te]g and {)?Hs}te]g have an identical system of
finite-dimensional distributions for any s € R. In particular, £(X;) = L£(X;) =
L <ec—£1 fol ecstS) for any ¢ € [0, 1], where we denote the distribution of a random
vector Y by L£(Y). We call this distribution the stationary distribution of { X }+cjo,1]-
These are processes introduced and studied by Pedersen [8]. The facts above were
shown in [8] in the case where d = 1 and ¢ > 0, and proofs in the general case can
be given in the same way (see also [2] and [10] for the equivalence of (1.1) and (1.3)).
The Gaussian periodic Ornstein-Uhlenbeck processes appear in Kwakernaak [6], and
Grenander [3] and others use these processes in relation to statistical shape analysis;
see [8].

In this paper we are interested in the analysis of the class I(c) of stationary
distributions of periodic Ornstein-Uhlenbeck processes with parameter ¢ where the
background driving Lévy processes {Z;};c(0,1) are ranging over all Lévy processes on
R?. This continues the study initiated by Pedersen [8]. A usual Ornstein-Uhlenbeck
process with parameter ¢ > 0 and background driving Lévy process {Z; }icjo,00) 1S a
solution of equation (1.1) with ¢ € [0, 1] replaced by t € [0,00) under the condition
that X is independent of the process {Z; }1c(0,00)- It is determined uniquely by X, and
expressed by (1.3) with ¢ € [0, 1] replaced by ¢ € [0, 00). It satisfies £(X;) = L£(X)) for
t € [0,00) if and only if £(Z;) has finite log-moment and £(Xo) = £ (f;° e *dZ,).
In this case the stationary distribution u = L£(Xj) is selfdecomposable. Conversely,
any selfdecomposable distribution g is expressed in this way with a Lévy process
{Z:}1c[0,00) having finite log-moment. See [4] or [12]. The correspondence between s
and L£(Z;) is one-to-one for fixed ¢ > 0. Thus the class of stationary distributions of
usual Ornstein-Uhlenbeck processes does not depend on the parameter ¢ and coincides
with the class SD(RY) of selfdecomposable distributions on RY. However, we will see
that the class I(c) delicately depends on the parameter c.

In the next section we will characterize I(c) in terms of properties of the Lévy
measures of the distributions in this class. The mapping ®. of py = L(Z;) to
= P(0) = L (fol eCSdZ8> is shown to be one-to-one and a homeomorphism. In
Section 3 we will study the relations between I(c) for varying values of ¢ and the
relations between I(c) and SD(RY). It will be shown that I(c) 2 SD(R?) and that
Mo, I(c,) = SD(RY) whenever ¢, 1 co. One way of looking at the dependence of
I(c) on c s to study, given p in the class I D(R?) of infinitely divisible distributions on
R%, the set Q(u) = {c > 0: u € I(c)}, where we define 1(0) = I D(R?). We will show



that these sets Q(p) have a rich variety. In Section 4 we consider the relations to
other classes of distributions. The decreasing sequence of classes L,,, m = 0,1, ..., 00,
beginning with Ly = SD(RR?) is considered. These classes are known to be intimately
connected with the mapping ®_, of py = £(Z;) to p = ®_(11g) = L (J;" e dz,),
but the relations with @, are more subtle; we will show that Ly, & ®(Lim-1) & Lm-1
for any finite m.

Stochastic integrals fo s)dZ, in this paper are defined as limits in probablhty
from the case of step functions f, as in [7], [9], [10], [13], [17]. The integral [;* f(s)dZ;

is defined to be the limit in probability of fo s)dZs as t — oo whenever it exists.

2. CHARACTERIZATION AND PROPERTIES OF CLASS I(c)

Throughout the paper fix d in the set N of positive integers. Elements of R¢ are
column vectors. The inner product on R? is denoted (z,y) and the corresponding
norm is |z|. For a distribution z on R? denote the characteristic function of u by i,

= Jrae e®®) (dz), 2 € R For probability measures u, (n =1,2,...) and x on
Rd, fin — p1 means weak convergence of j, to u. Let D = {z € R?: || < 1}. For
po € ID(RY) let Wo(2) = logfig(z), the distinguished logarithm of 7y in [12], p. 33.
We have

Uy(z) = —%(z,Aoz> +1i(v0, 2) + /Rd (ei<z’$> —1—i(z,2)1p(z)) w(dx), ze€RY,

where (Ao, 1o, 70) is the triplet of po. For s > 0 let u§ = p*°, which has characteristic
function 7i§(z) = exp s¥y(2), 2 € R%

If f: R, — R is bounded and measurable and {Z,}.>¢ is a Lévy process on R?,
then the stochastic integral fabf(s)dZs is definable for 0 < @ < b < oo and has an
infinitely divisible distribution on R? with

(2.1) Eexp (i<z, /abf(s)dZs>) = exp /ab Uo(f(s)z)ds, ze R

Now and then we integrate with respect to a time-changed Lévy process. Hence, for
t>0and sy >0, fab f(s)dsZsy+1s denotes the stochastic integral of f with respect to
the Lévy process {Zs 115 — Zs, }s>0-

For m = 1,2,... let IDjoem(R%) be the class of distributions p € I'D(R?) for

which the Lévy measure v of u satisfies

(2.2) />2 (log |z))™ v(dz) < .



Equivalently, I Djogm (R?) is the class of u € I D(R?) such that Jiajs2 (Qog [2))™ p(dz) <
00. Let IDiog(R?) = I D1 (R?). The stochastic integral [~ e~ “dZ, with ¢ > 0 exists
if and only if £(Z;) € IDg(R?). There is a one-to-one correspondence between
SD(R?) and IDys(RY) as is mentioned in the previous section.

Let p € ID(R?) with triplet (A, v,v). Recall that if v = 0 then y is said to be
Gaussian, and if A = 0 then p is said to be purely non-Gaussian. Let M be a class of
distributions on R?. Following [11] we say that M is completely closed if the following
three conditions (C1)—(C3) are satisfied, where (C1) 1, pe € M implies pq * s € M;
(C2) p, € M for n = 1,2,... and p, — p imply p € M; (C3) L(X) € M implies
L(aX +b) € M for all a > 0 and b € R%. Sometimes we also need the conditions (D),
(P) and (GJ) on M. These are: (D) (dual property) if £L(X) € M then L(—X) € M;
(P) (raising to the power) if p € M then p* € M for all t > 0; (GJ) if p € M and
1= pg * iy where pg is Gaussian and py is purely non-Gaussian, then pug, puy € M.
When we consider (P) or (GJ), we assume M C I D(R?).

Definition 2.1. For ¢ € R\ {0} let I(c) be the class of distributions given by

1
(2.3) I(c) = {E (/ ecsts) : {Zs}s>0 is a Lévy process on Rd} :
0

We have I(c) C ID(R?) as is mentioned above. We define the mapping ®. from
ID(R?) onto I(c) by
1
(2.49) o) = £ ([ eaz). =i
0

Note that = L (fol eCSdZ8> € I(c) if and only if u is the stationary distribution of a
periodic Ornstein-Uhlenbeck process with parameter ¢ and background driving Lévy
process {Z,}scp,1) Where Z| = (e — 1)Z,. See (1.4).

Remark 2.2. Let t > 0 and ¢ € R\ {0}. Then,
¢
I(ct) = {E (/ ecsts> : {Zs}s>0 is a Lévy process on Rd} :
0
Indeed, fg e*dZ, = fol e*d 7. As a special case,

I(c) = {E (/ ests) :{Zs}s>0 is a Lévy process on Rd}
0

for ¢ > 0. Thus I(c), ¢ > 0, can be understood also as the class of stationary distribu-

tions of c-periodic Ornstein-Uhlenbeck processes with parameter 1 and background



driving Lévy process {Z}sc[,q, namely, the distributions of the solutions of

dX, = -X, dt+dZ;, te][0,c], with X=X, a.s.

Proposition 2.3. Let ¢ € R\ {0}. Let uo € ID(R?) have triplet (Ag, vo,%) and
corresponding distinguished logarithm Wo(z). Let = ®.(pg). Then,

1
(2.5) p(z) = exp/ Uo(e“2)ds, z€ R
0
and the triplet of v is (A, v,v), where
20 _
(2.6) A = / e**ds Ay 1A0,
(2.7) v(B) = / vo(dx) / p(e“x)ds, B e B(RY),

(2.8) v o= . %_/Rd uo(dx)/o e“z[lp(z) — 1p(e®x)]ds.

Proof. The expression for ji(z) follows from (2.1). The expression for the triplet is
derived in [10], p. 35, or [13]. O

The following are basic properties of I(c).

Proposition 2.4. Let c € R\ {0}.

(i) If p € I(c), then p' € I(c) for all t = 0.
(ii) For po1, oo € ID(R?) we have ®.(pg.1) * Pe(pt0.2) = Pelpio1 * fo2)-
(iii) The class I(c) satisfies (C1), (C3), (D), (P) and (GJ).
) 1(e) = I(~c). In fact, if jn = ®(po) and iy = B (i), then n(2) =
fi(e¢z), z € RY.

(iv

Proof. (i) Let p = E(fol edZs) and pg = L(Z;). Let Ug = logig. Then f*(z) =
exp (t fol \Ifo(ecsz)dzs) by Proposition 2.3. It follows that uf = £ (fol ecsdsZts> € I(c).
The proof of (ii) is left to the reader. By (i)—(ii) I(c) satisfies (C1) and (P). It is,
moreover, readily seen that [(c) satisfies (C3), (D) and (GJ). The proof of (iv) is
given by the use of (2.5). O

Remark 2.5. As a special case of Proposition 2.10 (ii) below it follows that I(c)
satisfies (C2). Hence I(c) is completely closed.

In the following we derive a characterization of I(c). Let S = {£ € RY: |¢] = 1}

and Leb denote the Lebesgue measure on (0, co).



Proposition 2.6 (Polar decomposition of a Lévy measure). Let v be a Lévy measure

on Re. Then, v is decomposed in polar form as
v(B) = [ M) [ 1n(ug)veldu), B e BRY)
5 0

where X is a finite measure on S and ve is a measure on (0,00) such that ve(B) is
measurable in & for each B € B((0,00)) and [;°(1 Au?)ve(du) =1 for & € R This
A is unique and ve is unique for A-a.e. §.

Let ¢ > 0. If ve(du) has density ke(u)/u with respect to the Lebesgue measure on
(0, 00) with some nonnegative (§,u)-measurable ke(u), then 3772, ke(eu) < oo for
A x Leb-a.e. (&, u).

Proof. The polar decomposition is constructed as in the proof of Theorem 15.10 in
[12]. We leave the details to the reader.

Assume v¢(du) has density ke(u)/u. Denote Gi(u) = > °2, ke(e?°u). We have to
show that Gf(u) is finite for A x Leb-a.e. (§,u). For a > 0 we have

/SA(dg)/aeaG* Z/ (dé) /”Md

(J+1)e
k£< )du _ / )\(df)/ kgiu)du =v({z: |z| > e“}) < 00,

fj [rag [

which gives the desired result. O

Theorem 2.7. Let ¢ > 0. Let u € ID(R?) have Lévy measure v with polar decom-
position A\(d&)ve(du).

(i) w is in I(c) if and only if the following two conditions (a)—(b) are satisfied.
(a) For A-a.e. & the measure ve(du) has density ke(u)/u with respect to the
Lebesgue measure on (0, 00) with some nonnegative (€, u)-measurable ke(u);
(b) Let G(u) = 3222, ke(e’“u). Then G{(u) has a version which is decreasing
in u.
(i) Assume p € I(c). Then there is one and only one oy € ID(R?) such that
p = Pc(po). There is a finite, right-continuous, decreasing version Ge(u) of

G¢(u), and the relation between v and the polar decomposition Ao(d€)voe(du)



of the Lévy measure vy of ug is described as follows. We have

(2.9) v(B) = —c/s)\(df)/o 15(u€)dGe(u) for B € B(R?),

2100 k) = 2 G = ) ) — acho(ae)
where

(2.11) ag = /000(1 A u2)1/0§(e_cu,u]i—z.

Proof. Let (A, v,v) be the triplet of u.

Step 1. Assume that v satisfies (a)—(b). By Proposition 2.6 we have G(u) < oo
almost surely. Therefore, G¢(u) has a finite, decreasing, right-continuous version
Ge(u) by (b). For fixed £, —G¢(u) induces a o-finite measure on (0, co). We show that
the measure vy defined in (2.9) is a Lévy measure and that a distribution py € I D(R?)
satisfies u = ®.(pp) if it has triplet (Ao, vo,Y0), where

2c & b
(2.12) Ap = e 1A, M= (fy+ /Rd uo(d:c)/o e“xlys. ecs<x<1}(s)ds) :
We have (2.7). Indeed, G¢(e “u) — G¢(u) = ke(u) and hence with substitution

u = e“r we get

/R w(da) /0 (e a)ds = —c /5 A(de) /0 T aGe(r) /0 (e re)ds

C

_ —c/s)\(df) /Ooode'r*) / 1B<“§)i_z

_ / A(dE) / " 152 / L reuceen (N)AGE(r)

- / A(d€) / T 1p(u€) (Geleou) — Gel(u)) -
S 0

_ /SA(dg) /Ooo 1B(u§)k5(“)du: v(B).

u

Notice that

/Rd (1A [2]) vo(de) </Rd vo(dz) /01 (1A fez]?) dsz/Rd (1A |2]2) v(dz) < o0,

where the equality is by (2.7). Hence vy is a Lévy measure. Defining Ay and 7o by
(2.12) it is readily verified that we have (2.6) and (2.8). Hence the distribution g
with triplet (Ao, vo,70) satisfies u = P.(p0)-

Step 2. Let u = ®.(uo), where g € ID(R?) has triplet (Ag, 15, 7). To complete
the proof it suffices to show (a)—(b), (2.10)—(2.11), and that (Ao, v, 7o) satisfies (2.9)



and (2.12). (These imply the uniqueness of pg, since A is unique and the function

Ge¢(u) is unique for A-a.e. £.) Using (2.7) and substitution e®r = u, we get

v(B) = /]R w(da) /0 1 15(ez)ds = /S o(dE) /0 " oe(dr) /0 llg(ecsrg)ds

c

= /SAO(dg) /Ooo Vo (dr) /rerlB<u§)%
= /S)\O(dg) /OOO1B(u§)Mdu.

cu
Hence we have (a). By the normalization [;°(1 A r?)ve(dr) =1 we get the represen-
tations of A(d€) and ke(u) in (2.10)—(2.11). Since ke(e’“u) = (cag) ™ vpe(eV~Yu, el
we have 02 ke(e/“u) = (cag)™'voe(u, 00). Obviously Ge(u) := (cag) ™ vpe(u, 00) is
finite, right-continuous and decreasing. In particular we have (b). The expression
(2.12) follows from (2.6) and (2.8). Finally, in order to show (2.9) note that we have

_C/SA(dg) /Ooo 15 (1€)dGe(u) :c/s)\(dg) /Ooo 1 () el 4

Cag
= [ 20@9) [ taue () = ()
S 0
by (2.10)—(2.11). -

Corollary 2.8. For c € R\ {0} the mapping ®.: ID(RY) — I(c) is one-to-one.

To prove the corollary note that we may assume ¢ > 0 by Proposition 2.4 (iv), in
which case the result follows from (ii) above. This corollary shows that if {X7}c0.1),
J = 1,2, are periodic Ornstein-Uhlenbeck processes with parameter ¢ > 0 and back-
ground driving Lévy processes {Z?}sejo1] such that £(X]}) = £(XZ), then £(Z]) =
L(Z3?). That is, the stationary distribution of a periodic Ornstein-Uhlenbeck process

determines the law of the background driving Lévy process uniquely.

Remark 2.9. In the next result it is convenient to let 1(0) = ID(RY). Also let
®y: 1(0) — I(0) be the identity mapping.

Proposition 2.10. Let ¢, and c be real numbers with ¢, — c.
(i) Let pno € ID(R?) forn =1,2,... and pno — pro- Then py € ID(R?) and

D, (1tn,0) = Pe(tto)-
(ii) Conversely, let p, € I(c,) and p, — p. Then p € I(c) and . (1,) —

().

Before proving this result we need two lemmas.



Lemma 2.11. Let ¢ > 0 and p = ®.(po), where p and py have triplets (A v,~) and

(Ao, v0,70), respectively. Then we have

(2.13) / vo(dr) < / v(dz) < / v(dz), a>0,
|z|>a lz|>a |z|>e—ca

e —1 ) ) e —1 )
(2.14) 5 |z|*vo(de) < |z|*v(dx) < |z|*vo(dx),
¢ Jlge |z|<1 |z|<1
c_1
<® / vo(dz).
c e~c<|z|<1

1
/ VO(dx) / ecS"L‘l{m: e*CS<|a:|<1}(x)dS
R4 0

Proof. For a > 0 let D* = {y € R%: |y| > a}. Then, for s € [0, 1] we have 1pa(x) <
1pa(e®z) < 1pa(e“z) and hence

1
vo(d \/ Vo(dx)/ 1pa(e®z)d / 1pa(e‘x)vy(de),
Da 0

from which (2.13) follows since [, vo(dz) fo 1pe(e®x)ds = v(D®) by (2.7). Note that

we have

(2.16) / F@)(dz) = /]R vo(dz) / fee

for all nonnegative measurable functions f by (2.7). Thus (2.14) follows. Since

(2.15)

7|1 e—escia)<1y (7)) < Le—eciai<ay (@) for 0 < s < 1, (2.15) is obvious. O

Remark 2.12. Let ¢ > 0 and let p, po, v, 49 be as in Lemma 2.11. We can also prove
the following from (2.16).
(i) ¥(RY) < o if and only if v5(RY) < cc.
(ii) Let 0 < a < 2. Then [, [z[*v(dz) < oo if and only if [, 2|V (dz) < cc.
(iii) Let a > 0. Then f 2] >1 |z|*v(dz) < oo if and only if f 2>1
(iv) Let « > 0. Then f:c\>1 log |z|)*v(dx) < oo if and only 1ff

Q.

|z|*vy(dx) < 0.

(log |z|)*vp(dx) <

lz|>1

Recall that a set of probability measures on R? is precompact if and only if any

sequence in the set has a subsequence which converges weakly.

Lemma 2.13. Let M be a subclass of ID(R?) and let C' be a bounded set in R. If M
is precompact then {®.(uo): o € M, ¢ € C} and {® (n): p € M, ¢ € C} are both

precompact.

Proof. Let N denote a subset of ID(R?) and 1 € N have triplet (A,,v,,7,). Then, N

is precompact if and only if the following four conditions (i)—(iv) are satisfied, where (i)

SUP e v SUPj <1 | Apw] < 005 (i) sup ey fpa(l2[*A1)v(dz) < 00; (i) sup ey [Yul < 005



(iv) limy oo sUpen ¥ ({|2] > 1}) = 0. Indeed, this is essentially E 12.5 in [12] except
that (iv) is missing in that exercise. Hence, we have to show that (i)—(iv) are satisfied
with N = {®.(o): o € M, ¢ € C} and {®; (p): p € M, ¢ € C} if (i)-(iv) are
satisfied with V = M. This is, however, easily verified using (2.6)—(2.8) and Lemma
2.11 if C' C [0, 00). Further, use Proposition 2.4 (iv) if C'N (=00, 0) # 0. O

Proof of Proposition 2.10. (i) By [12], Lemma 7.8, uy € ID(R?). Let Wy(z) =
log fip(z) and VU, (z) = log fin0(z). By Lemma 7.7 in [12], U, 0(z) — Wo(z) uni-
formly on any compact set. Hence fol U, o(e*z)ds — fol Wo(e2)ds for all z € RY.
Hence, by (2.5) @mo)(z) — Q:(u\o)(z) Note that (2.5) is trivially true for ¢ = 0.

(ii) {pn: n=1,2,...} is precompact. Hence {®_'(1,): n =1,2,...} is precom-
pact by Lemma 2.13. Thus, there is a subsequence {<I>;n1, (fnr) } such that (IJ;}I () —
to where iy is a probability measure on R?. We have iy € ID(R?) and by (i)
pnr — Po(po). Hence pg = @1 (u). Thus gy is independent of the choice of subse-

quence. Hence ®_1(p1,) — @, (). O

3. CLASSES I(c) FOR VARYING VALUES OF ¢

In this section we study the relations between classes I(c) for different values of c.
First we compare I(c) to SD(R?).

Theorem 3.1. (i) We have SD(R?) & I(c) for any c € R\ {0}.
(ii) Let ¢, € R with ¢, 1 0o. Then (), I(c,) = SD(RY).

Remark 3.2. Recall that a distribution is selfdecomposable if and only if it is the
stationary distribution of a usual Ornstein-Uhlenbeck process (driven by a Lévy pro-
cess). Hence the result in (i) shows that a stationary distribution of a usual Ornstein-
Uhlenbeck process is, for any ¢ # 0, the stationary distribution of a periodic Ornstein-

Uhlenbeck process with parameter ¢ as well.

Proof of Theorem 3.1. (i) We may and do assume ¢ > 0 without loss of generality.
Let 1 € SD(R?). Then p satisfies condition (a) of Theorem 2.7 and k¢(u) is decreasing
in u, see [12], Theorem 15.10. Hence also (b) of Theorem 2.7 is satisfied, which means
pw € I(c). If u € SD(RY) its Lévy measure has total mass 0 or co. Hence Remark
2.12 (i) implies SD(R?) & I(c).

10



(ii) Step 1. Let = £ ( IS e*SdZs(c)> with 0 < ¢ < oo, where {Z{9},50 is a Lévy

process on R%. Then the Lévy measures v and v(©) of y and E(ch)) are related as
(3.1) v(B) = / I/(c)(dl‘)/ 1g(e *z)ds, B € B(RY).
R4 0

Let A€ (d¢ )Vg(c) (dr) be the polar decomposition of (). As in the second step of the

proof of Theorem 2.7 one shows that

(32) v(B) = /S)‘(c)<d§) /OOO 1B(u§)l/§(c (u, eul d;

Notice that if B C {z: a < |z| < f} with 0 < a < < 00, then

c °° ¢ d c e d
[0 [ s oo < [ 3909 [ )

< ﬁ_a/)\(c)(df)ug(c)(a, 0) < 00.
s

«

It follows from (3.2) that
(3.3)

> c d c > c d
V(B):/S)\(c)(df)/o 1B<U§)l/§( (u, 00) uu /S)\()(df)/o 1B(u§)1/§( (e“u, 00) uu

if BC{z:a<|z|< B} forsome <a<f<oo.

Step 2 Let ¢, v and v be as in Step 1. For any [ > 0 we have f |1V v(dx) >
cfm|> . . Indeed, using (3.2) and D' = {y: |y| > I}, we get

/|m|>l v(de) = /Rd v (d) /Oc Lpi(e "z)ds = C/Rd V(9 (dz) /01 1 (e*2)ds

1
- c/ I/(C)(dx)/ 1 piec (€% x)ds 20/ 1 pree ()9 (dz).
Rd 0 Rd

Step 3. Assume that p € (), I(c,) for some ¢, 1 co. Since I(c,) = I(—cy),
i has the representation p = £ (foc" e’sts(c")> by Remark 2.2. Let B € B(R?)
satisfying B C {z: a < |z| < 8} with 0 < a < f < co. By Step 2 we see that

[ retag) [ a0 < Axwmgﬁﬂgweuwﬂu

u

< 2o / A (e, 00) = T2 ({2 fa] > ea)
(0% S @
< (el >ah =0 asn— oo
acy
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Hence, by (3.3),

(34) o(B) = lim [ NeO(de) [ 1auef ,0)
It follows that, for b > 1,
o071 B) = tim [ A9 [ (b w00
= lim [ Al)(d¢) / Oolg(uf)yg(c")(b_lu, oo)%.
n—oo Jg 0 u

Since ug(c")(b_lu, ) = ug(c")(u, ), we get v(b"1B) > v(B) for every B € B(R?)
satisfying B C {z: a < |z| < f} with 0 < a@ < f < oo. This shows that p is
selfdecomposable by [12], Theorem 15.8. O

For u € ID(R?) let us introduce Q(u), the set of ¢ > 0 for which p is in I(c).
That is, Q(u) = {c = 0: u € I(c)}. Here we let 1(0) = ID(R?) as in Remark 2.9.
Hence 0 € Q(u). Due to Proposition 2.4 (iv) we consider only nonnegative values of

C.

Proposition 3.3. Let u € ID(RY).

(i) The set Q(u) is a closed subset of R, ;

(ii) if c € Q(p) then ¢/n € Q(u) for alln € N;
(ili) the set Q(u) is either equal to [0,00) or bounded;
(iv) we have Qi) = [0, 00) if and only if p € SD(RY).

Proof. The fact (i) follows from Proposition 2.10 while (iii) and (iv) are due to The-
orem 3.1; (ii) is equivalent to the assertion that I(c) C I(¢/n) for n € N. As-
sume that ¢ > 0 and p € I(c). Let us prove that p € I(c) for ¢ = ¢/n. Denote
Ge(u) = 3272 ke (eUn=Dy) for I = 0,1,...,n — 1, where k¢ is defined in Theorem
2.7. By Theorem 2.7 G ;(u) has a decreasing version. Since Gf o(u)+---+G5,, 1 (u) =
> i ke(e€u) we have pu € I(c'), using Theorem 2.7 again. O

Let us consider some special distributions to show the rich variety of the set Q(u).

Proposition 3.4. Let d = 1.

(i) Let p be an infinitely divisible distribution R for which the Lévy measure is

not absolutely continuous with respect to the Lebesque measure on R. Then

Q) = {0}

12



In the following let p € ID(R) have Lévy measure v given by v(du) = 1(g ) (u)@du

Let l(v) = k(e") forv € R,

(ii) If ¢ > 0 and pu = P.(po), where g is the Poisson distribution with mean 1,
then l(v) = 11100 (v) and Q(p) = {0} U{c/n:n=1,2,.. }.

(iii) Assume l(v) is either strictly increasing or strictly decreasing on an interval
[a,b) with a < b and that [(v) =0 for v € R\ [a,b). Then Q(u) = {0}.

(iv) Let l(v) be decreasing on (—o0,0] with [(0) = 2 and

v+2, v e [0,1]
(3.5) l(v)=4¢ 3-=3(v—-1), ve]ll2]
0, v = 2.

Then Q) = [0, 1]
(v) Let l(v) be decreasing on (—o0,0] with [(0) =4 and

4+ 2v, v e [0,1]
6-6(v—1), well,3/2]
3—3(v—3/2), vel3/2,5/2]
0, v>=5/2.

(3.6) l(v) =

Then Q(u) = [0,3/4] U [1,3/2].

Proof. (i) For ¢ > 0 a necessary condition for a distribution to be in I(c) is by

Theorem 2.7 that its Lévy measure is absolutely continuous.

To prove (ii)-(v) let M.(v) = > 72y l(v + jc) for ¢ > 0 and v € R.

(ii) The Lévy measure of pg is vy = 01, which by Theorem 2.7 implies that the
Lévy measure of p is v(du) = 1(0,m)(u)$du, where k(u) = 21j; c)(u). Hence [(v) =
t1p0,c)(v). From Proposition 3.3 (ii) it follows that Q(u) includes {0} U {c¢/n: n =
1,2,...}. Let ¢ € (0,00) \ {¢/n:n=1,2,...}. In order to show ¢ & Q(u) it suffices
by Theorem 2.7 to show that M. (v) does not have a decreasing version on R. If ¢ > ¢,
then M (v) is 0 on [c — ¢,0) and 1/c on [0, ¢), which means ¢ ¢ Q(u). If 0 < ¢ < ¢
with ¢ & {¢/n:n =1,2,...}, then choosing n € N such that ¢/(n+ 1) < ¢ < ¢/n,
we see that M. (v) equals n/c on (c— (n+1)c,0) and (n+1)/c on (0,c—nc’), which
means ¢ € Q(u).

(iii) First we consider the case where [(v) is strictly increasing on [a, b). Let ¢ > 0.
By Theorem 2.7 we have to show that M.(v) does not have a decreasing version. If
aV (b—c) <wv; <wvy<bthen M.(v1) = 1l(vy) < l(vy) = M(v9) and the result follows.
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Next assume that I(v) is strictly decreasing on [a, b). It is readily seen that M.(v)

is strictly decreasing on [a, b). For v < a we have

:ZZ’U+]C:ZZU+]C M.(v+c).
7j=1

j=0

Let ¢ > 0. If vy < a<wy <vy+c¢<b, then M.(v1) = Mc(v; + ¢) < M.(vg). Hence
¢ & Q(u)-

(iv) It suffices to show that

(a) v — M.(v) is decreasing for ¢ € [1/2,1],

(b) v+ M.(v) does not have a decreasing version for ¢ > 1.

Indeed, by Theorem 2.7 and Proposition 3.3 (ii), (a) and (b) imply that ¢ & Q(u) for
¢>1and ¢/n € Q(p) for c € [1/2,1] and n € N. Tt follows that Q(u) = [0, 1].

Proof of (a). Let ¢ € [1/2,1]. We consider four cases.
Case 1: v € [1,00). Note that v — [(v + jc) is decreasing on [1,00) for 7 > 0. Thus
M. (v) is decreasing in v for v € [1, 00).
Case 2: v € [1 — ¢, 1]. Similar to case 3 below and hence omitted.
Case 3: v € [0,1 —¢]. Let 0 < v Kwva <1—¢c Then0 < vy+c<v+e<
I, 1 <vy4+2c <v+2 < 2andl < v+ je < vg+ jefor j > 2. Hence
l(ve) —l(vy) = l(va +¢) = l(vy +¢) = vy — vy, vy +2¢) —(v1 4+ 2¢) = —3(vy — v1) and
l(vg + jc) — l(vy + je) < 0 for j > 2. Therefore M.(ve) — M.(v1) < —(v2 —v1) < 0.
Case 4: v € (—00,0]. Let vy, vq satisfy —c < v; < vg < 0. Then [(vy) > [(vy) since
[(v) is decreasing on (—o0, 0], and M.(v; + ¢) = M.(ve + ¢) since 0 < v; + ¢ < vy + ¢
and M, (v) is decreasing on [0, 00). Since M, (v) = (v) + M.(v+c), we have M.(v;) >
M. (vy), which shows that M.(v) is decreasing on [—c, 0]. Repeating inductively it
follows that M.(v) is decreasing on any interval [—cp, —¢(p — 1)] for p € N.

Proof of (b). Let ¢ > 1. If 2 —c < vy < vy < 1, then M.(v1) = l(v1) < l(vg) =
M.(vs).

(v) We show the following,.

v M,
vi— M,
vi— M,
v M,

v) is decreasing for ¢ € [1/4,1/2].
)
)
)

v) does not have a decreasing version for ¢ > 3/2.

v) does not have a decreasing version for ¢ € (3/4,1).

v) is decreasing for ¢ € [1,3/2].

P
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Since ¢ € Q(u) implies ¢/n € Q(u) for all n € N, it follows from (c¢) and (e) that
[0,1/2] and [1/2,3/4] are subsets of Q(u). Hence, it follows from (c¢)—(f) that Q(u) =
0,3/4] U[1,3/2].

Proof of (¢). Fix ¢ € [1/4,1/2]. Clearly M.(v) is decreasing on [1,00). Let
qo € {2,3,4} be the least g such that g¢ > 1. We prove that M.(v) is decreasing
on the interval [(1 — gc) V0,1 — (¢ — 1)c] for ¢ = 1,...,qo. Since (1 — goc) VO = 0,
this implies that M.(v) is decreasing on [0, 1], and (c) follows from decreasingness of
[(v) on (—o00,0]. Hence let ¢ € {1,...,q} and vy,v2 € [(1 —qc) V0,1 — (¢ — 1)
with v; < vy. For p = 0,...,¢— 1 and i = 1,2 we have v; + pc € [0,1]. Hence
l(v1 +pe) — l(va + pe) = 2(vy — vg). Since v; + qc € [1,3/2] and v; + (¢ + 1)c € [1,5/2]
it follows that (v 4+ q¢) — l(va + q¢) = —6(vy — ve) and I(vy + (¢ + 1)c) — I(vg +
(g +1)c) = —3(v1 — v2). Moreover, (v + jc) = [(vy + jc) for j > g+ 2. Hence
M.(v1) — M.(v3) = —(v1 — v9). That is, M.(v1) > M.(ve), which means that M,.(v)
is decreasing on the interval [1 — ge, 1 — (¢ — 1)¢].

Proof of (d). Fix ¢ € (3/4,1). Consider v; and v, satisfying (7/4 —2¢) V0 < vy <
vy < 1—c. Then 7/4 < v;+2c < 14+¢ < 2 and v;+3¢ > 5/2 for i = 1,2. Hence I(v;) —
l(ve) = 2(vy — ), l(vy +¢) —l(va+c¢) = 2(vy —v9), (v1+2¢) —l(va+2¢) = —3(v1 —v2),
and (v + jc) —l(ve+jc) = 0 for j > 3. Hence M.(vy) — M.(v9) = v1 — vy < 0, which
gives (d).

Proof of (e). Fix ¢ € [1,3/2]. Clearly M.(v) is decreasing on [1,00). Let vy, vy €
0, 1] with v; < ve. Then v;+c¢ € [1,5/2] and v;+ je > 2 fori = 1,2 and j > 2. Hence
l(v1) = U(vg) = 2(v1 — v2), vy +¢) = l(va +¢) = —3(v1 — v2) and M.(vy) — M.(vq) >
—(v; —wvy) = 0. Hence M, (v) is decreasing on [0,00). This yields (e) as in case 4 of
(a).

Proof of (f). Consider vy and vy satisfying (5/2 —2¢) V0 < v; < vy < 1. Then
M. (v1) = (v1) < l(vg) = M.(ve). Hence we have (f). O

Proposition 3.5. Let 0 < ¢ < c.
(i) I(c) S I(¢) if ¢/ €N,
(i) I(c) € I(¢) and I(c) 2 I(¢) if ¢/c ¢ N.

Proof. The fact that I(c) C I(¢) for ¢/’ € N is already proved in Proposition 3.3
(ii). To show (ii) and the strict inclusion in (i) we may and do assume d = 1. (Indeed,
by considering Lévy measures on R? in polar form A(d¢)ve(du) where ) is a point

measure, the general case follows easily from the case d = 1.) Let py be a Poisson
distribution. Let gy = @ (o) and ps = ®.(po). Then Q(u1) = {0} U {c/n: n € N}
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and Q(uz) = {0} U {¢/n: n € N} by Proposition 3.4. Thus, u; € I(¢') \ I(c) and for
c/c & N we have s € I(c) \ I(¢). O

Remark 3.6. Let ¢, and ¢ be nonnegative with ¢, — c¢. Assume ¢, # c for all n.
Then, as a complement to Theorem 3.1, we have
(3.7) SDRY) S () I(cn)  I(c).
n>1

Here we let 1(0) = ID(R?) as in Remark 2.9. The first inclusion in (3.7) follows
since SD(R?) C I(¢) for all ¢. To see that it is strict choose u € ID(R?) with
Q(n) = [0,c + k] where k > 0 is such that ¢, < ¢+ k for all n. Such a p exists by
a straightforward extension of Proposition 3.4 (iv). Hence, p € I(c,) for all n and
pu & SD(RY).

Let 1 € (5, {(cn). Then ¢, € Q(p) for all n. Since Q(p) is closed by Proposition
3.3 it follows that ¢ € Q(u). To see that the last inclusion is strict let us consider
the cases ¢ = 0 and ¢ > 0 separately. If ¢ = 0 then I(c) = ID(R?). Hence, choosing
p € ID(R?) such that u & I(c) for any ¢’ > 0 it follows that the inclusion is strict. In
the case ¢ > 0 we can take u € ID(R?) such that Q(u) = {0} U {c/n:n=1,2,...}.

Then p € I(c) \ (N, (cn)-

4. RELATIONS TO OTHER CLASSES OF DISTRIBUTIONS

We use the following notation as in [10]. For a € (0,2] let &,(R?) be the set
of a-stable distributions on RY. That is, a distribution g on R? is in &, (R?) if and
only if for every n € N there is a 8 € R? such that ji(2)" = 1i(n'/%2)e!%= . (The
definition of stability of p is different from [12], p. 76, when p is trivial.) Then
S(R?) = Uaco2) S, (R?) is the set of stable distributions. For any distinct a and o/
in (0,2] G,(RY) NG, (RY) is exactly the class of trivial distributions. Let &% (R9) be
the set of distributions y on R? such that for every n € N fi(2)" = ji(n/®z). Then
GO(R?) = Uaco2) &Y (R?) is the set of strictly stable distributions. For any distinct
a and o in (0,2] &%(RY) N &% (R?) consists of the single element &y. Distributions
d. with ¢ # 0 belong to GY(R?) but does not belong to any &% (R?) with a # 1.

Let {X}sc0,1) be a periodic Ornstein-Uhlenbeck process with parameter ¢ > 0
and background driving Lévy process {Z,}scp,1). Consider the following problem:
To what extent are stability and the class L,-property inherited from £(Z;) to the
stationary distribution £(X;)? We can recast this as the question to what extent @,

preserves stability and the class L,,-property.
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Proposition 4.1. Let c € R\ {0}, o € ID(RY) and let = ®.(uo). Let a € (0,2].
Then

(i) p € G°%(RY) if and only if o € S°(R?);

(ii) u € G4(RY) if and only if o € Su(RY).
Proof. Let Wy be the characteristic exponent of fip. (i) Assume uo € G9(R?). Then
a¥o(z) = Wo(al/*z) for all a > 0. This implies

1 1
ﬁ(Z)a = eXp/ a\l]()(ecsz)ds — eXp/ \I]O<€Csa1/az)d8 _ ﬁ(al/az).
0 0

Hence p € G%(R?). Conversely, if u € G%(R?) then 7i(2)® = fi(a'/*z) for all a > 0.
Then by Corollary 2.8 we have aWq(z) = ¥o(a'/*2), which implies o € &% (R?).

Assume gy € G,(R?). Then for any a > 0 there is 7, € R? such that a¥y(z) =
Wo(a/*z) +i(v,, z). Then

1 1 1
a(z)* = exp/ a¥o(e“z)ds = exp (/ Wy (ePa'*z)ds + i/ (Vas ecsz)ds)
0 0 0

_ ﬂ(al/az)eic*I(ec—l)ha,z) ]

Hence p € 6,(R?) and conversely. O

Let us recall the definition of the classes L,,(R?) for m = 0,1,.... Let Ly(R?) =
SD(RY). That is, u is in Lo(RY) if for every b > 1 there is a distribution p, such that

(4.1) (=) = A 2)Tl2).
Sometimes py, is referred to as an innovation distribution generated by u. For m =

1,2,..., L,(R%) is the class of distributions u such that, for every b > 1, there exists
o € L 1(R?) satisfying (4.1). We have

(4.2) Lo(RY) 2 Li(RY) 2 Ly(RY) 2 -+ 2 Lo (RY) 2 S(RY),
where Lo (R?) = Mycpmese Lm(R?). These sets were introduced by Urbanik [15], [16]

and further developed by Sato [11] in connection to limit distribution theory for sums

of independent random vectors.

Remark 4.2. We recall a convenient characterization of L,,(R?).
(i) Let f: R — R. For € > 0 let A, be the difference operator A f(v) = f(v+¢€) —
f(v), and A” be the nth iteration of A.. Hence,

A =3 (1) stk

J=0
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Let Af = f. We say that f is monotone of order n if AJf > 0 for all € > 0
and j = 0,1,...,n. From [10], Lemma 18, or [11], Lemma 3.2, we know that f is
monotone of order n > 2 if and only if f € C*2, fW) > 0for j=0,1,...,n—2, and

f=2) is increasing and convex.

(ii) Let 4 € ID(R?) have Lévy measure v with polar decomposition \(d€)ve(du).
By [12], Theorem 15.8, u € Lo(RY) = SD(R?) if and only if v(b~'B) > v(B) for
B € B(R?) and b > 1. This is the case if and only if, for M-a.e. £, ve(b"'B) > v¢(B)
for B € B((0,00)) and b > 1. The latter is equivalent to vg(b~tay, b as] = ve(ay, as
for 0 < a; < as and b > 1, which is equivalent to the property that ve(e =€ e™"] is
increasing in v for every € > 0. If u € Lo(R?) then vg(du) = ke(u)du/u with ke being

decreasing, and conversely.

(iii) Let u € Lo(RY). That is, p is selfdecomposable. Hence, the Lévy measure of
p is decomposed in polar form as A(d§)ke(u)du/u, where ke(u) is decreasing. Let
he(v) = ke(e™). Let m € {1,2,...}. From [10], Theorem 20, or [11], Theorems 3.2
and 3.3, we know that g is in L,,(R?) if and only if k¢ is monotone of order m + 1 for
A-a.e. €.

Remark 4.3. Let ¢ > 0. For pg € IDjog(R?) we define a),c(uo) = L ([ e dZ,)
where {Z;}+>0 is a Lévy process with £(Z;) = pp. Then d_, is a one-to-one mapping
from IDye(RY) onto Lo(R?), as is explained in Section 1 in connection to usual
Ornstein-Uhlenbeck processes driven by Lévy processes. Let m € {—1,0,1,...} and
j € {1,2,...}. The following facts are known: the class of pg for which the jth
iteration ® _ of ®_, is definable coincides with I Diopi (RY); 1 € Ly (RY) if and only
if u =& (uo) with some g € L,,,(RY) NID,,,;(RY) where we let L_;(R?) = ID(R?).
See [5], [10] (Theorems 46 and 49), [14].

log?

Proposition 4.4. Let M C ID(R?) and c € R\ {0}. Assume that M is completely
closed and satisfies (P). Then ®.(M) = ®_.(M) C M and ®.(M) is completely closed
and satisfies (P). Moreover, we have ®,.(M) C ®.(M) for all n € N. In addition,
if M satisfies (D) then ®.(M) satisfies (D); if M satisfies (GJ) then ®.(M) satisfies
(GJ).

Proof. Assume M is completely closed and satisfies (P). Let pg € M. Then ®.(1) =
E(fol e*dZs), where {Z;}s>0 is a Lévy process with £(Z;) = uo. There is a sequence

18



of positive step functions fi, fo, ... such that
1 1
/ e“dZs = lim fn( )dZ
0 n—oo
where the limit is in probability. There are 0 = Sp0 < Sp1 < ... < Spp = 1 and
ayn,; > 0 such that

1 k
502 = S 00 (2, = 2, ).
j=1

The distribution of the right-hand side belongs to M by (C1), (C3) and (P). Hence
®.(p0) € M by (C2). This proves ®.(M) C M.

To show ®.(M) = &_(M), let u = Po(uo) with pg € M. Let p/ = &_ (o). By
Proposition 2.4 (iv) ,u’(z) = Ji(e~¢2), that is, ;/(e°z) = Ji(z). Hence p € ®_.(M)
by (C3) and ®.(M) C ®&_.(M). Changing the role of ¢ and —c¢, we get the converse

inclusion.

?

It follows from Proposition 2.10 that ®.(M) satisfies (C2). It is moreover easily
verified that ®.(M) satisfies (C1) and (C3), so let us verify (P) for ®.(M). Let
= E(fol esdZs), where L£(Z;) € M. We have p! = E(fol e“dsZs). Since L(Z;) € M
for all t,s > 0 by (P) of M it follows that u* € ®.(M).

Assume p € @,,.(M) and let {Z;}s>0 be a Lévy process with p = £ (fol e"cstS).
By Remark 2.2 we have

1 n n—=1 .41

/ e"dZ, = / e“dsZs/m = Z/ e“dsZsm
0 0 j=0J

n—1 A j+1 A d n—1 ‘

j=0 J =0 0

where {Z7},50, 7 = 0,...,n — 1, are independent copies of {Z;}.>¢ and 4 denotes
equality in distribution. We have £(Z,) € M for all w > 0 by (P) of M. Hence
L (fo Cstg/n> € . (M) and thus p = E( i éefcfo Cstg/n> € ®.(M) since
®.(M) is completely closed.

If M satisfies (D) then it is easy to see that ®.(M) satisfies (D).

Assume that M satisfies (GJ). Let pu = ®.(o) with pg € M and p = pg * pg
where g and py are, respectively, Gaussian and purely non-Gaussian. We have
Lo = foc * pog With pog Gaussian and pgy purely non-Gaussian. Then p = ®.(pg) =
O (o) * Pe(pos) by Proposition 2.4 (ii). By Proposition 2.3 ®.(uoq) is Gaussian
and ®.(uoy) is purely non-Gaussian. It follows that there is b € R? such that pg =
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. (pog) * 6 and py = Pe(pos) * 0—p. Since piog, oy € M by (GJ) of M we get
ha, by € (I)C<M) by (C?)) of (I)C<M) O

As an immediate consequence of Proposition 4.4 we have the following.

Corollary 4.5. Let c € R\ {0}, m = 0,1,...,00 and n € N. Then ®.(L,,(R?)) is
completely closed and satisfies (D), (P) and (GJ), and ®,,c(L,(RY)) C ®.(L,,(R?)) =
& (L (RY) € Ly (RY).

Indeed, L,,(R?) is completely closed and satisfies (D), (P) and (GJ).

Theorem 4.6. Let c € R\ {0}. Then,
(i) Lo(R) S 1(0);
(il) Lins1(R?Y) & ®e(Lin(RY)) & Lin(RY) for m =0,1,..;
(1) Loo(R) = B, (Lo (RY).

Remark 4.7. Using Proposition 4.4 and (ii) above it is immediate that ®c(Lyn41(RY)) &
P2(Lin(R?)) & ®(Lp(RP)) for ¢ # 0 and m > 0. We do not know the relation be-
tween ®2(L,,(RY)) and L,,,(R?).

Proof of Theorem 4.6. The assertion (i) is by Theorem 3.1.

(ii) The second inclusion is by Corollary 4.5. Let g € L1 (RY) with m > 0.
There exists by (i) a distribution g € ID(R?) such that p = ®.(u0). We show that
to € L, (RY), which yields the first inclusion. Decompose the Lévy measure of u as
A(d€)ke(u)du/u in polar form and let he(v) = ke(e™) for v € R. Let vy denote the
Lévy measure of p.

Step 1. First we prove g € Lo(R?). (This concludes the proof when m = 0.)
Define He(v) := 377, ke(e’™") = 372, he(v — jc) for v € R. Since by Theorem 2.7
we have H¢(v) = (cag) 'voe(e™?, 00) it follows that

> Ache(v — jo) = AHe(v)
j=1

vTE 00) — vpe(eY, oo)) = (cag)_ll/og(e_v_e, e "]

- (cag)_1 (1/05(6_

This implies that vpe(e V"¢, e~ "] is increasing in v for € > 0, since hg(v) is increasing
and convex by Remark 4.2. Hence pig € Lo(R?) by the same remark.

Step 2. Assume m > 1. Since g € Lo(R?) the polar decomposition of vq is

Ao(d€)koe(u)du/u, where the function hge(v) := koe(e™") is nonnegative and increas-

ing. By Remark 4.2, in order to show pg € L,,(R?) it suffices to show that hos(v) is
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monotone of order m + 1. Since p € Ly,41(R?) the same remark shows that he(v) is
monotone of order m + 2 and hence that hi(w) = L he(w) exists and is monotone of
order m + 1. Define H¢(v) as above. Since he(—o0) = 0 and hg(w) > 0 we have

:i/;jchg(w)dw:i/;hé(w_jc)dw:/ (Zhg _]C>

Hence He(v) is of class C* with & He(v) = > 521 he(v —jc). On the other hand,
° du

H(v) = (cag) onele ™ 0) = (cag) " [ ()

and thus <= He(v) = (cag) ‘koe(e™) = (cag) " hoe(v). It follows that (cag) 'hoe(v) =
> oy he(v —je) and

(cag)™ Ahog Z A’h5 (v—jc)=0fori=0,1,..., m+1,
7=1

completing the proof of the first inclusion. We will show in Examples 4.8-4.9 below
that the two inclusions are strict.
(iii) We have from the first inclusion in (ii) and from the one-to-one property of
®, that
(1 LnsiR)C () Pe(Limn(RY)) = Po(Loo(RY)).
0<m<oo 0<m<oo

On the other hand, ®.(Ls(RY)) C L (R?) by Corollary 4.5. O

Example 4.8. We show that the second inclusion in Theorem 4.6 (ii) is strict. We
may and do assume d = 1 and using Corollary 4.5 it suffices to consider the case
¢ > 0. Example (i) shows that the inclusion is strict when m = 0, while example (ii)
applies to the case m > 1.

(i) We construct p € Lo(R) such that pg = ®,'(u) € Lo(R). Let p € ID(R)
have Lévy measure given by v(du) = k(u)1( c)(u)du/u, where

1 for0<u<1
h(u) = { u™® foru>1

with a > 0. Then h(v) = k(e™") equals 1 for v > 0 and e* for v < 0. This h is
increasing but not convex. Hence y is in Lo(R) but not in L;(R). Let puy = ®,(u),
and denote the Lévy measure of pg by 9. As in the proof of Theorem 4.6 we have
H(v+¢€) — Hv) = Lug(e™ ¢ 7], where H(v) = 372, h(v — jc). Since H(v) =

7=1
(=9 /(1 — e7¢) for v < ¢ and H(v) = 1 + e**729/(1 — e7%¢) for ¢ < v < 2¢, we

21



can check that H'(c—) > H'(c+), which shows that H(v) is not convex. Thus for
some € > 0 vy(e™ " e "] = ¢(H(v+¢€) — H(v)) is not increasing in v. Therefore
tio & Lo(R).

(ii) For u € Li(R) we have puy = ®;'(u) € Lo(R) by Theorem 4.6. Let the
Lévy measures of p and pg be, respectively, v(du) = 1(g,00)(w)k(u)du/u and vo(du) =
1(0,00) (@) ko(u)du/u. Defining h(v) = k(e™) and ho(v) = ko(e™"), Theorem 2.7 shows
that h(v) = ¢! fvwc ho(w)dw. Hence

(4.3) R(v) = ¢ Hho(v +c) — ho(v))

if hg is continuous.
Let m > 1. We construct py € Lo(R) such that

(a) ho(v) is continuous and monotone of order m but not of order m + 1,

(b) ho(v+ ¢) — hg(v) is monotone of order m,
which by (4.3) and Remark 4.2 shows that py € Ly, —1(R) \ L, (R) and p = ®.(p9) €
L,(R).

Let 0 <a <2,a<bandb< ae®. Define g;(v) for j =0,...,m—1 as

{eb” for v <0

gO(v) = e  for v > O,

gj(v) = / gj—1(w)dw, forj=1,...,m—1

Using that 0 < a < 2 and b > 0, we see that ho(v) := ¢,,—1(v) satisfies the integrability
condition

0 e

/ ho(v)dv+/ e 2 ho(v)dv < oo

—00 0
in [11], p. 215, which implies that vy constructed from hg(v) is indeed a Lévy measure.
Since go(v) is nonnegative, continuous and increasing but not convex, we have (a)
by Remark 4.2. Using that 0 < b < ae® and a < b, it is readily verified that
go(v + ¢) — go(v) is increasing and nonnegative. When m = 1, this fact gives (b).
Assume m > 2. Let f(v) = ho(v + ¢) — ho(v) and notice that

v

@8 190 = [ (gnaslwt ) = guaj(@)du, §=0,..m -2

By (4.4) this implies that f(™~?) is increasing, nonnegative and convex, which in turn
implies that @), j = 0,...,m — 2, have the same properties. Now (b) follows from
Remark 4.2.
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Example 4.9. We show that the first inclusion in Theorem 4.6 (ii) is strict. It suffices
to give an example of a distribution in ®_.(L,,(R?))\ Ly,4+1(RY) in the case ¢ > 0 and
d=1.

Let b = e°. By Proposition 5.1 in Appendix there is p € L,,11(R) such that
(z) = u(b~12)hp(2) with gy € Lp(R) \ Lyy1(R). By Remark 4.3, there is ug €
L,,(R) N IDog(R) such that p = ®_.(j1). Let {Zs}s>0 be a Lévy process with
(Z1) = po. Since

00 00 1 00 0o
/ e “dZ, = / e~ “dZ, + / e “dZ, and / e~ “dZ, 4 e_c/ e “dZ,,
0 1 0 1 0

we have p, = ®_.(1p). Hence ®_.(L,,(R)) contains py € Ly (R) \ Lyi1(R).

D

Remark 4.10. For m € {0,1,...,00} let M,, be the class of probability measures p
on R such that

)
(4.5) P = =

for some y1 € L,,(RY) and some b > 1. Thus, p is an innovation distribution generated
by a selfdecomposable distribution pu € L,,(R%). Characterization of this class M,, is
of some interest. Let us see that
My, = | @e(Lin1 (R) N IDyoe(R?)

>0
where L_;(R%) = ID(R?) and L._1(R?) = Lo (R%). Indeed, let p € M,, be given by
(4.5) with s € Ly, (R?). Let ¢ = logh. Then = ®_.(10) for some pig € IDyog(RY) N
L1 (RY) by Remark 4.3. Repeating the arguments in Example 4.9 it follows that
p = () € P_o(Ln1(RY)) = ®(Ly—1(RY)). Since pg € ID1og(R?) we have also
p € ID)g(RY) by Remark 2.12 (iv).

For the converse, let p € ®.(L,,_1(R?)) N1 Dye(R?) with some ¢ > 0. Noting that
®(Ly1(RY) = @_ (L, 1(RY)), let g = ®-L(p). Then g € L,,_1(R?) and since
p € IDye(R?) we have also pig € IDjog(R?) by Remark 2.12 (iv). Let p = EI;,c(uo).
Then p € L,,(R%) by Remark 4.3 and fi(z) = p(2)7i(e ¢z). Therefore p € M,,.

5. APPENDIX

Recall that, for m = 0,1,..., u € L,,(R?) if and only if there exists for every
b > 1 a distribution jy, € L,,_1(R%) such that we have (4.1). (Here we let L_;(R?%) =
ID(RY)).
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Proposition 5.1. Let m € {0,1,...}.

(a) There is a distribution pu € Ly, (RY) \ L1 (RY) such that, for every b > 1,
Mo € Lm—l(Rd) \ Lm(Rd)'
(b) Let b > 1. Then there exists pi € Ly (RY)\ Lyy1(RY) such that uy, € L, (RY).

Proof. Assume without loss of generality d = 1. Let pu € Ly(R) have Lévy measure
v given by v(du) = 1(ge0)(w)k(u)du/u. Let h(v) = k(e™) for v € R. For b > 1 the
Lévy measure v, of py is vp(du) = 1,00 (u)kp(u)du/u, where ky(u) = k(u) — k(bu).
Letting hy(v) = ky(e™") we thus have hy(v) = h(v) — h(v — logb).

(a) Let p be the exponential distribution with mean 1. By [12], p. 45, we have
h(v) = e ". Hence h"(v) = e ¢ "(e™* —e™?) < 0 for v > 0. Since

hy(v) = h'(v) — W' (v —logb) = / R"(r)ydr <0  if v—1logb > 0,

v—log b

it follows from Remark 4.2 that p, € ID(R) \ Lo(R) for every b > 1. Thus p €
Lo(R) \ Li(R). We have p € ID,em(R) and hence p, € IDjoem(R) for all m. Fix
¢>0. Let 0 = ®™ (1) and o, = ®™ (11). Then 6(z) = 6(b~'2)5,(2). Observe that
0 € Ly(R)\ L1 (R) and 0, € L,,,—1(R) \ L, (R) by Remark 4.3. As an alternative
example, we can use the distribution with Lévy measure 1 1)(u)du/u instead of the
exponential distribution.

(b) Given b > 1, consider u € ID(R) \ Lo(R) such that ji(z) = m(b=12)ps(2)
with p, € ID(R). Such a u exists due to the existence of a non-selfdecomposable
distribution p that is semi-selfdecomposable with span b, as in [12], Example 15.9.
Further we can assume p € (), <m<oo L Diog™ (R) by truncating its Lévy measure or
by considering a semi-stable distribution. Fix ¢ > 0 and let ¢ = Zfﬁ”j Y(1). We have
5(2) = 0(b2)5y(2) with o, = @™ (11). Then, by Remark 4.3, 0 € Ly, (R)\ Ly 1 (R)
and o, € L,,,(R). O
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