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1 Introduction

1.1 Two-dimensional purely magnetic Hamiltonians
A classical particle in a magnetic field is described by the Hamiltonian

1 n
h(X, €) = 5(5 - a(x))Z, (Xa €) € R2 : (11)
The magnetic field B(x) is obtain from the vector potential a by exterior differentiation,
B(x) = da(x). In this paper we study the classical and quantum dynamics of a two
dimensional particle in a magnetic field of the form

B(x) = b(r—e)dxl Adry, x = (rcosf,rsinf) € R%. (1.2)

We are interested in orbits (x(t), €(¢)) for which

tlg(r)lo r(t) = oo (1.3)
and hence in scattering theory. The decay rate (x) ! in (1.2) seems to be the borderline
rate of decay for which we can be assured of (1.3) (at least for some range of energies).
For if we take B(x) = (b/r")dxz; A dzy with b a nonzero constant and 0 < v < 1, a
vector potential satisfying B(x) = da(x) is readily found and leads to the conservation
laws

[ @:Const, E:h:1

dr\* 1/ .\
= 90 5 (%) + 3 <; —cr 7) = Const.
Here ¢ = 2%, [ is the angular momentum and FE' is the energy. It follows that all orbits
are confined to a bounded region of phase space. Indeed, Miller and Simon analyzed
the corresponding quantum Hamiltonian and showed that its spectrum is pure point,
dense in [0, 00) (for more details, see [C-F-K-S, Theorem 6.2]).

On the other hand, much work over the last twenty years has been done in analyzing
the quantum problem with |B(x)| = O({x)~'7¢) with € > 0 (in any dimension > 2).
We briefly review known results in this case. Firstly, the existence part for 1 < v < oo
is covered by general results of Hormander (see [H1]) which hold in combination with a
long-range scalar potential. The comparison dynamics used in [H1] to construct a wave
operator preserves the momentum (it is a refined Dollard-type dynamics). Asymptotic
completeness was proved by Hormander (using stationary methods) in [H2, Chapter
30]. In addition we mention here the work of Robert (see [R]) which also includes
long-range scalar potentials. The wave operators in [R] are constructed using the
stationary modifier of Isozaki-Kitada (see [I-K] for details). Very recently Roux and
Yafaev revisited this problem in [R-Y], and they also investigated the spectral properties
of the corresponding scattering matrix S.

Secondly, the case v > 3/2 was further investigated by Loss and Thaller in [L-
T1,2] for purely magnetic Schrodinger and Dirac operators where they prove existence
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and completeness for the ordinary Mgller operators employing Enss’ time-dependent
approach. Then Nicoleau and Robert in [N-R] treat the Schrodinger problem for v >
3/2 by using stationary scattering theory; in addition, they allow short-range scalar
potentials. Enss (see [E]) extended their Schrodinger result to include long-range scalar
potentials, giving a simplified proof of existence and asymptotic completeness of the
modified Dollard wave operators. The modification here only uses the scalar and not
the vector potentials. We mention that these results for v > 3/2 can now be recovered
as particular cases of the more general results in [R-Y].

The case with v = 1 (no decay on the vector potential) does not appear to be treated
in the literature. Similar problems with homogeneous of degree zero electric potential
have been considered by two of the authors in [He], [H-S]; see also a related work
of Hassell, Melrose and Vasy in [H-M-V]. In those cases, the Hamiltonian is roughly
H = —A + V(x/|x]), where V is defined on the unit sphere. The generic behavior for
the classical orbits in this situation is that they are eventually trapped in the directions
in which V" has local extrema (in the quantum case the local maxima and saddle points
are excluded), hence very roughly the trajectories are asymptotically straight.

The behavior for the two-dimensional magnetic case with v = 1 turns out to be
different (at least for the case treated in this paper). Assume that we are given a
magnetic field which is homogeneous of degree —1 outside the unit disc, i.e. is given
by 7='b(0) for r > 1. For the classical orbits staying outside the unit disc (for all large
times) and with energy E > Ej, where

2

E, = 02[10:?;] b*(0)/2, (1.4)
we have an “easy” Mourre estimate implying that their radial velocities eventually be-
come positive, hence these orbits move to infinity. (We remark that when b is constant,
E} equals the mobility edge in the Miller-Simon model.) A more detailed analysis un-
der the additional condition that b is strictly negative (a similar analysis may be done
for b > 0) shows that the asymptotic orbits are logarithmic spirals and not asymptot-
ically straight as in the potential case. Moreover, we can even go below Ej with our
considerations if b is not constant.

The main goal of the paper is to demonstrate analogous behavior in quantum me-
chanics. In a following paper [C-H-S] we will study the case in which b has zeros and
in particular the zero flux case fozﬂ b(0)dd = 0. For the latter case the classical scatter-
ing orbits approach a direction in which b(f) = 0. When b changes sign but the flux
is different from zero both types of behavior may occur: some trajectories are drawn
toward the half-lines defined by the zeroes of b while others will spiral.

There are indications of somewhat similar results in dimensions higher than two,
although the geometry and analysis are more complicated.

1.2 Classical mechanics: preliminaries and main results

Our system consists here of a classical particle confined to a plane and subjected to
a magnetic field B which is assumed to be homogeneous of degree —1. As usual, B



is “orthogonal” to the plane in which the particle moves so it has only one nonzero
component (the “third” one) which is of the form B(x) = b(f)/r. We assume that b
is smooth and negative. The associated transverse magnetic vector potential is a(x) =
(—sin(0), cos(6))b(0).

The corresponding classical Hamiltonian function is (in polar coordinates)

h(r,0;p,1) := %p2 + % (% — b(9)> , (1.5)

X .

where p = X (& —a) is the radial velocity and [ = x1ps — 22p; is the canonical angular
momentum. The Hamilton equations for » and 6 are

dr  Oh g oh 1[I
=9, =" a—a—;<;‘b>' (1.6)
The Hamilton equations for p and [ are
dp oh [ [
o220 = 1.
dt or <7" ( )) r? (1.7)
and dl oh [
/
B ) 1.
== (1-00) ve) (18)
Let us introduce the transverse velocity & := % — b, which obeys the equations
df d b
_& A 4 (1.9)

dt — rodt r
Since h in (1.5) does not depend on ¢, the energy is conserved; that is, on a given
trajectory one has

P2 (t) + €2(t) = 2E. (1.10)
1.2.1 An attractive Lagrangian manifold

We will now discuss various results obtained in the classical framework. Apart from
their own intrinsic interest they serve as motivation for our main result in quantum
mechanics (see Theorem 1.1 below).

Define the extended configuration space

A={z=(t,r0): t>0,r>0, 0T},
and consider the function
hZ,m) =71+ h(r,0; p,1), TEA, 7= (7,p,1).

We introduce a symplectic form on 7*A given by

dx Nd€§ +dt Ndr =dO Ndl+dr ANdp+ dt A\ dr.
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We construct a solution S (defined on A) to the equation h(z,VS) = 0, which is
nothing but the Hamilton-Jacobi equation (see Section 2 for details)

O:S + h(r,0;0.5,05S) = 0.
Consider the associated Lagrangian manifold
L={Z=7,7):T€An=VS}CT"A

Then £ is invariant under the flow corresponding to h, which when restricted to £ can
be written

% = 9,5(t,7,0), - = P10, S (¢, 7, 0) — b(0)] (1.11)
(with the momenta satisfying 7 = VS of course). It is natural to ask how closely an
orbit originating off £ is approximated by solutions of the equations (1.11). We show in
Section 2 that L is attractive for all energies above a certain threshold E; < Ej,. More
precisely, assume that (r,6; p,[) is a solution for the symbol h with energy E > E,
which exists for all ¢ > 0. Then for any 6 > 0, the quantities E + 0,S, p — 0,95,
(I — 9pS)/r are all O(t~'*%) as t — oco. Here and henceforth ¢ — 0o means t — +o0.

Even though (1.11) may seem somewhat complicated at first glance, we obtain in
Section 2 that é(t) is strictly increasing and grows logarithmically in time. This allows
us to consider the radius as a function of the angle 7(8) = 7(¢(9)) and eventually prove
that

Inr = C(E)0 + R(F,0) (1.12)

where C(E) is a positive increasing function and R is 27-periodic in . Moreover,
C(E) \, 0 when E \, Ey, and one can prove that C'(E)/v/2E approaches a positive
constant when F increases to infinity. With R(F,0) = R(F) independent of , (1.12)
is the equation for the so-called logarithmic spiral.

An example of a typical integral curve first defined for the full Hamiltonian vector
field and then projected to the rectangular configuration space is given below.

b=—4.8—2sin, E=12.5, (uU,v)=position
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1.2.2 Classical comparison dynamics and asymptotic completeness

Motivated by the above considerations, we introduce

[ —0pS

y1=p—0.95, 12 = , ha:h—%(vf—l—fy%), ho(T,7) = T + hg. (1.13)
It is easy to see that the Hamilton equations for (r,6) obtained from h, coincide with
the system in (1.11). Moreover, the dynamics of A and h, coincide on £, hence recall-
ing the result of Lemma 3.14 mentioned above, the dynamics generated by h, should
approximate the real one.

To fix notation, denote by q.: = (pa(t),la(t)) the “momenta” generated by h,; the
flow generated by h, is denoted with V,, and acts as V,,(r1,01;4a1) = (Vi;Qay). The
flow generated by h is denoted by V, and V(r(1),0(1); p(1),1(1)) = (r(t), 0(t); p(t),(t))
gives the classical solutions of the true dynamics.

Let W, = V. % denote the inverse flow (explicitly, writing the equations for V,,
as dx/dt = F(t,x), the equations for W, ; are dz/ds = —F(t + 1 — s,z) where z(1) =
V,..(x) and W, ,(z(1)) = z(t) = x). The obvious interpretation of W, is that it gives
back the initial conditions used in computing V.

Classical asymptotic completeness would be the existence of

Q+ = tlg& Wa,t o Vt7 (]_]_4)

and the limit represents the initial data one should put into the dynamics V,; generated
by h, in order to get a good approximation to any true orbit V.

Although we do not prove the existence of the above limit, we do prove for energies
larger than Ej; the existence of

HQ+ = tlg& Hwa,t o Vt7 (]_]_5)

where II projects on the configuration space of (r,6)’s. Note for the flow V,; that
the equations for the configuration space part v, in (1.11) are completely decoupled
from the momenta q, ¢, and that W, ; consequently enjoys the same property. In fact
denoting the inverse of v, by w;, we obtain w;, = IIW, ; simplifying the right hand side
of (1.15). We denote by (r4,6,) the limit in (1.15) and call the entries the asymptotic
radius and angle, respectively. Intuitively, when put into the direct flow v; this limit
provides us with a good approximation of the configuration space component of the
true orbit at time ¢t. See Proposition 3.13 for details.

1.3 Quantum mechanics: preliminaries and main results

Motivated by its classical counterpart, we choose a magnetic vector potential (we denote
x = (r,0))
a(x) = (—sin 6, cos0)b(0)m, (r) € C*(R?), (1.16)



where 0 < m, <1 is a smooth cut-off function equal to zero if r < i and equal to one
if r > % Notice that a is homogeneous of degree zero outside the unit disc while the
corresponding magnetic field is homogeneous of degree —1.

The classical Hamiltonian from (1.5) now becomes an operator

1 1 1 1
HeSp—a)? — 2p?_ (p. _ ENCET)
;(P—a) ;P° —5(prata-p)+omid
12 10 1(L ?
A e b(o 11
2 0r? 2rar+2<r m+(r)()> ’ (117)
which is essentially self-adjoint on Cg°(R?) with the domain H?(R?) (we denoted the
angular momentum L = —idy).

We will often identify L?(R?) with L*(R, x T) through the unitary transformation
L*(R?) > f(r,0) — Y2 f(r,0) € L*(R,. x T). (1.18)
As an operator on L?(R, x T) the Hamiltonian H takes the form

19> 1 1( id ’
H__§w_—+§<—;%—m+(r)b(9)> . (1.19)

872

We will see that there is an “easy” Mourre estimate with the generator of dilations
A=1/2(p-x+x-p) as conjugate operator,

i[H,A] > H—b*(0)/2 + K, (1.20)

with K being relatively compact to H, see (2.2) for the classical counterpart. Indeed,
after easy computations employing polar coordinates one obtains

ijp-a,p-x|=ip-a,x-p|=p-(a+a,),

where a.(x) = (sin(d), — cos(#))b(0)rm/, (r) is smooth and compactly supported. Then

i[H,A] = p°—(1/2)p-(a+a.)—(1/2)(a+a.)-p+a-a,
(a—a.)? 1 )
= H-mtgeoal)
> H—@. (1.21)

Thus we obtain (1.20).

This computation indicates that above Ej, = max |[b[?/2 things are somewhat “eas-
ier”, just as they are in the classical case (see (2.2)). We will see in Section 3 that if
b < 0 is not constant, we can go below E, down to the critical energy F,; by using a
more involved conjugate operator; notice though that E; = E, when b is constant (see
Proposition 2.10). For the classical version of this conjugate operator see (2.33).



Hence, according to Mourre (see [M]), the interval (Ey, o0) is a subset of the abso-
lutely continuous spectrum and does not contain singular continuous spectrum. Possi-
ble embedded eigenvalues in this interval are discrete and may at most accumulate at
Ed.

We introduce a comparison dynamics roughly generated by the quantization of the
symbol h, of (1.13). A similar approximate dynamics was used in [H-S]. This type of
dynamics is motivated by a related one introduced by Yafaev ([Y]); see also [D-G1] and
[R-Y]. We can define a family of isometries

L*((Eg,00) x T) > f = Up(t)f € L*(Ry x T), t > 1,

by (see (3.56) and (3.57))

[UO (t)f](?“, 9) = eiS(t’r,a)Jtl/Q(Ta H)f (_(ats) (lv Wt(rv 9))? 91 (tv r, 9)) ) (1'22)

where .J; is the Jacobian determinant arising from the various changes of variables which
makes Up(t) an isometry.

With this comparison dynamics we have existence of the direct wave operator (de-
noted by Q%) and completeness (see the remark after the statement of Theorem 4.2 for
a more general result including short-range perturbations):

Theorem 1.1. Denote by Hp, = 15, 00)\0p, 1) (H)L*(Ry x T). Then the following
limits exist and define unitary operators which are mutually inverse

Qi = s— tlim U (t) : L*((Eg,00) x T) = Hp,,
—00

Qp = s— tlim Us(t)e "™ . Hp, — L*((Ey4y00) x T). (1.23)
—00

We have the existence of the asymptotic observables defined on Hp, (see (3.56))

ry = sr.— lim et g (ri(t, ")) efitH,
t—00
e+ = s — lim ™M (ewl(t"")) e’itH, (1.24)
t—00

where the notation M (-) signifies multiplication operator and s.r. — lim means strong
resolvent limit. These operators can be expressed in terms of the wave operators of
Theorem 1.1; they represent quantum analogs of the classical asymptotic radius and
angle, r, and ., discussed previously. For details, see Theorem 4.2.

In the case where b < 0 does not depend on @ we have the result E; = Ej, = b?/2 in
(1.23) and (1.24), cf. the Miller-Simon result, and the formula for Uy(t) reads

2 212

[Uo(8) f1(r, 9)—exp{zg—i— i} f( - b2,9+b;1n(t)). (1.25)

Moreover in this case the term R(E,#) in (1.12) is indeed constant in .



Heuristically, our comparison dynamics moves the support of an initial state of
sufficiently high energy along the integral curves of (1.11) which are spirals moving
counter-clockwise to infinity with the radius proportional to ¢ and the angle proportional
to Int, cf. (1.12) (see also (3.65) and (3.66)). (Clearly this picture is confirmed by
(1.25) in the constant b case.) Asymptotic completeness means that any state with
high enough energy can be thought of (asymptotically in time) as a superposition of
translates along these logarithmic spirals.

1.4 Gauge covariance of the wave operators and unitarity of
the S-matrix

Using an argument similar to the one which led to our “outgoing” wave operators (see
(1.23)), we can also give an approximate dynamics at negative times (see Section 9 for
details), and consequently define some “incoming” wave operators (denoted by Q% and
Q_). It can be shown that Q¢ maps unitarily L?((Ey, o0) X T) onto Hg, and Q_ is its
inverse.

The non-trivial fact that needs to be shown (see Proposition 9.2) is that the E,
for negative times is the same as that for positive times. One might feel that this
follows from time reversal invariance. But it does not seem to. In fact time invariance
is different with a magnetic field. If the time reversed orbit is x,(¢) := x(—t), then
the time reversed velocity is v, (t) := X, (t) = —%(—t). If the force is given only by a
scalar potential, then (x,,v,) satisfy Newton’s equations. But if there is a magnetic
field B(x) this also needs to be changed to —B(x).

Hence the S-matrix defined as (Q4)" Q¢ is unitary on L2((E4, 00) x T). Our wave
operators have a simple transformation law under a time independent gauge transfor-

mation. If _ _
a—a+Vf, H—e/He/ and S — S+ f,

then
QL — eVl
It follows that the S-matrix is gauge invariant.

In the gauge we use here there is no asymptotic momentum and we conjecture that
there does not exist a gauge where an asymptotic momentum exists. This would mean
that no momentum preserving approximate dynamics is available. This partially mo-
tivates our choice of approximate dynamics (1.22) which is not momentum preserving.

For a comparative discussion of various types of wave operators as used in [H1]|, [I-K]
and [Y], see [D-G1].



2 Classical mechanics: the globally attracting peri-
odic orbit

Our main interest in this section is to determine the so called “scattering energies” and
to study the long time behavior of any classical orbit corresponding to such an energy.
We will see that Ej, = max|b|?/2 is a threshold above which things are “simpler” while
below it they are “more complicated”.

We assume that the orbits stay away from the origin at all positive times, i.e.
r(t) # 0 for t > 0. We assume that b < 0; in this section we take the magnetic field
B(x) = b(0)/r for all x # 0, cf. Subsection 1.2.

Let us first notice that we always have a maximal velocity bound as an immediate
consequence of energy conservation (1.10) which gives || < v/2E and yields

r/t <V2E+e, t>T. (2.1)

2.1 FE > Ej leads to an “easy” classical Mourre estimate

Next we shall show that if £ > FEj, then not only does the particle leave the origin,
but we also have a positive lower bound for its velocity. More precisely, we show that
r(t) = p(t) > po > 0 if ¢ is sufficiently large (see (2.4)).
To achieve that, compute the time derivative of pr using (1.6)—(1.10) and get
d ) 9 9 b?
%(pr):pqup =&b+&)+2E—¢ :2E+§62E—§. (2.2)

After integration we obtain

(pr)(t) = (pr)(to) + (E — Ep) (¢ — to)

which leads to the conclusion that for sufficiently large ¢ we must have at least p(t) > 0.
Knowing the sign of p, we can express it as /2F — &2 and introduce it in (1.9) obtaining
for the transverse velocity &,

%:_Hbm_ (2.3)

r

We have the following localization at large times:

Lemma 2.1. Fiz 0 < ¢ < min|b|] = —maxb. Then for every trajectory of energy
E > E, there exists T > 0 sufficiently large such that

£(t) € [min |b| — e, max |b| +¢|, t>T.

Proof. We already know that for ¢ large enough, the radial velocity p is nonzero,
hence |£(t)] < V2E, for every t > T). Fix ¢ > 0 and assume that either {(T}) €
(max |b| + €, V2FE) or £(T1) € (—V2E,min |b] — €). We first prove that there exists
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Ty > Ty such that £(T3) € [min |b| — €, max |b| + ¢]. Indeed, if we assume the contrary it
means that either £(¢) > max |b| + € or £(t) < min |b| — € for every ¢ > T). In the first
situation, (2.3) implies that £(¢) is decreasing and

Y <-SvaE—em), =1,

while in the second situation, (2.3) implies that £(t) is increasing and if we define A
as the maximum between £2(7}) and (min |[b| — €)? then

Ly VBEZI, t>T.

at"’ —r
Using (2.1), we see that in both cases the variation in £ is logarithmic in ¢ so £ cannot
be bounded.
Thus in any case we can find T, with {(73) € [min |b] — €, max |b| + €]. Let us prove
that £(¢) will stay in the same closed interval for all times ¢ > T,. Assume on the

contrary that there exists T3 > T such that £(73) > max |b| 4+ €. Then the intermediate
value theorem gives exactly one point T, € [T3,T3) where

&(Ty) =max|b|+€, max|b|+e<&(t), Ty<t<Ts.

The mean value theorem would lead to the existence of 7 € (T}, T3) where %(7) >0

which contradicts (2.3) which says that % (7) has the same sign as —&(7)+[b| < —e < 0.
In a similar way, one proves that £(¢) cannot become less than min |b| — € for any
t > T, and we are done. OJ

We may now conclude that we also have a minimal velocity bound, that is for every
sufficiently small €, there exists 7" = T, large enough such that (remember that we
imposed the condition E > Ej)

p(E,t) = \/2F — €2(E,t) > \/2E — (max|b| +¢€)2, t>T. (2.4)

Another important consequence of Lemma 2.1 is that the transverse velocity £(t)
eventually will be positive. Using this fact we may express the time variable from the
first equation in (1.9) as a function of § and introduce it in (2.3), obtaining one equation

for £(0):

d b(# 6
e _ YOV +E0) nE—am), 050, 0<elty) < VIE. (2.5)
a0 £0)
More generally, motivated by these considerations we transform (1.7) and (1.9) into
a system of equations with # as variable and E > 0:

Opp=b+¢
B¢ = —"p . p(Bo) € (—V2E,V2E) and {(6,) € (0, V2E). (2.6)
£+ p?=2F

10



Notice that (2.6) is derived under the assumption that & > 0, while no sign as-
sumption on p is imposed. Although (2.6) have maximal solutions that are not globally
defined (depending on the initial conditions), we shall only be interested in globally
defined in fact periodic solutions. As we will see shortly the above system may admit
periodic solutions even for some energies F < Ej,.

Clearly the single equation

Opp = b+ 2E — 2, p(by) € (—V2E,V2E), (2.7)

is equivalent to (2.6) if we only consider solutions to (2.7) with £ := \/2E — p? strictly
positive.

2.2 Existence of a periodic solution to (2.5)

With the standing hypotheses E > Ej, and b < 0 we look at (2.5) with the initial angle
6y chosen to be zero. For any a € (0,v2FE), denote by {(E,a;-) the maximal solution
to (2.5) with specified initial data {(E,a;0) = a.

Lemma 2.2. For every a € [min |b|/2,VE + E}|, the mazimal solution is global and
stays in the same interval for all § € R, .

Proof. We reason as in Lemma 2.1. Let us assume on the contrary that there exists
6, > 0 such that either 0 < £(F,a;6,) < min|b|/2 or £(FE,a;6,) > VE + Ej. Denote
by 6y the largest argument in [0,6;) where we have that £(E,a;6;) = min|b|/2 (or
V E + Ej respectively). Then (2.5) implies that

%(Eaa;$)>0(< 0), (V) 0 <z <04,
which clearly contradicts £(E, a;6,) < (>)&(E, a;6s). 0

We may now conclude that the mapping

g(E;-) : [min |b|/2,/ E + Ep] — [min |b|/2,\/E + E}],
9(Esa) = {(E, a; 2m)

has at least one fixed point so there exists at least one 2m-periodic solution.
Remark. An analysis similar to the one we did before shows that for any choice of
a; € (0,min|b|] and a; € [max|b|,v/2E) we again have that the interval [a,as] is
left invariant by the above mapping ¢g. In fact, the next result says there is only one
periodic solution which does not get outside [min |b|, max |b|]. Moreover, all other global
(non-periodic) solutions will be drawn to the periodic one.

Denote by &g any 2m-periodic solution to the equation (2.5), with the conditions

¢p(0) € (0,v/2E) and 0 € [0, 00).

11



Lemma 2.3. There is exactly one such solution, and it obeys
Ran(£g) C I := [min |b|, max |b|].

Proof. The existence of a solution g with values in I follows from the previous
considerations. Consider any other solution to the same equation (which may not be
periodic), starting at £(0) € (0,v/2E). Assume that £(0) # £g(0), otherwise £(f) =
¢p(0) everywhere.

If pr(f) = \/2F — £4(0) and p = \/2F — £2(0) then introduce F = p — pg. Since

equation (2.5) can be rewritten as

VAT 0] = b0) +£(6), (238)

we get

dF —

S hng fZP‘f‘PE.

db p—re §+&e
Notice that we used the energy conservation in order to obtain the second expression
for h.

Then by integration:

(2.9)

[4
F(6) = F(0) exp {— /0 h(¢)d¢] | (2.10)
Next using the bound

PE V2E —max&;,
hz\/ﬁ+§E2 N =: C(E,b) (> 0),

we get
[F(0)] < [F(0)|exp[=C(E,0)0], (V)8 =0,

and conclude that
Jim [£(6) — €p(9)] = 0. (2.11)

In particular, this will prove the lemma. Indeed, if there were a different periodic orbit
&g we would have

€p(2n7) — Ep(2nm)| = |€6(0) — €£(0)] >0, Vn €N

and this would contradict (2.11). O
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2.3 Periodic solutions below £

This is the first place where we are going to allow E to go below Ej. First we prove
that there exists F; € [min |b]?/2, E}] such that (2.6) admits global periodic solutions
for every E > E,. If b is not constant then we show that Ey; € (min [b]?/2, E}).

Fix Ey > 0 and consider (2.7) with the notation extended to include the energy and
initial value of p

op(Ey, a,0) = b(0) + /2By — p*(Ey, a,0),

p(Eg,a, 0) =ac (—\/TE'(), \/E)v (212)

or equivalently

p(Ey,a,0) =+ / (b(8) + /2B — (B, 0, 9))d6.

Proposition 2.4. Assume that for some Ey > 0 the equation (2.12) admits a global,
C' and 27w -periodic solution denoted by pg,. Then it satisfies

c:= iIelf 2Ey — p},(0) > min|b| > 0. (2.13)
If in addition we have

2T
(Eo, pis,) ::/ P gy, (2.14)
0 /2F, — py,

then there exists € > 0 such that for every E € (Ey — €, Ey + €) we have a periodic
solution pg obeying I(E, pr) > 0 as in (2.14).

Proof. Before starting the proof, let us explain the meaning of (2.14). Assuming that
we have pg, define {g := \/2F — p2%. Consider the initial value problem (¢ > 1):

i~ df &p(0)

It is easy to check that at least for ¢ close to 1 the above system admits a solution
(7,0) which also solves the Hamilton equations (1.6)—(1.9), hence it corresponds to a
real orbit at energy E. We notice that the above system gives

, (7(1),6(1)) = (1,0). (2.15)

B o(t)
F(t) = F(B(1)) = exp / (01/65) () dp) (2.16)

hence the solution is global, Ran(f) = [0,00) and 7(¢) increases “in mean” after each
complete revolution around the origin and escapes to infinity. It is important to remark
though that 7(¢) may not be strictly increasing as a function of time as it was the case
for energies above Ej.
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Now let us start the proof of the proposition. If pg, is periodic and C*, then it
cannot equal ++/2FE, at any point #; since otherwise #; would be an extremum point
and thus 0 = Oppg,(61) = b(f,) which contradicts b < 0 everywhere. Next, let us show

that ¢ > min|b|. Indeed, assume that the minimum of £z, := |/2E, — p7, is attained

at some pOiIlt 91. Then pEO(GI)angO(Hl) =0. If PEO(QI) = 0 then gEO == \/m, PE,
vanishes identically and b = —/2E;. Obviously ¢ = min |b| in this case. If pg,(6;) # 0
then Jypg,(61) = 0 thus g, (01) = ¢ = —b(6;) and (2.13) follows.

Next, denote by ay = pg,(0). General results in O.D.E. ensure the existence of
d1,02 > 0 such that p(E,a,0) exists and is smooth in all arguments for £ € (Ey —
81, Eq + 01), a € (ag — dz,a0 + §3) and 0 € [0,27]. We intend to apply the implicit
function theorem to the equation p(F,a,2n) = a; differentiating (2.12) with respect to

a we get

%aap(Ea a, 9)

89(8ap)(E,a,9):— 2E—p

which by integration yields
0up(Eo, ag, 2m) = exp (—1(Ep, pr,)) < 1.

Then the implicit function theorem gives a smooth solution a(FE) to the equation
p(E,a(FE),2r) = a(F), in a small open interval centered at Ey. The proposition is
concluded by putting pg(0) = p(F, a(FE),0). O

For every Ey > 0 denote by P(Ep) the statement “there is a C'' periodic solution
to (2.12) satisfying (2.14)”. Then define

E:={Ey>0: P(Ey)istrue}, FE,;:=inff. (2.17)

Lemma 2.5. For every E > E), let £ be the periodic solution to (2.5) and let pg :=
V2E — &2 (> 0). Then pg satisfies the bound I(E, pg) > 0 as in (2.14). Moreover
(pE,Er) is the unique periodic solution to (2.6) which satisfies (2.14).

Proof. The facts that pg satisfies (2.14) and that (pg,&g) is a solution to (2.6) are
trivial; we only need to prove that there are no other solutions to (2.6) which also
satisfies (2.14).

Assume that (pg, 3 £) is such a solution. First, pg cannot be strictly negative because
in that case (2.14) cannot be fulfilled. Second, if pg(0) is strictly positive, then we can

write pp = \/2F — 5125 and hence &5 satisfies (2.5). Whence by Lemma 2.3 we conclude

that 5 = € and pg = pg. Third if jg(f1) = 0 we have £g(6;) = v/2E and hence the
first equation of (2.6) leads to dypgp(fy) > V2E — max |b| > 0. From the periodicity of
pe(0) we then conclude that indeed this function cannot have zeros. We have reduced
to the previous case. O

However, it is not yet clear whether we can construct periodic solutions which obey
(2.14) for all energies in (Ey, 00). This question will be answered shortly.
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But first let us prove a few very interesting facts about pg(#). We start with its
energy dependence:

Proposition 2.6. Let Ey > 0 and pg, be as in Proposition 2.4 (obeying also (2.14)).
Denote by pr(0) the smooth and periodic solution to (2.12) constructed in the proof of
Proposition 2.4 for every E € (Ey—¢€, Eg+¢€). Define g = \/2E — p% (> 0). We then
have

sup 0xpp(f) <0 and (2.19)
0
inf 9522 (6) > 0, (2.20)
0 &k

Proof. We start with some general results we use in the proof. Suppose  : R — R is
2m-periodic and satisfies the equation

2 (0) = —h(0)z(0) + g(), (2.21)

where h and ¢ are continuous, 27-periodic and fozﬂ h(0)do > 0.
The boundedness of x and the integral condition on h ensure that

Jlim el (9) o,

and after a standard computation we get

z(0) = / g(0 — p)e T MO gy (2:22)
0
We can rewrite (2.12) as
ang = b—|—§E, (2.23)
and obviously

Now let us prove the monotonicity of pg in (2.18). Differentiate (2.23) with respect to
E and get 0gér = 0p(Ogpr), then introduce this in (2.24) to obtain

99 (Oppr) = _g_z(aEpE) + §iE = —h(0rpr) + g. (2.25)

Notice that according to (2.14) we have that f027r h(0)d® > 0. Thus g is strictly positive
and the equation has the same form as in (2.21). It follows according to (2.22) that
aE,OE > 0.

The concavity in (2.19) is shown using the same idea. Write

py(0npE) = —(1 — Ep0pcp)” — ppl(08EE)? + ER05EE), (2.26)
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then isolate 04&p:

e =25 - (Ghp) - gi [(Ompi)? + (0n6r)?] (2.27)

Differentiate (2.23) twice with respect to E to get 0%&g = 0p(0%pE) and introduce
it in (2.27):

0907 p) = —h(95pE) + 9.

Since we again have the integral condition on A while g now is strictly negative, (2.22)
implies 0%pp < 0 and we are done.

Finally, let us prove (2.20). Using {g = \/2E — p% we have
Or(pe/ér) = (2E0pps — pr)/&h:

so it is enough to prove that x(0) = 2E0gpg(0) — pr(0) is strictly positive. By direct
computation we have (use (2.24))

89x:2E6E§—b—§E:—§—Ex—b
FE

and since —b > 0 we are done. O

We can now claim the absence of gaps in £ N (Ey, 00):

Corollary 2.7. For every E > Ey there is a periodic solution (p,&) = (pr, /2F — p3,)
to (2.6) which obeys (2.14). Moreover, there is no other periodic solution with this

property.

Proof. Assume there exists Ey > FEy; and Ey ¢ £. Since Ej; is the infimum of &£
then there must exist £y € £ so that Ey < Ey. It follows that some pg, (f) exists
and satisfies (2.14). Then we can apply the local construction of Proposition 2.4 in
order to obtain similar solutions for slightly larger energies. In fact, we claim that
this construction can be continued up to Ey and cannot stop before. Indeed, assume
there exists E, € (Ej,00) such that the branch coming from pg, stops at E;. We
know that pg(#) is increasing as a function of E on (E, Es) and bounded from above
by v/2Ey, hence admits a limit pg,(6). We conclude that pp, is periodic, solves the
integral version of (2.12) with a = pg,(0), thus it is C".

Then define {g, = |/2E, — p7, and notice that according to (2.13) it cannot be
zero. Hence pg, and &g, are smooth functions of # which solve (2.6). Then they also
obey (2.14) because (2.20) ensures that pg/&g is increasing in F at fixed 0. It follows
that the construction of Proposition 2.4 can be repeated at F5. Hence pg does not stop
there. Thus we must have Ey € £ and therefore £ = (Ey, 00).

Now let us prove the uniqueness of such a solution. Assume that (jz, £g) is another
solution to (2.6) obeying (2.14). Then using the local construction of Proposition
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2.4 together with the monotonicity in (2.20) we can uniquely construct the solution
“branches” originating from pgr and pgr as functions of E until we reach an energy
E' > E}, where we know that pp = pp due to Lemma 2.5. Going backwards from E’
using the uniqueness part of the implicit function theorem, cf. the proof of Proposition
2.4, we conclude that pgp = pg and we are done. O

Remark. The above uniqueness proof works only for solutions which we a priori know
obey (2.14). If we drop (2.14) in Corollary 2.7 uniqueness is no longer true, see Section
9.

We know by now that if £ > Ej, then pg is positive. From Proposition 2.4 we see
that if pg is non-negative (but not identically zero), we can still go lower in energy with
our construction. Hence we give here another definition related to the energy for which

pr can become zero:
E.:=inf{E; > 0: irglprO(H) > 0}. (2.28)

However, if b is a negative constant, then it is easy to see that £; = E. = FEj. Indeed, in
this case we have £g, = —b > 0 independent of § and Ey. Moreover, pg, = vV2E; — b?
and the result follows.

More interesting is the situation in which b is not constant. We start with a lemma:

Lemma 2.8. If b is not constant then Fy < E. < Ej.

Proof. Since pg(f) is increasing in E and is bounded from below by zero if £ > E,,
we can define the functions

pe(0) = Jim pp(6), &(0) = lim £n(0) = V2E — p(0). (2.29)

ENE.

Notice that p. and £, are smooth and periodic solutions to (2.6) where £ = E.. By
(2.13) we have &.(f) > 0 for all # while p.(f;) = 0 for some ;. But p. cannot be
identically zero, otherwise (2.12) would read as

d
Since the right hand side is not identically zero this leads to a contradiction. In par-

ticular, this means

2w p
=£df > 0, (2.31)
0 gc

and according to Proposition 2.4 it follows that F; < E..
Now let us prove that E. < Ej. Assume on the contrary that E. = Ej. Pick 6; such
that p.(61) = 0 and &.(01) = V/2E,. Since b+ /2E, > 0 we learn from (2.5) that

d
@(ﬁc —V2Ey) = —h(& — V2E,) +g; g <0.
In particular

N
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which shows that £.(0) > /2E, (and therefore £.(0) = \/2E}) for 6 < 6;. This implies
that p.(f) = 0 for § < 6y, and the periodicity gives that p.() is identically zero,
contradicting (2.31). O

Now let us focus on Ej, again in the case when b is not constant. Reasoning as we
did for E., there exist two smooth and periodic functions p,; and &; which solve (2.6)
with £ = E,; and

21
£,>¢> 0, Pdjo = 0. (2.32)
o &d

It is interesting what happens when the energy decreases from F,. to F;. At E., the
radial velocity is zero somewhere but still non-negative; then for E € (Ey, E.) the
velocity pg attains more and more negative values and the integral in (2.14) becomes
smaller and smaller when Ej; is approached.

Lemma 2.9. If b is not constant then

1 1 2w 2
UL o) <

Proof. Since we have dpps = b+ \/2E, — p%, then by integration we get

2T 2w
0:/ b9d9+/ \/2E, — p2do.
i (0) i 4= Pq

Since pq is not identically zero we get — 02” b(0)dh < 2m/2E,; and we are done. O

Now let us summarize what we obtained in the last few lemmas:

Proposition 2.10. If b is a negative constant then E; = E. = Ey, = b*/2. If b is not
constant, then

2

min [b]? 1 I max |b|?
— < = |- b(6)do E;<E.< BEy=—7—.
2 32 { 27r/0 (6)df) < Ea < B. < By 2

2.4 A classical Mourre estimate above Ej

We now investigate the long term behavior of an arbitrary classical orbit, defined for
every t > 0, corresponding to an energy F > E,;. We will see that the periodic solution
provided by Corollary 2.7 generates an attractor.

Consider an orbit (r(t),€(t)) solving (1.6)—(1.9) and obeying (1.10) with E > E,.
We use the notation (pg, &) for the periodic solution provided by Corollary 2.7.

For every C > 0 define

Ac(t) = {0epe(0(1)) + Clp(t) — pe(0()]} - r(t). (2.33)
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Proposition 2.11. For every € > 0, there exists T > 1 large enough (depending on the
particular orbit) such that

p(t) — pu(0(t) > —¢, Vt>T. (2.34)

Proof. We first compute the derivative of A with respect to t; using the Hamilton
equations we get (also use (2.24))

%TaEpE = {0pép + pOppe = 1+ (£ — £p)0rée + (p — pE)OEPE, (2.35)
and

d 1 , 1 )

%T(P —pp) = (§—E€p)§+ (p—pr)p = 5(:0 —pE)° + 5(5 —&p) (2.36)

where the last equality is a consequence of energy conservation and the identity

(€~ )6+ (0= pr)p = 5 (7 +€) — S (e +E) + 50— pp)? + 56— &), (2:37)

Combining (2.33), (2.35) and (2.36) we get

dA
d—tc =1+ (£~ &r)0eée + (p— pE)OEpE + % [(p—pr)* + (€ = €8)°)- (2.38)

Since 0g€r and Ogpg are bounded, it is easy to see that there exists C(E) > 0 (i.e.
only depending on FE) such that if C' > C(E)

A
dd—tc >1/2, t>1. (2.39)

Then integrating (2.33) we obtain that for 7' large enough:

Ac(t) > =, t>T. (2.40)

t
47
Using (2.33) we finally get

(1) = pp(B(1)) + S0pp(O(1) >0, +>T

and the proof follows by choosing C' large enough. O

3 Propagation estimates in classical mechanics

In this section we work with classical orbits that are defined for all times ¢ > 0. We
want to show that the radial and transverse velocity p(t) and &£(¢) corresponding to an
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arbitrary orbit (r(¢),0(t)) at energy E > E4, will get arbitrarily close to pg(6(t)) and
£p(0(t)) for large enough times.

Let us introduce four real-valued cut-off functions F' € C*°(R); they depend on real
parameters a < b < ¢ < d:

F, = F}";
Fi(z)=0forx <a, Fi(r)=1forxz > b, (3.1)

Fl(z) >0, /Fy, /1~ Fy, /F. € C°(R).

F =F"=1-F" (3.2)
F,_ = F¥bed — pobped (3.3)
Forle) = 2200 = [ F2ed(s)as. (3.4)

3.1 A minimal velocity bound: the particle leaves the origin

Proposition 3.1. There exists d > 0 small enough such that for every ¢ < d and
F_ = F* we have
ltlirn |F_(r(t)/t)] = 0. (3.5)
—00

In particular, fizing ¢ = d/2 implies the existence of T large enough such that r(t)/t >
d/2 for allt >T.

Proof. The methods we use here will from now on be employed throughout the paper
for both classical and quantum mechanics. We first need the following lemma:

Lemma 3.2. There exists a di > 0 small enough such that for all ¢; < dy and F_ =
FU e have

/1 N %|FL|(AC/t)dt < Const, (3.6)
where the above constant does not depend on the particular orbit. Moreover,
FOra 24078 0, (3.7)
but the rate of convergence depends on the particular orbit.

Proof. We start with (3.6). Differentiate the bounded propagation observable ®(t) =
F_(Ac(t)/t) and get (the derivative of F_ is negative)

D, ®(t) = —|F" |(Ac(t)/t) - (%@Ac(t) - %Ac(t)> :
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or equivalently (here ¢ > 1)

S F [(Ac(t)/1) < DA IF [(Ac(t)/1) = ~08(1)

HE(A()/0) - (Ac) /1),

where the first inequality is given by (2.39). Since F_ is supported in (—oo, d;], then
|[FL|(Ac(t)/t) - (Ac(t)/t) < |FL|(Ac(t)/t) - di hence

G _ d1> HF(Ac(t)/) < ~0m(1).

Because ® < 1, choosing d; € (0,1/2) and after integration (3.6) follows.

A few words about (3.7). We could say that due to (2.40) the limit follows easily.
But we use another argument which is based on (3.6) and can be generalized later on
to quantum mechanics. We prove two things: first, that the limit exists; second, the
limit equals zero.

Now consider Ffl/?”cl/z(AC(t)/t). To prove the existence of a limit when ¢ — oo we
employ a Cook type argument, that is we show the absolute integrability of its time
derivative:

0,F /> 2 (A(t) /)] € LM(1, 00)).

But we see that on the given orbit, the above derivative may be bounded by (we omit
the superscripts)

Const - [F" |(Ac(t) /t)%

where the constant depends on the orbit; here we used the boundedness of the support
of F' | and that 0;A¢ is bounded. Now since ¢;/2 < d;, the integrability is ensured by
(3.6).

Now let us prove that the limit is zero. We remark first that mimicking the proof
of (3.6) in Lemma 3.2 we can also show that

1
/1 HIFL(Ac/t)di < Const, (3.8)

where F, = F2/5/3/2 g Jike in (3.4). We see that Fi, =1on (¢1/3,¢1/2) and
has compact support. We then can write

F(Ac()/0F, (Ac(t)/1) = F_(Ac(t) /). (3.9)

Because of (3.8) we conclude that there exists a sequence of diverging times {t,} such
that

Fi (Ac(tn)/tn) — 0.

Then (3.9) implies the same thing for F__(Ac(t,)/t,). Since we have proven the exis-
tence of the limit, it must be zero. O
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We are now ready to finish the proof of (3.5). Write
Fo4r [ty = Fo4 e JO{FO P2 (A t) + FPP92 (A /b))

where we choose 0 < ¢ < d << ¢;. The contribution from the first term is handled
by (3.7); the second will eventually equal zero because r/t < d and A¢/t > ¢; are not
simultaneously true if d is small enough.

O

3.2 ¢ moves away from zero

We now want to prove that the transverse velocity & will eventually have a sign after
waiting long enough. That is, we want to first exclude the possibility that the particle
stops rotating around the origin.

Lemma 3.3. There exists d > 0 sufficiently small such that for all F,, = F_d 4/ f2d

(see (3.4))
/1 —| " |(£(t))dt < Const, (3.10)

Moreover, (see (3.3)) if 0 < dy < d/2 is also sufficiently small then for any Fy_ with
support in [—dy, dq] we have
lim F,_(£(t)) = 0. (3.11)

t—00

Proof. We start with (3.10). Differentiate the bounded propagation observable ®(t) =
Fy1(€(t)) and get

¢

dt r r E r

0:0(1) = F, (£(1)) (3.12)

A consequence of Proposition 2.11 is the inequality

lim inf[p(t) — pr(0(t))] = 0,

t—o00

and by (2.13) there exists € > 0 (only depending on the location of E) and 7' > 1 large
enough (depending on the orbit) such that

p(t) > —V2E +¢, t>T. (3.13)

But F', (£(t)) is zero unless || is less than d. Energy conservation will force p to stay

either above v2F — d? or below —v/2F — d?. If we choose d small enough (depending
on € in (3.13)) we can rule out the second alternative so we have

FLE0) 22 > pr ey R PVREZE

r o r
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Introducing this in (3.12) we obtain another 7" large enough such that with C; > 0 and
t>T

0:8(1) > T FL(€(1) - (~4VE + (min o)) VIE — @) > Cy - FL(€(1),

where in the last inequality we used the maximal velocity bound (2.1) and we took d
small enough in order to get a positive lower bound. We then integrate and get the
result.

The proof of the limit in (3.11) is similar to the one we gave for (3.7). First, with a
Cook type argument we reduce the existence of the limit to the absolute integrability
of

Ty (€)% < Const | (€(1)]

We can write
FL_(§@)FL (1) = FL_(£(1))
because of their support properties, so the integrability problem can be reduced to
(3.10).
Second, notice that we also may write

Fi (E(0)FL(6(1) = Fr(8(2))

and repeat the sub-sequence argument we first employed right after (3.9). It follows
that the limit must be zero. 0J

3.3 ¢ is positive for large times

We saw in the previous subsection that & could not return to zero for large times; now
we prove that & becomes positive.

Lemma 3.4. If dy is the same as in (3.11), consider —d; < ¢z < dy < 0. Then for
F_ = F" we have
lim F_(£(¢)) = 0. (3.14)
t—o0
Proof. The existence of the above limit again follows after using a Cook argument;
notice that F’ is supported in (—d;,d;) so we can apply the propagation estimate in
(3.10).
We now prove that the limit is zero. We know from energy conservation that
p(t) € [-V2E,V2E]. Fix some a < b < —V/2E and V2E < ¢ < d and consider
Fy_ = F"" (see (3.3)); we have

Fi_(p(t)) = 1. (3.15)
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Consider also that particular F'; ; whose derivative gives back the above F'; _. We then
prove the propagation estimate:

/1 h %F’H (p(£)F(£(t))dt < Const, (3.16)

and because of (3.15) we conclude that F_(£(t)) admits a divergent sequence of times
along which it tends to zero and this proves the lemma.
We now prove (3.16). Consider the observable ®(t) = F (p(t))F_(£(t)) and com-
pute its time derivative:
dg
FF +F F%
LIRS
Now notice that on the support of F_ we have £ < dy < 0 hence

. + b ,
g g s :

sa( = &0

dy? + |dy| min |b !
|d]* + |dz| min | |FJIr+F— ZConstgFﬁrJrF—

where in the second inequality we used the maximal velocity bound. Finally,

1 d
Const?FJ’rJrF, < Fy |F'|- |d—§| + 0, D(t)
and the integrability of the right hand side finishes the proof. O

Remark. If we put together the previous two lemmas, we obtain that £(t) > d; > 0
for all t > T where T is large enough.

3.4 p gets trapped near pr and £ near &g

We already know from energy conservation and Proposition 2.11 that the radial velocity
is localized somewhere in the interval

p(t) € lpu(0(1) — e, V2E), t>T, (3.17)

where 7' is large enough and depends on everything. We now intend to show that
p(t) can only spend a finite amount of time outside an interval of width e centered at

pe(0(1)).
For every E' > E, define
B (t) := p(t) — pp (0(1))-
Proposition 3.5. Denote by F, = Ffr/Z’e. Then
lim F'y (Bg(t)) =0.
t— 00
Moreover, there exists T large enough such that

() = pp(0t))| <e, t=T. (3.18)
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Proof. Notice that Fy(Bg(t)) is zero unless p(t) € [pr(6(t)) + €/2,V2E]. We now
try to break this interval into smaller pieces which can be more easily treated using
propagation estimates.

Lemma 3.6. Define ¢ := Then there exists M large enough such that

4supg (Oppp(0))
uniformly in 6 € [0, 27] we have

[pE(0) +€/2,V2E] C {pp/(0) : E' € [E + ey, M]}. (3.19)
If N > 1 is an integer, define B} := E + ¢y and B}, := E{+ +(M — E}). Then for every
€o > 0 there exists N large enough such that

{pp(0) : E' € [E+eo, MI} C | Jlp5;(0) — €2, psy (0) + 2] (3.20)

k=1

Proof. We know that £z cannot exceed max |b| for all energies, hence energy conser-
vation gives pgp ~ V2E' when E' — co. This is how we get the existence of M. Now
since pg increases with E, in order to get (3.19) we only need to verify that uniformly
in 6

piy(6) < pi(6) + /2.

The concavity in energy and the definition of ¢, then gives
pey(0) = pu(0) < (Ey — E) - (Oppp(0)) < €/4,

and (3.19) is proved.
As for (3.20), it is sufficient that uniformly in

pry,, (0) < pp(0) + €, ke{0,1,...,N—1}.
Since ppy () — ppy (0) < Const - (Ej,, — E}) = Const/N, we can make this difference

smaller than ¢, and we are done. O

The next step is to rule out the possibility for p(t) to be located in small intervals
like those in (3.20).
For every e, > 0 consider

o —bea,—4€e2,4€2,5€¢2
F._ =F° .

Denote by F precisely that function of the type (3.4) whose derivative gives back the
above F, .

Lemma 3.7. Uniformly in E' € [E + €y, M| there exists €5 small enough such that

*1 *1
1 1
Moreover,
}g& F;EE27_362736274E2 (BE’ (t)) =0. (3.22)
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Proof. We only prove (3.21), since the limit follows from the usual Cook type argument.
We introduce the bounded observable ®(t) = —F, ;(Bg (t)) and compute its time

derivative:
£ (6w (001)) — E())

0,0(t) = Fy (Bg(t)) "

(3.23)

Since we know that £(¢) > d; > 0 after some time, we can write using energy conser-
vation that

2B — g (0(t) = 2B + (1)
£ (0(1)) + £(2)
_ _2E'-E)  p(t) + e (0(t)
= OO T em ) rem or W (3.24)

Since E' — E > €y, we get that for ¢ > T} we have

e (0()) — £(1)

Fy(Be(t) - (e (0(1)) = £(t)) = (Crég — Caea) - Fy (B (1)) (3.25)

where C'; and Cy are positive constants not depending on e;. Moreover, they can be
uniformly chosen if E’ is restricted to compact sets. Hence if €5 is small enough, we
have the desired positivity and we can integrate in (3.23) thus yielding (3.21). O

Now let us get back to the proposition. With e; provided by the above lemma,
construct the intervals from (3.20) and see that there exists a constant ¢ > 0 such that

€ Xipp(0)+e/2,v3E () < zN: L T LA ) (3.26)
k=1
which leads to
Fi(Bg(t) < % - FL(Bg(t)) - EN:FIZQ’_Q’”’QQ(BE; (£))- (3.27)
k=1
Then the use of (3.22) finishes the proof. O

Remark. An immediate consequence of the above proposition and energy conservation
is a sharp localization for &, too. Namely, for every e > 0 there exists 7" large enough
such that

() = Eu(0(t)| <€, t>T. (3.28)

3.5 The eikonal and Hamilton-Jacobi equation

Let (pg, £g) be as in Corollary 2.7. Define S : (E4, 00) x (0,00) x R+ R by

S(E,r,0):=rpg(0). (3.29)
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By direct computation we can show that S solves the eikonal equation
(0,5)% + (9,5 /7 — b(h))* = 2F.
Define r(E,t,0) :=t/(0gpr)(0) > 0. We then have
Lemma 3.8. Forallt >0, E > FE; and 0 € R

Ogr(E,t,0) >0, Elgr;or(E,t, f) = oo, Eh\rrEldr(E,t, g) =0. (3.30)

Proof. Clearly, r(E,t,0) increases with E because of the properties of pg, see Propo-
sition 2.6. The only nontrivial thing is proving that Ran (-, t,0) = (0,00). But this is
equivalent to proving that

Eh\rréd Oppr(f) = 400, E]'-];H)O Orpe(f) = 0. (3.31)

For, let us introduce (2.25) into (2.22) and obtain
upe0) = [ e { "ew g ¢')d¢>’} a9 (3.32)
o X - - - . .
no o E0—0) " o &E

Since £g(0) is continuous on both arguments and strictly positive, for any E; > Ey
we can find ¢ > 0 such that

inf inf > c.
Ee[ljgd,El] ser Ep(0) — ¢

Choose M to be arbitrarily large and see that for £ € [Ey, F;] we have
M ¢ )
dppe(0) > c- / exp {— P2 (p - ¢>’)d¢’} de. (3.33)
0 o &
Hence we get (see (2.32))
M ? Pd
liminf 0 0) >c- — —=(0 —¢"dg' 3 do.
im in EPE()—C/O exp{ g, d))d)} ¢

Because the integral in (2.32) is zero, we get the existence of another constant ¢’ > 0
such that for every 6 and ¢

o
O A 2
o &a
and since M was arbitrary, we get limp\ g, Oppg(6) = oo.
The other limit is proven using (3.32) again. When E becomes large, we know that
£p is trapped inside [min |b], max |b|] while pp ~ V2E. It follows that the right hand
side in (3.32) can be bounded by a constant times £~/ and we are done. O
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Now consider the partial Legendre transform of S:

S (0,00) % (0,00) x R R, S(t,r,0) := sup {S(E,r, 0) — tE}. (3.34)

E>Ey
The previous lemma stated that
Ran r(-,¢,0) = (0, 00). (3.35)

Since Ogr(-,t,0) > 0, one can express E as a function E(t,-,0) of r € (0,00),
obeying
E(t,-,0): (0,00) = (Eq4,00), t = (0gS)(E(t,r,0),7,0). (3.36)
With this definition, the function S in (3.34) becomes

S(t,r,0) =rppure () —tE(t,r,0). (3.37)

This will be our Hamilton-Jacobi function. Using (2.8), (3.29) and (3.34) one readily
verifies the following identities:

0:S(t,r,0) = —E(t,r,0), (3.38)
0,S(t,r,0) = prre(f), (3.39)
0pS(t,7,0) = r[b(0) + Epr)(0)). (3.40)
Therefore, S is C'**° on its domain and obeys the Hamilton-Jacobi equation
1 21
0=0,5+ 5 (8075 — b) + 5(8,5)2. (3.41)

Proposition 3.9. The function S(t,r,0) is homogeneous of degree 1 in the variables
(r,t), i.e. S(t,r,0) = tS(1,7/t,0). Suppose K C (0,00) is compact. Then for every
n >0 and m > 0 we can find a constant C' = Cy, n x such that

sup sup (010 S(t,r,0)] <
0 r/teK

o E> L (3.42)

Proof. Let us see why S has the stated homogeneity property. First, notice that
E(t,r,0) only depends on r/t and 6 since it was obtained from the equation t/r =
Oppr(FE,0) (see (3.36)). Second, apply (3.37).

In order to prove (3.42), we use the scaling property and the fact that E(¢,r,0)
is restricted to some compact in (Ez,00) only depending on K. Further details are
omitted. O
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3.6 A priori localization for E(t,r(t),0(t))

Consider again a trajectory corresponding to an energy F > E;; we know that (3.18)
and (3.28) hold and we now want a similar localization for the difference between
E(t,r(t),0(t)) and E.

We again use propagation estimates which can and will be generalized later to
quantum mechanics. For simplifying notation, replace E(t,r(t),(t)) by E;. We take €
in (3.18) and (3.28) very small. Define

Then we have

Proposition 3.10. Let F,_ = Ff,ﬂ’el’c’d, €1 > 0, and consider the corresponding F', .
Then we have:

/100 %FJ’FJF(D(t))dt - /loo %F+(D(t))dt < oo. (3.44)
Moreover, there exists T' large enough such that
|E + 0,S(t,r(t),00t)] <e, t>T. (3.45)
Proof. Differentiating D and using the identity 1 — ppOppr = £g0rér we obtain:

D DL 10— pe0(t))) - i + (€ — €(0(1))) - uts] (3.46)

da ot t
Consider the bounded propagation observable ®(¢) = —F, . (D(t)), differentiate it and
use (3.46), (3.18) and (3.28):

dD _ 1
' =—-F, (D)- - > gFJr,(D) - (€1/2 — Const -€), t>T.
Hence if € is small enough, we have the desired positivity and we can integrate in

order to get (3.44). Now using the usual procedure, we can prove that
Jim Fy (D(#)) = 0
and because D is bounded and the above limit did not depend on the choice of ¢ and

d in Fy_, we can write
lim FO/*(D(t)) = 0.

t—o00
Reasoning in a very similar way, we can also prove that for a,b < —e; and F,_ =

a,b,—€1,—€1/2
Foo 1/2 e have

/ N %F+(D(t))dt <oo, lim Fy (D) =0, lLimF- (D) =0. (3.47)

li
t—00 t—00
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We conclude that

D) <&, t>T. (3.48)
Using the equation defining E(t,r(t),0(t)) and (3.43) we obtain
_ _ . Ospe(0(t)
Then 2 (0(1))
_ YEPz(t) ) _
D) = Z 2oy (B = B) (3.50)

where x(t) is somewhere between E and E;. Because of the minimal and maximal ve-
locity cut-offs in (2.1) and (3.5), we know that E; thus z(t) varies in a time independent
compact interval provided ¢ is large enough. This means that we can write

|E; — E| < Const - |[D(t)], t>T,

hence (3.45) follows and the proposition is proven. O

3.7 The classical comparison dynamics

We already know that given an energy E > FE;, the momenta of any real orbit corre-
sponding to E tend to get closer and closer to the periodic ones. We would also like to
have a similar property for the trajectory itself, but we first need a comparison orbit,
which is constructed in what follows.

For every 6 € R and every E > Ej, denote by (see Lemma 3.8):

1
ry = T(Ea 1791) = aE'pE'(el) > 07 (351)

Consider the following system of equations

(3.52)

with #(E,1) = r; and 0(E,1) = 6. Notice that in rectangular coordinates this is
equivalent to

% = VS(E, x) —a(x), x(1)=ri(cos(f;),sin(f;)). (3.53)

With reference to (3.36) we have:

Lemma 3.11. For all t > 1 we have E(t,7(E,t),0(F,t)) = E = E(1,r1,6,).
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Proof. It suffices to show the identity 7(£,t) = r(E, t 0(E,1)).
Differentiating the equation r(E, t,0(E,t)) = with respect to ¢ and using

(2.24) one obtains

OEPE 9(E t))

@ ~ . 1 taE(ang) ~ ) d_é
B £u(0p€p)(r —7)
= aEPE [ — &k 3E§E) ] = PE — (aEpE)f

or using (3.52) again

(aEPE)F
r(E,1,0(E,1)) —#(E,1) = r —r =0.

= (Bt 0E 1)~ #(E, )] r—7l,

Solving this initial value problem shows that the difference must be zero at all times,
therefore the identity follows. O

We define the mapping:

ViR, x TRy xT, v,(r1,60):= (F(E(l,rl,91),t),§(E(1,r1,01),t)> . (3.54)

Notice first that the system of equations defining v, in (3.52) can be more compactly
written as (see (3.38), (3.39), (3.40) and Lemma 3.11)

% = <(a,s)(t, Vi), (%395 - g)(t, vt)> = X(t,vy),
vi=(ruf) €Re T, (3.55)

where we introduced
X(,x) = ((5,5)@, x), (%aes _ S)(t, x)> Cx=(r0).

Then v, admits an inverse denoted by wy:

wi iRy x TRy xT, wy(r,0) = (ri(t,r,0),0:(t,7,0)). (3.56)
If we denote by u,(r,6) the solution to the equation
du,
o = —X(t—-—74+1Lu;), u=(rl)eR xT, 7e(lt), (3.57)

we have w; = u;.
We point out that v;(ry, 61) also solves two of the Hamilton equations (corresponding
to the configuration space) for the symbol h, we introduced in (1.13). The other two
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equations give a solution we denoted by qq; = (pa(t),la(t)) in Subsection 1.2, and we
defined the total direct flow to be V., = (v4;q,,) corresponding to a set of initial data
(11,015 pa(1),14(1)). The inverse flow denoted by W, ; has as the “configuration space
part” the flow w; described above.

In order to get an idea about how w; depends on the initial conditions, we first look
at the case when b(f) = b < 0 is a negative constant. We then know that E; = E. = Ej
and the periodic solution is {g(f) = —b > 0, which from (3.29) and (3.34) leads to

. 2 bt
S(E,r0) = rv2E — 12, S(t,r,0) = % -5 (3.58)
The energy function E(t,r,#) in (3.36) is
T2 b2 7”2 b2
E =—4+—, E(1 =14 .
(t,r,0) 572 + 5 (1,71,6) 5 + 5 (3.59)
We now can explicitly solve (3.52) obtaining
b
T(t,?"l,gl) :tT‘l, H(t,rl,ﬁl) = —r—ln(t) +91, (360)
1
while the inverse flow is
t
r(t,r,0) = % 01 (t,7,6) = 0+ b= In(2). (3.61)
or in a more compact form
r t
wy(r, 0) = (E,H +b— ln(t)) : (3.62)
r

The Jacobian matrix (with respect to the initial conditions) is then

wy(r, 0) = < _b;ln(t) ! ) . (3.63)

The remaining part of this subsection is devoted to showing a similar behavior for
the inverse flow even when b(6) is not constant. That is, we look again at the Jacobian
matrix w';(r, ) and prove that given any small § > 0, then by performing a derivative
with respect to r we introduce a decay of order t°~! while differentiating with respect
to § we introduce a growth of at most #°. These estimates (and extensions to higher
order derivatives) will play an important role in the rest of the paper.

We first study the direct flow (3.52), since we intend to use the inverse function
theorem. An immediate consequence of Lemma 3.11 is

FE(1, 1, 0,),1) = t

= - : (3.64)
OrPE(1m.00) (O(E(L,71,01),1))
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Moreover, if we impose the condition that E(1,7,6;) € K where K is a compact subset
of (Ey4,00), then there exist two positive constants C(K) < Cy(K) independent of 6,
such that

t-Cy <F(E(1,r,0),t) <t-Cp t>1. (3.65)

Knowing that the periodic solution {g is always trapped between min |b| and max |b|,
using (3.65) and (3.52) we get that if E(1,7,6,) € K then there exist two other positive
constants C3(K) < C4(K) independent of 6; such that

03 . ln(t) S G(t, 1, 91) - 91 S C4 . ln(t) (366)

In a similar way, imposing the condition E(¢,r,6) € K we have the positive constants
C < C' only depending on K such that

C. % <ri(t,r,0) < C"- % (3.67)
—C"-1In(t) < 6,(t,r,0) — 0 < —C - In(t).
These estimates give some information about the location of r; and #, as functions of
t, r and 6. It remains to study how their derivatives with respect to r and 6 behave.

3.7.1 Dependence of the direct flow on r; and 6,

We start by looking at the Jacobian determinant for the direct flow

O F  OpT
0,0 05,0

We shall prove that it grows precisely like t. With the notations from (3.55) we have

Jvt - Jvt(ta’rlagl) = ‘

(3.68)
Jy, = det (g—“x) which according to general results obeys the equation (we denote by
Et = E(t, Vt) = —atS(t, Vt)):
075 ~
(3 0)]
T

= |2t + ouln )] 1. (369

d
@Jvt == (Vx . X)(t, Vt)Jvt = |:872.S(t Vt) + =

— =

We integrate (3.69) and obtain

Jo, = exp{/1 [825(7 v,) + (a_ — b’(é))] dT}

!
— e { [ [5G+ 1 (008000 @1E)07.)] |
X exp { /1 t% (0,) (0 } (3.70)
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We may simplify the second exponential realizing that one can express ¢ as t(9~, r1,61)
by inverting the function 6(¢,71,6;) given by the direct flow. Consequently we may
introduce

,'E(é, 7“1,91) = f(t(é, 7"1,91),7"1,91), (371)
and (3.52) reduces to (denote by Ey = E(1,71,61))
—(0,r,0 -7(0,7r,0 3.72
55 0.71.0) = P F 0.7 00 (372
which in turn leads to
0
z PE; (¢) }
(0, r1,01) =riex do ¢ . 3.73
( 1 1) 1 p{ o é-E'l((b) ¢ ( )

With the same change of variables and keeping in mind that E; = E; (see Lemma
3.11):

‘1 a0 L |0
[%(aﬁgEt)(g)dT_ o €E1 (a¢§E1)(¢)d¢_l [§E1(91)17 (374)

which introduced in (3.70) yields

_ gzl((jl)) exp { /1 t (azs(r, v.)+ %(aEgEl(é) (BE)(r, vT)> dr} 37

We now treat the integral in (3.75). We compute using (3.39), (3.52) and the
identity Oppgre0)(0) = t/r:

Jy,

—_

pe. (0)

7’:.’

O?S(1,v;) + = (0pls. (0) - (OpE)(r,v;) —

]

dé 1 PE ~
= | ———{(Oppr.)? + (Outr )} + ] 0
| @) + Ot 1)+ 22 )
df
= —E-aglnngpEJ (3.76)

where the last equality comes from (2.27). We conclude that

2w
_ 2 2 PE- | 5
/0 [fETaJ%;pE, {(OepE,)” + (08e,)"} + fET] df = 0.

We also compute (using (3.52) again)

t 0 ~
L
L 7(7) r(1)
Consequently we conclude that there exists C' = C(r1,6;) > 0 such that (see also
(3.65))

=

C™ht < Jy,(t,r,0) <C-t. (3.77)
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We now estimate the individual derivatives of 7(¢, 1, 6;) and 6(, r1, ;) with respect
to ry and 0. In conjunction with (3.77) those will be useful for estimating derivatives
of the inverse flow.

Using (3.71) in the second equation of (3.52) after separating variables and inte-
grating we get (remember the abbreviation £y = E(1,7,6;))

é(t,rl 01) (d) 1, 91)

Differentiating with respect to r; we obtain

00 (éa 7“1,91) g [72(@7“1,91)
A ./ o, | ————
o Ep(0) /91 £p, ()

Let us prove a very rough estimate of the above derivative (here and below the
constants are uniformly bounded on compact energy intervals K C (Ey, 00)):

] do. (3.79)

00

5| < Const - 1+ (0 —6,)%] < Const - [L +In(t)]; ¢>1. (3.80)
1

Indeed, differentiating the integrand on the right hand side of (3.79) with respect
to r; we get (see (3.73)):

7§(¢, 7”1,91 { / PE, 77 }
1/r + Or,
¢, (¢ /r o, &m(n)

(¢7 T1,91) . . r
GO (088E,)() - (O-E)(1,71,01). (3.81)

This together with the fact that 7 increases with ¢ over a period, leads us to

o [fe]

which introduced in (3.79) and using (3.66) leads to the desired estimate in (3.80).

One can iterate this procedure by performing higher order derivatives with respect
to #; and rq in (3.79) and isolating the term having all the derivatives acting on 6. Hence
reasoning by induction (we skip the details), one obtains logarithmic type bounds for
all derivatives of 6:

0’0
orl ok
fori,j,k € {0,1,2,3},i>0,j+k=1.

Let us now investigate the derivatives of 7. Using (3.71), (3.73), (3.66), (3.82) and
reasoning by induction one infers:

o't
ard 0ok
fori,j,k € {0,1,2,3},i>0,j+k=1.

< Const - 7(6, 71,0) [1 + (¢ — 0,)],

(t,r1,61) < Const - [1 + (6 — 6;)""'] < Const - [L + "' ()], ¢>1, (3.82)

(t,r1,0,) < Const - t[1 + I (#)], t>1, (3.83)
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3.7.2 Dependence of the inverse flow on r and ¢

The following lemma (and similar bounds for some higher order derivatives; see the
remark after the lemma) will be important in the next sections. It gives a precise
meaning to the statement saying that when one differentiates the inverse flow with
respect to 7 one gains a decay of almost ¢! while differentiating with respect to # one
gets back something almost bounded.

Given a compact energy interval K C (Ey, 00) we introduce for ¢ > 1 the sets

Ay(K) ={(r,0) € (0,00) x T: E(t,r,0) € K}. (3.84)

We recall, cf. (3.56) and (3.57),

E(t,r,0) = E(1,w(r,0)); w, = (ri(t,r,0),0.(t,7,0)), (3.85)
r=r(t,r(tr80),0.(tr0)) (3.86)

and
0 =0(t,r(t,r0),0:(tr0)). (3.87)

Lemma 3.12. Fiz 6 € (0,1). Then for any compact interval K C (E4,00) and any
initial data for the inverse flow located in A (K) we have

891 1 39~ 5—1 a91 -1 or 0

B g9 a P _ 9 <oy 3.88

or Ve or | T ’ o0 Ve ory | T ’ (3.88)
and _

87“1 1 o0 S—1 8T1 1 or 5

— | = — < . — | = |— — < . R

=l <o |G To s <€t (3.89)

where C' > 0 only depends on K and §.

Proof. The result comes after a straightforward application of the inverse function
theorem and by using (3.77), (3.82), (3.83); we replace the logarithms by ¢/2. O

We will later on need similar bounds for some higher order derivatives; those are
obtained along the same line, that is by applying the inverse function theorem in
conjunction with the bounds obtained for derivatives of the direct flow.

3.8 Investigating classical asymptotic completeness

We now are in a position to prove (1.15), which as we have already stated is only a
first step in showing classical asymptotic completeness.

Proposition 3.13. Consider an arbitrary classical orbit defined for all positive times:



corresponding to an energy E > Ey. For such an orbit the asymptotic radius and
angle defined as entries of the limit (1.15), and denoted ry and 0 respectively, ex-
ist. Moreover the enerqy of the orbit is related to the asymptotic quantities by F =
—0.S(1,ry,0,).

Proof. We start by fixing further notation. Denote by (see (1.5) and (1.13))

F(r,0,p,1) = (0,h,0h,—0.h,—0ph),
Fo(r,0,p.0) = (9phas Othas —Ovha, —Ogha). (3.90)

We now explicitly need the dependence on the initial conditions. For example,
V,(x) means the particular orbit which equals x at t =1, i.e. V; = x € R%.
The Hamilton equations for the true and comparison dynamics may be written in

the form IV IV
t a,t .
W —dt (X) = Fa(Va,t(X))‘ (391)

Since W, ; denotes the inverse for V,;, we have

(x) = F(Vi(x)),

0= 2 (WarlViarl30) = T (Vay(3)) + W (Vs ()Pl Vs ), (3.92)

where W, , denotes the total derivative of the vector valued function y — W, ,(y).

We shall prove the existence of the limit (1.15) by a Cook type argument, that is by
showing that the time derivative is in L'((1,00)). Hence we choose an initial condition
y for the true orbit at energy £ > E; and compute

d dW,,

- (IIW ., (Vi(y))) =11 dt

Using (3.92) with x = W, ;0 Vy(y) in (3.93) we get

(Vi(y)) + O[W' o (Vi(y)]F(Ve(y))- (3.93)

% (HWa,t(Vt(Y))) = H[Wla,t(vt(Y))] {F(Vi(y)) = Fa(Vily))}- (3.94)

An important feature of the 4 x 4 Jacobian matrix W', ;(x) is that it looks like (x =
(271, T2, X3, 374))

Wiaa(x) = ( X;j((fcl), . A(Q);(x) ) ’

where 0y is the 2 x 2 zero matrix. This is a consequence of the decoupling of the
equations for the comparison evolution.
With the notation E, = E(t,r(t),0(t)) we introduce

() = p(t) = 0:5)(t,7(1), 0(1) = p(t) = pp,(0(1), ¢ =T, (3.95)

and
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[(t) = (3,5)(L,r(1),0(t))
r(t)
where T is sufficiently large such that both the maximal and minimal velocity estimates
hold (see (2.1) and (3.5)).
Hence (3.94) reads

72(t) = =&{(t) = Em(0(2), t2>T, (3.96)

d

WL (Vily)) = Wstr(0.000)] (). 2 ). (3.97)

Proving that the right hand side of (3.97) is in L! is what we do in the rest of this
subsection. First, let us see that we can use Lemma 3.12; fix € > 0 small enough such
that K := [E—2¢, E+2¢] C (E4,00). Then (3.45) implies that £, = E(t,7(t),0(t)) € K
if ¢ is large enough and hence (r(t),0(t)) € A;(K). It means that the estimates in (3.88)
and (3.89) hold for ¢ > T where T is large enough, therefore showing the integrability
of the right hand side of (3.97) is reduced to proving the following result:

Lemma 3.14. Fiz § € (0,1). Then there exists a sufficiently large T and a positive
constant C' such that

max{|y ()], @)} <C- 71 t>T.

Proof. To motivate our somewhat complicated analysis we first replace v; and -3 by
the fixed energy quantities

91(t) = p(t) = pe(0(t),  g2(t) == &(t) — £u(0(1)), (3.98)

and give an easy proof that
g;(t) = O(t™"). (3.99)

Let L := g?+ g3 and note that energy conservation gives an “almost linear dependence”
for g, and g,. Namely from the equality

2B = [g,(t) + pu (00D + [g2(1) + Ex(O0)P

we obtain
91(t) - p(0(t) + g2(t) - €2(0(1)) = O(L). (3.100)
Using the Hamilton equations and (2.6) it follows that

dgi/dt = (§/r)- g2
dgo/dt = —(b+&)/r- g1+ (bp)/(Er) - g2 + O(L/7). (3.101)

and thus (also using (3.100))

dL/dt = (2bp)/(€r) - L + O(L*? /7). (3.102)
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Note that (d/dt)In(ér)? = —2bp/(€r) so that for ¢ large
(d/d0)[(r)? - L] = [(€r)* - L/1] - O(LY?) (3.103)

where we have used the minimal velocity bound r/t > ¢ > 0 for large ¢. According to
(3.18) and (3.28), L(t) — 0 as t — oo, so integrating (3.103) gives L(t) = O(t 2%).
Then integrating (3.103) again with this new information gives (3.99).

To bridge the gap between (pg,&g) and (pg,,&g,) (remember our notation F; =
—0yS(t,r(t),0(t))), we make a Taylor expansion and keep only terms up to the first
order in E — E;. Thus we define

7(t) = pt) —A{pr(0(t) + Oppr,(0(1) - (E — Ep)},
Y2(t) = &) — {&r.(0(2) + Or&r,(0()) - (E — E})}. (3.104)
We will also need to show that £ — E, is small so we introduce a third 7 and a third 4:
¥3(t) = 43(t) == E + 0,S(t,r(t),0(t)) = E — E,. (3.105)
We can then rewrite (3.104) as
1(8) =) — (OppE,)(0(1) - 13(t),  Y2() =72 — (pér)(0(1) - 15(t).  (3.106)

We have previously shown some a priori smallness in (3.18), (3.28) and (3.45) for
these quantities but just for the record we write again that for every € > 0, there exists
T large enough such that

max{|Y;(t)], |(t)|: j k€ {1,2,3}} <e, t>T. (3.107)

We split the proof of Lemma 3.14 into several pieces:
I. We start with a few constraints we have on the 7’s coming from energy conservation.
The first one is

2E = p*(1)+E(t) = (m+pm)’+ (2 +€m)" = 2B4+271-pp,+272-Em+ (7 +73) (3.108)
or equivalently
293(t) = 2 (t) - p, (O(1)) + 292 (t) - Ex, (B(1)) + 77 (t) + 13 (1). (3.109)

Rewriting (3.109) with 4’s we get a linear dependence (up to quadratic terms)
between 4, and o, similar to (3.100); we again employ the identity 1 — ppdgpr =
Ee0réE:

291(1) - pi, (0(1)) + 232(1) - €m, (0(2)) = O(F7). (3.110)
IT. We continue with the time derivative of /3. The key equation is
t/r(t) = Oppe,(0(t)) (3.111)
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Performing the derivative we get

Lr = (t/r*)p = —(05p5,) - (3i73) + (Outp, /1) - € (3.112)
and using again 1 — pgOgpr = pdréE we are led to
. 1
03 = 013 = —5——A(OmpEr,) - 1 + (0xéE,) - Y2}, (3.113)
TaE'pEt

and finally, using (3.111) in order to get rid of r(¢) on the right hand side:

. . OEPE, .
EMLut

aEPE
O3 = gt
tY3 ta%pEt

ITI. Next comes the time derivative of 4;. Compute first the derivative of v, using the
Hamilton equations and (2.6):
om(t) = SHO0) + €0
- %[5(9@)) +&m (0(t)] + Oppr, (0(1)) - Orya(t)
— S1000) + 90, (000) - (0. 3.115)

We then obtain (using (2.6), (1.9), and (3.111))
O = O — (0e€e) - (§/r) - 73

— (OppE,) - Orys + 73 - (al%JPEt)at%
(Er /1) - 52 + O(F*/1)

= —lpm - Oppr)/t] -5+ O(F* /1), (3.116)
where the last equality came from (3.110), (3.111), and (3.114).
Define 1
fi(t) == 5 (6(t)) > 0. (3.117)
EPE:

We see that its time derivative gives (use (3.111) and (3.114)):
ofi = (O%pe)/Oppr)” - (0%) = (fi1/t) - (Ow€r,) - €

= —fi- (1= p5,dppr)/t + O(7/1). (3.118)
Combining this with (3.116) we get
0(fin) = —(1/) (i) + O(F*/1). (3.119)

IV. Now we deal with the time derivative of 4,. The computations are more involved
and we only give the relevant equation:
b+ gEt ~ prt ~

OYa = — 1+ Ao 4+ O(32/1). (3.120)
r rég,
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We remark that the r.h.s. of the above equation contains 73 only in the quadratic
remainder. Then notice

bpg, _b+&s P
rég,  rég T
and bie
Olm (0(t)] = —— “pg, + O(3/1).
We introduce the second integrating factor
f2(t) := (€6 /Orpr,) (0(1)). (3.121)
Then
AN b + gEt A A ~2
O (foy2) = — ; (Orpe ), - (i) — (1/1)(fo72) + O(F/1). (3.122)

Now we are ready to rewrite (3.114) in a more convenient form. Define

f3(t) = —(0%pm,/Oppr,) (0(1)). (3.123)

Using the identity (0gég,)? + (Oppr,)? = —pp,0%pp, — Eg,05EE, together with the
“linear” dependence (3.110) we obtain

0i(f333) = lazi (8)/t] - (fi) — (1/1)(fs73) + O(32 /1), (3.124)

where a3 (t) is a bounded scalar.
V. We are now ready to give a differential inequality involving all three 4’s. First,
rewrite (3.119), (3.122) and (3.124) in a more compact form:

3

O(fi) =D lam®) /1 - (fidk) + O /1), j€{1,2,3}, (3.125)
k=1
where a;; = —1 for all j, and aj» = a13 = as3 = a3 = 0. In particular, the matrix {a}

is lower triangular. Notice also that we have been using the fact that when the energy
is localized around E' > Ej4, one may get upper and lower bounds for f;’s uniform in ¢;
there exist upper bounds for a;;’s too.

Define the Liapunov-type function

Lo :=C - (fi%1)? + (f252)% + (f3%)° (3.126)

where C' > 0 is a very large positive constant only depending on the energy. Now let
us see how we choose C'. Compute

OLc = —(2/t) Lo+ (2/t)[az - (f292) (Hidn)]+ (/) as - (f335) (fri)]+O(F* /). (3.127)

We see that the cross terms can be bounded by
2|(fi3) (Fi)] < (VO(£i4)” + C(fiin)’] < (Le/VO),  j €{2,3}.
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We conclude that for every § > 0, we can choose C(¢) sufficiently large such that for
and for some large constant K, (we write Ls instead of L, ):

2—6/2

0,L; < — Ls + KLYt (3.128)

Moreover, due to the a priori smallness of the 4’s (see (3.107)) we get that given ¢ > 0,
there is T' large enough such that:

KsLy? <6/2, t>T.

Combining this with (3.128) we finally obtain that for every 6 > 0 there is T sufficiently
large such that
2—0
t
We are finally in position to end the proof of Lemma 3.14. Indeed, (3.129) implies
that t>=°Ls(t) decreases if t > T, hence

OLs(t) < —=—CLs(t), t>T. (3.129)

9;1(t) < Const - ", j € {1,2,3}, t > T,

and by introducing this in (3.106) and the proof is complete. O

4 The main result

From now on we deal with quantum mechanics. This section contains the formulation
of our main theorem:.

4.1 A Mourre estimate above Ej

We know from (1.20) and (1.21) that the generator of dilations is a good conjugate
operator for states with energy localization above E,. We have already encountered
this in the classical case (see (2.2)). Now the natural question is whether or not we
can give a quantum counterpart to the quantity we defined in (2.33). The answer is
positive and stated in what follows.

We introduce 7 (x) := F}r/2’1(|x|) - |x|. For every C' > 0 and E > E,; define a
“rotated” generator of dilations:

c _
Ac(E) == 56_"1 [Orpe(0)/C—pr(0)] [p-x+x-ple™ [3EPE(0)/C_PE(0)}, (4.1)
where pg is the periodic solution given by Corollary (2.7).

Proposition 4.1. Fiz E > E;. Then for every small enough ¢ > 0, there exists
C = C(e, F) large enough and a compact operator K such that

1

Upeq(H) i, Ac(B)] Yoepia(H) > 5 L opag(H) + K.

42



Proof. We can compute the commutator between H and Ac(E) by reading off the
classical computations we have done in (2.35)—(2.37) and making everything symmetric.

We first need a few definitions. For a = 1/2 and b = 1 we define a regularized
“modulus” by:

x| 1
F(x) = /0 F,(s)ds + /0 11— F, ())ds, (4.2)

(notice that for |x| > 1 we have 7(x) = |x]).
The radial velocity p and its bounded version p are given by

pi=5{(p—a) - (V) + (V7)) (p—a)}. (4.3

It is easy to see that p is essentially self-adjoint on C§°(R?).
Using polar coordinates in L?(R?) and (4.2), we have

. 0 1
= —1 F+ (E + Z) \/ F+, r = |X| (44)

As an operator on L*(R; x T) the radial momentum takes the form:

p=—iy/Fi0:\/F,. (4.5)

Moreover there exists a smooth function mg(r) supported away from zero and with a
decay of at least order r=2 such that

p2 — —F+83F+ + mo("“). (46)
The transverse velocity € and its bounded counterpart € are given by
L
€= ~ m (r)b(0). (4.7)

Finally we note (see Lemma 6.1 for related bounds) that for every 5 > 0 there exist
C, N > 1 such that for all z € C\ R

max{||7*(H — 2)"Y(7)7?||, ||F%(p — 2) " (F)# ¢ (= \".
PP = 20 PG =2 0 < o (o) o (49
() = (L+ ),

We shall use (4.8) in the context of estimating commutators.

The various cut-offs will generate through commutation several terms which are
relatively compact to H, while p? 4+ £? now equals 2H (up to relatively compact re-
mainders) and not 2E as in the classical case. Hence we can write

i[H A(E)] = 1+H—E+ % (€ = £5)0uEs + (p— pr)Osps + hacl
b S E= &+ (0 pe)] + Ko, (1.9)
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where h.c. means hermitian conjugate and K, is a relatively compact remainder. In
the form sense we have the inequality
Ccl/? 1

5 (E—¢n)’+ 2012

while a similar one holds for (p — pg)Ogpr. We have (H — E) > —e when restricted
to the range of 1 piq(H); then choosing C' large enough we obtain the desired
positivity and the proposition is proven. O

_% (€ = €r)0rEr + h.c] < (9rp)*

Under the conditions we imposed, 1/7* with a > 1/2 is a locally smooth perturba-
tion for H, cf. Proposition 4.1, [M] and [R-S]. We have that for any state like the one
in (6.1):

[ w0 = [ wolPd < const 0P, (210
1 1
We also learn that the point spectrum of H in (Ey, 0o) is discrete with eigenvalues of

finite multiplicity.

4.2 Construction of the approximate evolution
From now on we abbreviate (0,00) by R,. Define for ¢ > 1 the operator
Up(t) : L*((Eq,00) x T) — L*(R, x T), (4.11)
where (see also (3.56))
[Us(t) f](r, 0) := exp{iS(t,r,0)}J} > (r,0) - f (—0:S(1, wy(r,6)),0,(t,7,0)).  (4.12)

Here J; is a Jacobian determinant which assures that Uy(t) is unitary. More precisely,
it equals the product between the Jacobian Jy, of the inverse flow, and the Jacobian
of the transformation R, > (r,0) — (=0,S(1,1,0),0) € (Eq,00). We also introduce
W(t) : L*((Ey4,00) x T) = L*(R;, x T),
(W () f1(r,0) := exp{—iS(t,r, 0) }[Us(t) f](r, ). (4.13)
T)

For f € C§°((Ey, 00) x T) we have that W(t)f is strongly differentiable and

—i%W(t) f=-BOWE)f (4.14)
Moreover,
B(t)W(t)f € C5°(Ry x T), (4.15)
2B(t) = —i(0:5)(t,7,0)0, —i (M — b(@)) %ae + h.c.
= (VxS(t,x) —a(x))-p + h.c, (4.16)
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where h.c. means hermitian conjugate. The computation is fairly standard, and relies
on (3.55) and (3.69).

We now want to determine the “generator of the free evolution”, i.e. to describe
the strong time derivative of Uy (t).

Consider the following symmetric operators on L?(R; x T) (defined on smooth and
compactly supported functions)

Y1 =P — a,«S(t, r, 9) = P — PE(t,r0) (9) (417)
and 9pS(t, 1,0
Yo =& — <w - 5(9)> =& = Enro(0). (4.18)

From (3.41) and (4.14) one infers that for any f € C§°((E4, 00) x T) the mapping
(1,00) >t Up(t)f € L*(R. x T)

is differentiable and if ¢ is large enough then
2

2
i %Uo(t)f = Ho()Us(t)f,  Ho(t) := H + % - 7_21 - 7?2 (419

4.3 Stating the main result of the paper

We are finally prepared to give the main theorem.

Theorem 4.2. The limits in (1.23) exist and define mutually inverse unitary operators.
Spelled out:

[ (Ezistence of scattering states.) For every ¢ in L*((E4,00) X T) there ezists
Y =Q%¢ in the space Hp, = 1(m,000\0p, () (H)L*(Ry X T) such that

lim [[e= Q%6 — Us ()9 = 0;

II (Asymptotic completeness.) For every 1 in the Hp,, there exists ¢ = Q1) in
L*((E4,00) x T) such that

lim He*"tHL/) - Ug(t)QerH = 0;

t—o00

1T (Asymptotic observables.) The asymptotic radius and angle (mod 2m) as defined
in (1.24) exist as operators on Hg,; moreover (M(-) denotes multiplication by the
argument, see Lemma 3.8 for the definition of r(E,t,0)):

e = QLM ("), rp = QM (r(E,1,0))0, Hly, = Q{M(E)Q, 1y, .
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Remark. We may readily add some short range magnetic and scalar perturbations to
H, and the above theorem remains true. Namely, we define (see also (1.16) and (1.17))

1

1
Hs::§(p—a—as)2+‘@:H—i(p—a)-as—

1 1
§as-(p—a)+§a§+Vs,

where a, is C*, V; is relatively bounded with respect to —A with bound less than 1
and, in addition, for some € > 0 and as |x| = oo,

Vi(x), a,(x) = O(lx|=+9);
D*V,(x), D*a,(x) = O(|x| ?); Ja] = 2.

Then by standard Mourre theory and the theory of smooth perturbations, cf. (4.10),
one first constructs the relative wave operator for the pair (H, Hy) . Next invoking the
stated theorem (for H) and the chain rule for wave operators one deduces the theorem
with H replaced by H.

5 Proof of the existence of scattering states

Our proof of the first statement of Theorem 4.2 is divided into two parts. Choose any
¢ € C3°((Eq,00) x T) and denote its support by I.
Firstly, we show that the following limit exists in L?(R, x T):

Q= lim e Uy (). (5.1)

Secondly, we show that this limit belongs to Hpg,.

5.1 Existence of Qﬁlr

Employing the usual Cook argument, we can reduce the above limit to the “time
integrability” of the “perturbation” (see (4.19)):

oo 82 1 82 1
[ e ) s

In order to get an idea about why (5.2) should hold, we again look at the case when

dt < o0. (5.2)

L?(RyxT)

b(f) = b < 0 is a negative constant. From the definition (4.13) we get using (3.58),
(3.59), (3.62) and (3.63) that
r o (rt b t
t 0)=1/=0| —=+—=,0+0b-In(t .
Wol(r0) =[50 (5-+ 50+ 0000 (5.3

in accordance with the formula (1.25) for Uy(t) f.
We may now see that on the support of W (t)¢, r and t are effectively proportional;
when we look at the integrand in (5.2), we realize that by differentiating with respect to
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r we obtain an extra decay of order either t ! or ! 1In(¢). Two derivatives will make it
integrable in £. As for the derivatives with respect to , we see that they are bounded;
but 1/r? is transformed into 1/t* so (5.2) follows.

A similar argument can be carried out when b is not constant. Compared to Lemma
3.12 we need to go further, i.e. to investigate what happens when we differentiate twice
with respect to 7 and . Taking two derivatives in (3.86) and (3.87) we get

ﬁ@+ﬁ%_
or, or2 ' 00, orz Y

2 ~ 2 2 9 ~ 2
A, = (O, O On b 07 (06 (5.4)
or? \ or dr.060, or or 903 \ Or
and
9 Py 00 0%, _
or, or2 ' 00, or2 %
20 2 20 20 2
A2:_a_2 % _289 %%_3_2 % . (5_5)
ory \ Or 0ri06, or or 0607 \ Or
We then have B
627”1 _1 89 87:
a2 = Iy, (3—91 A - 90, 'A2> (5.6)
and R
%0, " o0 or
—=J | — A — Ay . )
or? v ( ory L+ ory 2) (5:7)

Using (3.82), (3.83), (3.88) and (3.89) in (5.4) and (5.5) we get up to additional factors
of #° (remember that § is arbitrarily small; these terms appear when we replace the
logarithms)

Al ~ til, Ag ~ t72,

which leads to

827“1 8291 2
Z 22 :
or2’ or? (5:8)
Similarly, one may show that (again forgetting about factors of ¢°)
827"1 8291 827"1 8291 1
- —_—~ t _— ~ t_ . .
o2 oo~ OOt Gear aar (5.9

These estimates and Lemma 3.12 lead to the conclusion that the first and second order
derivatives of the Jacobian corresponding to the inverse flow Jyw,(r,0) = J,'(r1,60;)
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behave like

1

[0, T2 TG H? = —50:(In Jy, 0 w;) ~ t L (5.10)
09 T/?] T 1/ ~ Const, (5.11)

1
0, ([0, J&2 T 12 = §8f(ln Jy, 0 W) ~ 12 (5.12)

1
89[[89(]‘,1‘,42](];3/2] = —5892(111 Jy, o w;) ~ Const, (5.13)

1
[0 JaLH) T %) = 5000 (In Jy, 0 wi) ~ t L (5.14)
Up to factors of #° we conclude from Lemma 3.12, (5.8) - ((5.14) that indeed

[ W l(r, O], [r2a5 W (gl O], [[r W (&))(r, 0)|| ~ 72, (5.15)
which finally leads to (5.2). O

5.2 Proving the inclusion Ran(Q%) C Hp,

We first show that Ran(Q%) C Ran(1(g, )(H)). The inclusion is based on the inter-
twining formula

HQY = QLM (E)9¢, (5.16)

where ¢ € C§°((Eq,00) x T). This formula implies a similar intertwining for resolvents
and through functional calculus for any real and bounded function:

FH)Q = Q5 M(f(E)), (5.17)

which yields the result.
For every ¢» € Dom(H) and ¢ > 1 we have

(H, e Uy (t /dr/ df He=*i)(r, 0)e™ErOW (1) g)(r, 0). (5.18)

We move H to the right and use (4.19):
itH —itH 1 NN
(Ho, e Up(t)p) = (e 1), —7+—+— U(t)o)

+{e~"1p, i0,Uy () ).

When we differentiate iUy ()¢ with respect to ¢, we get two terms: the first one contains
the expression

~[0:S](t, 7, 0)e ST OW ()¢ (1, 0) = [Us(t) M (E)](r, 6),
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cf. (3.38); the second one contains
BW (1)6](r,0) = BOIW (1)](r,0),

cf. (4.14).
We then obtain

(HY, Uy (t)p) = (1, e Uy (t) M (E) )

. 1 2 2 . .
+(e "M, <—@ + % + 7—22> Up(t)9) + (e " ap, e B(t)W (t)).
Now the second and the third term on the right hand side of the above equality
converge to zero as t — oo. This follows readily from the estimates of Subsection 7.1
together with the identity

(32 +92) SOOIV (11611, 6) = 507 (32 + 7-208) IV (ol ).

In conclusion
(Hy, Q1) = (1, QL M(E)¢),
yielding (5.16).
Clearly QL M(E)¢ L H,,. We have proved Ran(Q%) C Hp,. O

We have now established I of Theorem 4.2. The remaining part of the paper is
devoted to proving II. Given these results, III of Theorem 4.2 follows easily. For the
last identity H1y, =QfM(E)Q 1y, we invoke (5.16).

6 Asymptotic completeness: propagation estimates
in quantum mechanics

We now start the proof of local asymptotic completeness. In this section we are going
to prove various propagation estimates for states 1(t) of the form (6.1), very similar to
the ones we had for the classical problem.

The method we use is to show that for large ¢, 1)(¢) is “localized near the attractor”
in the sense that ¢ (t) ~ [N, F;(A;(t))(t) with each F;(A;(t)) a “cut-off function” of
some observable. It will be crucial that the Heisenberg derivative of the product of
cut-off functions is essentially positive. For further motivation see the remarks at the
beginning of the proof of Lemma 8.2.

6.1 Preliminaries and the Helffer-Sjostrand formula

We start with various definitions and preliminary technical results. Let H be the
Hamiltonian introduced in (1.17). We are going to study states of the form

Y(t) = e fu(H)P, (6.1)
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where € > 0 is very small, fr € C°((E —€/2,E 4+ €/2)), 0 < fp <1 and fp =1 on
(E —€/4, E+¢/4) for E € (E4,00)\0p,(H). The state ¢ € L*(R?).

We will later need two other cut-off functions. Namely, consider f; p € C°((E —
4€/5,E + 4€/5)), 0 < fi g < 1 and equal to 1 on (E — 3¢/4, E + 3¢€/4). Moreover,
consider fp € C°((E— ¢ E+¢)),0< fg <1 and equal to 1 on (E —7¢/8, E + 7¢/8).
We then have the property that

fuefe=fo, fefie= fe

Let us define the regularized radial and transverse velocities by

pi=fe(H)pfu(H), &:= fu(H)¢fp(H). (6.2)

Let us recall (see [D-G2, Appendix C] or [Mg]) that for all bounded (or possibly
unbounded) self-adjoint operators A and B (on the same Hilbert space) and for all
f € C§°(R) we may represent (0 denotes differentiation with respect to Z):

[A, f(B)] = _% /Céf(z)(B — 2) YA, B)(B - 2) 'dady; z =z + iy, (6.3)

where f is a smooth compactly supported almost analytic extension of f.
We shall need this and other commutator formulas for functions I' of the type F
or type F'y ;. An almost analytic extension of I can be constructed obeying

0 (2)] < Cpl2) " *S(2))%; 2€C, keN (6.4)
Then,
AT(B)] = _% [ 308 — 2) A, BY(B - 2) ey
= L(T(B)A B+ [4, BIU'(B)} + R, (6.5)
where
S / It (2 (6.6)
x{ (B — B,[A, B]] - [B,[A,B]](B —2)"'} (B — 2)"'duady.
Also,
[A,T(B)] = VT'(B)[A, BIVT'(B) + Ry + Ry, (6.7)
where

R,

[A B, V/T'(B ]\/F’ \/@[[A,B], F’(B)]. (6.8)

l\DI»—t

20



6.2 Non-commutativity and “integrable remainders”

To go from classical to quantum mechanics we have to deal with “errors” coming from
the non-commutativity of certain operators. We will use the following technical lemmas
to show that these “errors” are small. In order to simplify notation, we will often write
r instead of the regularized modulus 7 (see (4.2)).

Lemma 6.1. Suppose F,G € C°(R,) and F = 1 on a neighborhood of the support of
G. Let B be one of the operators H, Ac/t, p or &. Then for every integer N > 1, there
exists C' > 0 such that

— F(r —2)7'G(r ¢ <Z> N_N
11 = F(r/)(B = )7 G( /””§|%<z>|<|%<z>|> b

Proof. One can find a function Gy such that GG = G and FG; = ;. Then for any
N € N we may write (abbreviating below F' = F(r/t), G = G(r/t) and G; = G1(r/t))

(1-F)(B—-2)"'G=(1-F)(B-2)"'GYaq.

Due to the support conditions we have

(1-F)(B-2)"'G=(1-Fady ((B-2)""G, (6.9)
where ad?, (B) = B and adf, (B) = [adg;,'(B), G4] for k > 1. Then
adl (B—2)")= > Chpups (6.10)
kit +kn=N

(B —2) tadg (B) -+ (B — 2) ‘adi (B)(B — 2) .

It is then easy to see that each commutator brings a decay of order t~1: more precisely,
if B is either p or £ then
lladgi (B)]| < Const - ¢ 3.

If B= H then
||ad'gl(H) (H)7'|| < Const - t™%, ||[(H)Y(H — 2)7"|| < Const|%<'(zz)|.
If B = A¢/t then the only nonzero contribution comes from k; = 1 which gives
adly, (Ac/t) = -G (/1) ~
We then sum up the contributions coming from each commutator and conclude the
lemma. O

Remark. Combining Lemma 6.1 with (6.3) we obtain for every function f € C§°(R)
and B any of the operators H, Ac/t, p or &:

(1= F@/0))f(B)G(r/t)]] = O@™). (6.11)

We continue with another localization result needed later.
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Lemma 6.2. Assume F,_ has support in Ry and consider F,G, L € C§°(R) such that
F' equals 1 on a neighborhood of the support of G. Assume that B and D are either H,
p or . Then

|1 = F(B)) - L(D) - G(B) - Fr(r/t)]| = O™). (6.12)

Proof. Clearly if D = B there is nothing to be proven. First, assume that B = p and
D = &; we can find a function G| as in the previous lemma such that G;G = G and
FG, = G,. We then see that

(1~ F(B))- L(D)- G(B) = (1 - F(B)) - ad, (L(D)) - G(B), N e€N.

Looking at (4.5) and (4.7) we see that every time we commute 5 with € we gain an “extra
1/7 decay”. The same thing is true when we commute G4 (j) with L(€) via the Helffer-
Sjostrand formula; hence N commutators provide us with N extra factors of 1/7. In
order to transform them into 1/t we employ the previous lemma: multiply each 1/r with
1= FJ(FI,) (r/t)+1 —Fﬂ(r/t) where FJ(FI,) has the property that (1 —FJ(FI,))FJF_ = 0 and its
support is included in R, . The previous lemma ensures that the resulting cross terms
containing at least one £(1 — FJ(FI_)) are of order O(t~>°) while (1/7) - FJ(FI_)(r/t) ~ t7L
We then get

(1= F(p) - ad, (L) - G(p) - Fy_(r/t) = O(t™), N> 1.

Finally, let us notice that we can follow the same argument for all possible choices for
B and D, since every time we commute any two of the operators H, p and £ we gain
the extra 1/r decay and we can repeat the same procedure as before. O

The last technical result we present here is a quantum version of energy conservation.

Consider f1(p), f2(€) and fg(H) where f; is supported in [py—e1, po+e€1], f2 is supported
in [€ — €1,& + €1] and fi g is defined right after (6.1).

Lemma 6.3. Assume F, _ is supported on R, and assume that |p3 + & — 2E| > 3¢.
Then there exists €, > 0 small enough such that for every fi and fy as above we have

1£1() - f2(6) - fr(H) - Fy(r/D)]] = O(t™). (6.13)

Proof. Assume without loss that p§ + £§ — 2E > 3¢. Choose ¢ € L*(R?*) and define

o(t,er) = f1(p) - f2(&) - fie(H) - F1_(r/t)¢. Let us prove that for sufficiently small €;

we may write

(@(te1), (5" + € —2H)g(t,e1)) = €||o(t,en)]]” + O(t™)] ][ (6.14)

Indeed, consider the expectation in the left hand side of the above inequality. We can
put near p? some function f;(p) which equals 1 on the support of f; and is supported

on [py — 21, po + 2¢€1]; then put near £2 another function fy(€) which equals 1 on the
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support of fo and is supported on [{y — 2€1, &y + 2¢1]. According to the previous two
lemmas we have that

max{||[1 — f2(€)]e(t, )], [I[1 = fipo(t e)l[} < O )l4]l- (6.15)

In a similar way, we may put fgz(H) near 2H at the expense of another O(t=)||¢||
error. Then we see that in the form sense we have

PP () +Ef(8) —2Hfp(H) > (|pol j2~€1)2f1(l3)+(|§~0|
— 2a)’f2(6) = 2(E+€)fp(H).  (6.16)

When we take the expectation of the right hand side of (6.16) on ¢(t, ;) we can get
rid of the cut-offs fi, f, and fp at the price of another O(t~>°)||4|| error. Then if € is
small enough we have

(o] = 261)* + (€] — 261)* = 2(E +¢) > ¢
and (6.14) follows. Now let us prove that

(0(t, 1), (5" + € = 2H)g(t, 1)) < ;Haﬁ(t, e)ll* + O )gll®>, t>Te  (6.17)

which together with (6.14) implies (6.13). Indeed, from (4.5), (4.7) and (1.19) we see

that .
17+ & - 2160000 - a0t

Then if ¢ is large enough we have

(oft,c0) o)) <

and we are done.

= 0@ *)llol].

16(t )| + O(E)| ||

DO | ™

6.3 A maximal velocity bound

The notation (-); will be used to signify the expectation in a state like (6.1) at time ¢.
We will often slightly abuse notation by abbreviating the notation 7 for the function in
(4.2) as r. For example, we use the notation (F'(r/t)), in the integral in Lemma 6.4
stated below for the expectation of the operator of multiplication by x — F' (7(x)/t)
in the state 1(¢).

A standard computation will show that

Il < V2E + 2¢. (6.18)
Indeed the result follows from the definition (6.2), the fact that |Vr(x)| < 1 and the
Cauchy-Schwarz inequality:

Iall = sup 19 p¢>|<|@1|1|pl¢ Fu(H)6,2H fo(H)) < (2E + 28)'/2.
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Lemma 6.4. Let K =v2E+1,a= K, b= K+1 and let F denote either F'\ or F
(see (3.1)-(3.4)). Then

[ e ey < clol

1

Proof. Consider the observable

®(t) = —fe(H)F (r/t) fo(H). (6.19)

By differentiating with respect to ¢ we get

0, (2(1)), =+ (r/tF" (r/0)), — { Fo (i [H,F (/0] Fo(H)) . (6.20)

t

The above commutator may be written as:

i[H,F (r/t)] = (26)" {p - (Vr)F' (r/t) + h.c.}
= 20" VEF (r/t){ p-Vr+hc}VF (r/t)
=t WF' (r/t) pVF' (1]t). (6.21)

By (6.3)
|[Fetn), VE (/]| < € ||t = iy~ VE Gyl - 7). (6.22)

Introducing (6.21) in (6.20), commuting fgz(H) and VF' (r/t) (using (6.3)), and
invoking that (r/t)F’ (r/t) > KF' (r/t), we obtain

0, (8(1), >t (VF (r/t) (K = jVF (r/1)) + Ra(t0), (6.23)

where the remainder R;(t;1) obeys

|Ri(t;9)] < O3] (6.24)

With our choice of K, K — p > V2E +1 —/2E + 2¢ > 0 (for € < 1/2), cf. (6.18).
Applied to the right hand side of (6.23) we obtain after an integration that for every
T7>1

[ e e < @Dy - @), - [ REod 629

Finally, using the fact that ||®(7")|| < C uniformly in 7" > 1 and (6.24), the right
hand side of (6.25) may be estimated independently of 7" > 1, and the lemma follows.
U
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Corollary 6.5. Let C' > K + 1 (with K as in Lemma 6.4) and suppose Fy € L>°(R)
with supp(Fy) C [K + 1,C]. Then

[ IR ot P < Const 01

1

Proof. Using the inputsa = K, b=K+1,¢c=C and d =C+1in (3.3) and (3.4) we
infer that /F,, F; = F;. Then

1B (r /eI < A% - VE (/o))
= ||B1|[% (Fiy (/1)) (6.26)

and we may use Lemma 6.4 to conclude the estimate. O

Corollary 6.6. Let C > K + 1 and suppose Fy € C{°(R) is real-valued and that
supp(Fy) C [K + 1,C]. Then

im [|F (r/2) 6 (2)]| = 0.

Proof. We will prove that n(t) := ||F) (r/t) ¢(t)|]* goes to zero as ¢ — oco. From
Corollary 6.5 we know that there exists a sequence (t,),>1 with ¢,, — oo such that

hm 77( n) = 0.

Hence we only need to prove that n has a limit at infinity; by a standard Cook type
argument, this would be true if ' € L'((1,00)).
We compute

0(t) = =267 (rft(FL ) (r /), + GLH, FY (r/t)])e.

The first term may be estimated by

| =2t (r/t(FYFY) (/)| < 20t~ Y|/ FVEL (/)

which is in L! by Corollary 6.5. )
The second term can be rewritten using that fg(H)i) = 1 and a computation
similar to (6.21)

| 2

fu(H)i [H, F} (r/t)] fu(H)
= " fp(H)Fip- (V1) F{ fp(H) + h.c.
=t Ffu(H)p- (Vr)fp(H)F] +he + RBy(t). (6.27)
ot

Using (6.3) one can show that ||Ry(¢)|| =

us look at
L (F (/) foH)p - (V0 fo(H)FL (r/1)) .

2), cf. (6.22), and hence integrable. Let
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Taking the modulus we get an upper bound for it of the form

s - (V) s (I 070 O + I /0 w0l (629)

which is integrable due to Corollary 6.5. In conclusion, i’ is L' and we are done. [

Lemma 6.7. Suppose C' > 1 and Fy € L*(R) with supp(F3) C (C,00) and ||Fy|] < 1.
Then for all v in the Schwartz space S(R?)

Const(1))

StlZl[l)||F2(7"/t)7/)(t)||2 < 2

Proof. First, notice that due to the support condition we have

C*E || Fy(r /)0 (D]]* < [IrEx(r/H)p@)[]° < I |zl (0[]

Second, since 1 € S(R?) we have that (t) = e 2 fz(H) is in the domain of
multiplication with any power of |z| and A (the dilation generator, cf. (1.20)). By
integrating the second order derivative (from ¢t = 0) we get the estimate, cf. (1.21),

e x2e ™ < x? + 2tA + Const - (H + 1)t
which leads to

| |z[w@)|? < (fe(H)Y, X fp(H)Y) + 2t(fp(H)p, Afp(H)p)
+ Const - (E 4+ 1)&2||fz(H)y||.

Now combine the two estimates and the lemma follows. O

Proposition 6.8. Consider the function Fy in (3.1) witha = K +1 and b = K + 2
(and with K =~/2E 4+ 1). Then for all states 1)(t) as in (6.1) we have

lim || (r/1) ()] = 0.

Proof. What follows is an £/3 - argument. Start by fixing € > 0 (this is not the € used
to specify the state (6.1)). There are three steps:

I. Choose 1), € S(R?) such that |[¢p — .|| < /3.

I1. Denote by 1, the characteristic function for (k,o0). Employing Lemma 6.7, we
find C. > K + 2 such that

sup [1e (r/t)Y(t)]] < e/3.

III. Consider F_ in (3.3) with the same a and b as above, and with ¢ = C. and
d = ¢+ 1. Then by Corollary 6.6 there exists T, > 1 such that

sup | Fy— (r/t) e(t)|| <e/3.
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We decompose

Fy(r/t)o(t) = Fi(r/t) (¢(t) — (1))
+ [F(r/t) = Le. (r/D)] e (?)
+ Lo (/1) ¢e(t), (6.29)

use the triangle inequality, and then the estimate

I[F (r/t) = e (r/O] ()| < [[Fy (/) e (@)]]
and the estimates from I, IT and III, yielding

sup [|[F (r/t) 9 (t)]| <e,
t>T.
and therefore the proposition. O

As a consequence of Proposition 6.8 we define

Fiw.u.b. — F£(+1’K+2, wl(t) — Fﬂ/[.v.b. (T/t) w(t), (630)
and notice that lim; . (¢1(¢) — ¢ (t)) = 0. We rewrite this as
() ~ p(t).

6.4 A minimal velocity bound

We follow the same strategy as in the classical case and we use almost the same tech-
nique (with some complications due to non-commutativity). Since we have the max-
imal velocity bound, we can define a regularized conjugate operator as (here F :=

FEPEH g — OE+1)
Ac(E) = F_(r/t) fg(H)Ac(E) fe(H)F_(r/t). (6.31)

Clearly this operator is bounded and grows at most linearly in ¢:

|Ac(E)|| < Const - t. (6.32)
We start with the quantum equivalent of Lemma 3.2:
Lemma 6.9. For every F,_ = Fi’,b’d/z’d denote by Fy exactly that function as in (3.4)

whose derivative gives back Fy . Then there exists d > 0 small enough such that we
have (see (6.50))

00 - 2
[ VA G| < const- 1ol (6.33)
1
Moreover, for F_ = FY2 e have

lim F_ (Ac(E)/t)gn (t) = 0. (6.34)
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Proof. Define the bounded observable
O(t) = FM5(r/t)F iy (Ac(E) /) FMV (r [t)

and differentiate (®(t))y) with respect to ¢ and get:

@) = Rit) + (Dulde V) oo (6.35)

where

Dy X(t) = 8,X (t) +i[H, X (1)] (6.36)

denotes the Heisenberg derivative; we also employed (6.4). The above remainder R (t)
can be treated with the same methods as before and shown to obey the estimate

/ | Ry ()]dt < Const - |||
1

Performing the Heisenberg derivative of A¢(E)/t, we obtain several terms (see (6.31)):
DylAc(E)/t] = Ry(t) + F_(r/) fe(H){ Dy Ac(E) [t} fu (H)F-(r/1).
Using Proposition 4.1 we can write
DylAc(E) /1] > Rs(t) + %F—(T/t)fE(H)QF—(T/t) - %[Ac(E)/t]-

The remainder R3(t) will also be integrable in the sense that

>~ 2
[ R0 o it < Const- [0
Due to Lemmas 6.1 and 6.2 we may write
(F—(T/t)fE(H)QF—(T/W\/KW = [[VFL (Ae(B) /1) (1)
+O(t) [l
Putting everything back into (6.35) we obtain
2
O(D(1)) ey > Rult H\/F4+ (Ac(B) )| - (1/3 - d).

We then integrate and (6.33) follows. The proof of (6.34) uses the same strategy as the
one employed in Lemma 3.2 or Corollary 6.6. U

Define (here d is the one given by Lemma 6.9)

FE(A(B) /1) = FYSNACE) [1),  a(t) := FE(Ac(B) /)i (). (6.37)

Clearly, (6.34) implies that 1o(t) ~ 11 (t) ~ ¢(t) when t — co. We now are ready to
prove a minimal velocity bound:
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Proposition 6.10. For d; > 0 define F_(r/t) := Fh/2 (1 /t). Then there exists d,
small enough such that

|- (r/t)iha (D) || = O@)||4]]. (6.38)
Proof. The strategy is proving that for d; small enough we have
|1F-(r/t) - F{'(Ac(B) /)] = O). (6.39)

Since sup,, ||Ac(E)/t|| = M < oo, we can replace F%! with some compactly supported
function Ff/_ég’d/4’M’M+1 such that FU(Aq(F)/t) = F,_(A¢(E)/t). Using the Helffer-
Sjostrand formula we get

F_(r/t)- F& (LC(E)>

t

_ 1 /(C BF, () F_(r/t) - (Act(E) _z> dady. (6.40)

™

Define AC( ) = F2N (r /1) Ac(E)F™*" (1 /t) and notice that for sufficiently small d;
and some 71" large enough we have

sup || Ac(E)/t|| < d/9
t>T

which implies that Fd/8 d/4,M, M+1(

6.1 we may write that for N >1

c(E)/t) =0 for all t > T. Reasoning as in Lemma

[FE2 0% (/) [(Ac(B)/t = 2)' = (Ac(B)/t = 2) ] ]

- Const(N) ( (z>)|>NtN‘

S \IS(=

Put this back into (6.40) and the proof is finished. O

Define with the d; provided by the previous proposition
Fpvt(eft) = FR™ 02 jt), ay(t) = FI0(r /by (0). (6.41)

Then we have shown t3(t) ~ 1y (t) ~ 1 (t) ~ ().
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6.5 p is localized above prp — ¢

We now formulate Proposition 2.11 in terms of quantum mechanics.

Proposition 6.11. Fiz & > 0. Consider F_ = F~**"%_ Then we have

I1F-(p = pe + (Oppr)/C)Ps )| = OF) ||| (6.42)

Proof. If we look at F{" we introduced in (6.37) we can write (we drop the energy

dependence)
_d_

Fl(Ac/t) = FF*°

o (Ac/(t0)) Fi(Ac /).
Define

The proposition would then be implied by the estimate
_d_d_ ~
HF,(A,))F;BO’SC (AC/(tC)> Fmvb(p [ty FM (1 ) fLE(H)H — O ). (6.44)

The interpretation of the above estimate is that as in the classical situation, p — pg +
(Oppr)/C) and Ac tend to have the same sign. The strategy of the proof is somewhat
similar to the one we have used for (6.39). As a general remark, we will often write
O(t~*°) instead of terms containing commutators of the type we encountered in Lemma
6.2.

If F'._ is supported on R; and equals 1 on the support of F7* FM% then define

AC’ as
fLe(H)F, (r/)F- 222N (Np) - A - F-2/2 2N Ap)F (r/t) frp(H)

and let us prove that the spectrum of jc/(C’t) tends to be negative. Indeed, using the
expressions in (6.31), (4.1) and (2.33), we first get that for ¢ > 1

Ac/(Ct) = F-(r/t)fe(H) - (0 — pp + 8EpE/C)% fe(H)E_(r/t) + O(1/t).

Because of the presence of f p(H) in the definition of A we can use an argument like
in Lemma 6.2 by enlarging a bit the support of f;  and put it near fe(H), transforming
fe(H) - (p— pp — Oppr/C) - fe(H) into Ap+ O(t>).

Then we do the same thing with the cut-off in Ap thus making the “leading term”
negative in form sense; we finally get

Ac/(CH <O@™), t>1.

It follows that there exist T large enough such that for every t > T = T(C):

Ao/(Ct) < %, predo (Ae/(cn) =0. (6.45)
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d ~

a4 /=
Then reasoning as in Proposition 6.10, we can insert F[6¢’5¢ <AC/(C’t)> in (6.44) and

up to the use of Helffer-Sjostrand formula and of various commutator estimates as in
Lemma 6.2 we obtain the result.
U

A consequence of the above proposition is

Corollary 6.12. Fiz é; > 0 as given by the previous proposition. Then choosing C(E)
large enough we have

| P77 = pm)un(t)]| = 0 ) il (6.46)

Proof. The interpretation is again simple: if C' is large then p — pg cannot be too
small, due to the previous proposition. If p had commuted with 0ppp then this would
have been automatic. But even if they do not commute, their commutator becomes
small in time on the particular cut-offs which build the state 3(¢).

Choose a function F';  supported on R, which satisfies

Fo (r/O)F 5 [P0 ) = FPs (1) P2 ),

Since we have already proven (6.42), the corollary would follow if we can prove
(remember the notation Ap = p — pg + dppr/C)

| P25 (5 = p) P2 (M) Py (r 1) o (H) || = O(7). (6.47)

Denote by G the function FJ:5€2’74€2 and observe that
GIF;3€2,—2€2 — F;3€2,_2€2.
For every ¢ € L?(R?) define
U(t) = F2° 7 (5 — pp) P22 (Ap) Fy(r/1) fr.e(H) .
Then we have
T < (=7&—(p— pr)w (6.48)

= (=T& = (p— pr+ O0ppr/C) + Oppr/C)yy
= (=76 — (Ap) - G1(Ap)) gy + (Ompr/C)yy + O) 0]

In the above second line we put G| near Ap at the expense of a usual O(t~>°) error
coming from the commutations. Then on the support of G; we have —7é — (Ap) -
G1(Ap) < 0 in the form sense. Finally, if C' is large enough we get <8EpE/C>q,(t) <
(€2/2)|1¥(¢)]|? and we are done. O

Inspired by the last two results, we define
F (Ap) = F¥ 22(8p), 25— pg) = F (= pp)  (6.49)
and
() = F22(p— p) F2H (Ap)iis(t). (6.50)
Then we have shown 1y (t) ~ 3(t) ~ -+ ~ ().
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6.6 ¢ is not localized on the negative axis

We now give the quantum equivalent of Lemma 3.3. Remember that one important
ingredient of the proof was (3.13) which said that the radial velocity stayed away from
—+V2FE. That is why we start with a preliminary result:

Lemma 6.13. Assume that €, entering the definition of 14(t) is very small. Moreover,
assume that pp + V2E > 20é;. We then have

HF?’QAQ (5 + V2E)F2(j — pp)F, (r/t)fl,E(H)H:O(t“x’). (6.51)

Proof. The interpretation of this lemma is easy. Since ,(¢) is localized on the region
where p is essentially larger than pg, and since the periodic solution pg is strictly larger
than —\/ﬁ, then the same must be true for p.
The strategy we follow is similar to the one we used before. Fix ¢ € L?(R?) and
define
W(t) = F2 (5 + V2E)FP2 (5 — p) By (r/1) fru (H) .

Define Gy := F; " 7'%? and notice that

F2(p—pp) - Ga(p— pp) = F* (5 — pp).

Then we have

&V < <562—(,5+\/ﬁ)>w) (6.52)

= <5€z —(p—pr) — (V2E + pE)>\p(t)
< (3& — (p— pr) - Ga(p — pr) — 20&) g4y + O(t~%) ][9],

where we put a Gy near p—pg at the usual expense and replaced —(v2E+pg) by —206,.
It follows that the first term in the second line is negative and the proof follows. [

Define a new “evolved” state
Ps(t) = F222 (5 + V2E)4(t). (6.53)

Then we have shown 5(t) ~ 4(t) ~ -+ ~ ().
We finally give the equivalent of Lemma 3.3 in quantum mechanics:

Lemma 6.14. There exists do > 0 small enough so that for F;f2’7d2/2’d2/2’d2

/ HIVELL @ (1)t < Const - [ (6.54)
1

Moreover, if 0 < ds < dy/2 is also sufficiently small then for any F,_ with support in
[—d3, d3] we have .
Jim Fi(§ys(t) = 0. (6.55)
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Proof. Using all the cut-offs entering in v5(¢) we define a bounded and symmetric
propagation observable ®(¢) in such a way that when taking the expectation on a state
like in (6.1) we get )

(@@))pwy = (Fer())wsry
When we differentiate such an expectation with respect to ¢ we are led to the Heisenberg
derivative of each cut-off function; in the process we obtain a number of terms which
can be regrouped as

@)ty = (Dn®B)uy = (D) +Ri(d). 6.56

H{P(1)) vy = (Du®(t)) v g S 1(t) (6.56)
As usual, R;(t) is just a remainder which can be shown (based on the previously
obtained propagation estimates) to behave like

/ |Ry(t)]dt < Const - |||
1

The equation (6.56) is the quantum equivalent of (3.12). When we perform the Heisen-
berg derivative of £, we obtain two leading terms (i.e. behaving like 1/t due to the
various cut-offs). Because of the same cut-offs which build 5(¢) we can essentially
repeat the proof of Lemma 3.3; the non-commutativity is bypassed by putting other
cut-offs with larger (or smaller) support near the relevant operators. Let us only men-
tion that here is the place where Lemma 6.3 comes into play and forces p to stay near

V2E and hence to be positive. Further details are omitted. O

The next step is proving a quantum equivalent of Lemma 3.4. One can see that the
classical computations we did there can easily be translated into the quantum language,
as it was the case with the previous lemma. That is why we only formulate the result
in terms of adding a new cut-off on our state: if d; > 0 is the one obtained in Lemma
3.3 then

We(t) = F{ 20 (€) s (8). (6.57)
We have shown g(t) ~ 15(t) ~ -+ ~ 1(t).

6.7 p is localized below pp + ¢

Remember that v4(¢) (and already 1)4(¢) in (6.50)) contains a localization of p above
pre — 9é5. We now want to prove the analog of Proposition 3.5 in quantum mechanics,
which would provide us with an upper bound for p of the form pg + €.

We first start with a propagation estimate of the same type as the one in (3.21); we
employ the notations introduced in Lemma 3.6.

Lemma 6.15. Let € := 9¢; and define €y as in Lemma 3.6. For every e > 0 denote
by F, = F 1079910 gnd by By, precisely that function as in (3.4) for which we
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have F', = Fy_. For every E' € [E + €, M] define Bg/(t) :== p — pgr. Then there
exists €a > 0 small enough such that uniformly in E' we have

/OO n HM(BEI(t)) - ws(t)H2 dt < Const - |[||%. (6.58)

1

and

lim F 27728 (o (1)) 46 (t) = 0. (6.59)

t—00

Proof. We only prove (6.58). Remember that € is fixed and proportional to € we
obtained in the previous subsection. Using all the cut-offs entering ts(t) we define a
bounded and symmetric propagation observable ®(¢) in such a way that when taking
the expectation on a state like in (6.1) we get,

(D)) pr) = —(Fys (Ber (1)) go(t)-

Differentiate with respect to ¢ as in the classical case (see (3.23)) and notice that the
“interesting” term is going to be

<§ - (mr — §)>r_1/2\/K(BE/(t))~¢6(t) .

We then perform the same manipulations as we did in order to get (3.24); before that
we have to give a proper sense to the inverse of 5 + &gr. This can be done because 14
contains the localization of £ on the positive semi-axis (see (6.57)). Indeed, since &g is
strictly positive, it is enough to use

-1

(FO “EY €4 gE,) > Const > 0.
More precisely, we consider the product
(& = &) - (FYY'() - £+ &) = 2(B' = H) + (5 + pr) - B (£) + small(t)  (6.60)
where small(t) means that after taking the expectation it will converge to zero. Re-
member that H is localized in a very narrow interval around E (of width €, see (6.1))
Hence reasoning as in the classical case we eventually obtain the desired positivity by

making e, sufficiently small and we can integrate in the usual way. O

We now give the quantum version of Proposition 3.5:

Proposition 6.16. Let € = 9¢é;. Then

lim F2M (5 — pr) vs(t) = 0. (6.61)
—00
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Proof. What we need first is to restate (3.26) and (3.27) in terms of operators. Look
first at the right hand side of (3.26). We want to get rid of the # dependence by
introducing a partition of unity in the angular variable. So we can write that there
exists J large enough such that

J
F;Eez,fez,ez,Zez (a: — ppy (9)) < ZF;Eez,fZez,Zezﬁez (x ~ pp (QW]/J)) . Xj(e)a (662)

j=1

where x; are functions of the F_ type, ijl x;j(#) =1 and the support of each x; is
sharply localized around 27j/.J. Notice that by fixing the angle to #; = 27rj/J we had
to enlarge the region where F';  equals 1. Then we can rewrite again (3.26) in the form

EP @ = pn(0) € 3230 RG(0) - FL2 T o = g (2 )) - G (0)- (6.69)

Let us now replace x by p and see what happens:

Lemma 6.17. Define W(t) := F;"°"'(p — pg) 1s(t). Denote by 0; := 2rj/J. Then
for J large enough (or equwalently, for a sufficiently fine angular partition) and for
t > T(J) we have

J

N

—3€2,—2¢€2,2¢€2,3€2 ( ~ 1 —00
SO (R G (0,))) i 2 I - OGP (664)
k=1 j=1

Proof. First, we apply (6.63) but with 8 = 6, and F,""(5 — pp(6;)) on the left hand
side (we can do this because everything commutes since we fixed the angle). Then the
left hand side of (6.64) will be larger than

(U(t), /X5 - FY(p— pe0;) - VXGE (1)) -

M-

1

J

Remember that W(t) lives in the range of F;"“''(5 — pg) hence we can rewrite the
above sum as

(W), G FY (= pm) - FL™ (5 = p(05) - 3G E(D) )

M~

<.
Il
-

+ Ot )|[vlF, (6.65)

since the error introduced by the commutation with x; and the other F, is of order
t~° due to the cut-offs which build W. The next step is proving that we can get rid of
Ff’h(ﬁ — pe(0;)) if the angular partition is fine enough. In fact, we show that

[F27(p = p) - 2" (5 — p(8))) - X5 2(1)|| = O()[[¥]]. (6.66)

65



Indeed, denote by

(1) 1= PS5 — i) - F"(5 = pi(0)) - /X7 (0).
We then have

8e| W1 (1) < | pE>q;1t>
= (p— ()4, + o) [T +OE=)|[¢]°,  (6.67)

where we used that pg () — pr(f;) can be made as small as we want if x; has a sharp

support; simply put x;(#) near it where x; has a slightly larger support than x;. We
29¢/4, 316/4(
p—

bz

then put near p — pg(6;) a factor of F-
of order O(t=>°)||+)||*. Hence

pr(0;)); the price we pay is again

Sl (I” < (10— pe)] F2 o= o6,
+ o) IO + O =) [T )]
< (Ble/4+0(1) - 1 (0)|P + O] [4]P (6.65)

which ends the proof of (6.66). Now go back to (6.65) and replace F%© 76(p pr(0;))
by 1. Finally, replace F?“*(5 — pg) by 1 because ¥ is in the range of FIOE’ “(p— E)
and the lemma is proven.

We now continue the proof of (6.61). Consider separately each term in the left hand
side of (6.64). Denote by (at k and j fixed)

Ws(t) == \/F+_E€2’_252’252’362 (0= Py (6;)) /X5 ().
Notice that if we prove that

[>()]17 < (FT7 20T (5 — ppy)) g + O] (6.69)

then we can apply (6.59) (up to another small enlargement of the support). The proof
of (6.69) is very similar to what we did in (6.66). Namely, we show that

[FE27 (5 — pry) - Wa(8) || = O]9 (6.70)

and
=752 (5= py) - Ws(t) || = O[], (6.71)
which is true provided the angular partition is fine enough. Hence the proposition is
proven. ]

The above result says that we can put another cut-off on ¢(¢) (remember that
€ =96):
F2054 (0 — pi)ipo(t) ~ 0(1). (6.72)
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For further purposes, we are forced to replace it with another cut-off involving pg:
with E' = E + 2¢p; remember that ¢y in Lemma 3.6 and Lemma 6.15 was small and
proportional to e. We see that

p—pp <13¢ and p— pp > 30€ + 2¢o(sup Oppr) := m (6.73)
0

are classically incompatible, thus we can rewrite (6.72) as

FIT (5 — ppr)be(t) ~ 0 (2), (6.74)

up to a O(t~*)|[¢|| error. The reason for doing this replacement will appear clear in
the proof of Proposition 8.1.
Since we would still like to have an explicit upper bound for p — pg, we again notice
that
p—pe>2m+e and p—pp <m+e (6.75)

are classically incompatible, thus we can put F?"T*n+2e (5 _ 50y on the left hand
side of (6.74) at the expense of a O(t~*°)||¢|| error.
Now define

Gr(t) = P22 (5 o ) EIIR (5 o (1), (6.76)

We have shown 7 (t) ~ 1g(t) ~ -+ ~ 1(t).
Then the new state has the property that p is effectively localized in a very narrow
band around pg(f) (see also (6.50)). We are now prepared to show a similar strong

localization for & around &g.

Corollary 6.18. Let 1y := 21, +2¢5. Then there exists a constant M > 0 large enough
so that

|| FZMEDVIRTMVIE () e (1) = O ) - ||,
|[EPVE OO ey ()] = O ) - |1 (6.77)

Proof. We only consider the first norm in (6.77), the other one being analogous. The
idea is to use energy conservation together with the already known localization for p.
Define as usual

U(t) := F:(MH)\/H_’iM\/n_Q(é: —&r) (1)
Then
Wil < (E-e?) (6.78)
= (- E-D-@-0-ivg), .
Since we know that on the support of the cut-offs in ¥(¢) we have

2 =2H-E)—p*+ph~étm
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we can rewrite up to the usual errors introduced by commutations (6.78) as
M|l (@)][* < Const - my|[W(2)|[* + Ot ) - [[¥]]*

- (f@-9r@-90), . (6.79)

Now remember (see (6.57)) that 17 has a localization for ¢ above zero; so we can write
£ = F?(¢) where F is a smooth version of the square root on the positive semi-axis.
Hence

(E@-9+@-0-8), = 2(FO E-)FO), (630
+ O +0(E™)- |0

where the term O(t 1)||¥(¢)||?> comes from commuting F(£) with 5. But now the
expectation on the right hand side of (6.80) is essentially negative because of the extra
cut-off on W(t). Therefore (6.79) becomes

Mna|[W(t)]|* < (Const - + Ot ) - [[T(@)[[* + Ot - [[¥]], (6.81)

hence choosing M large enough the corollary is proven. O

With the M provided by the above corollary define

FM . F—(M+2)\/77_27—(M+1)\/71_2,(M+1)\/77_2,(M+2)\/77_2
+— = Py ’
Us(t) = FUL(E—&r) (D). (6.82)

We have shown g(t) ~ 17(t) ~ -+ ~1(t).

6.8 —0,5S(t,r,0) is close to H

The last quantity which we would like to know that is a priori small on our state is
H + 0,S(t,r,6). We first give a quantum version for Proposition 3.10.

Proposition 6.19. Take Fb to be of the type (3.3) with support on R, and equal to
1 on the support of the minimal and mazimal velocity cut-offs. Abbreviate —0;S(t,r, 0)
by E; and define

D(t) := 1—%8EpE(9)-F”'b'(r/t) = gjﬁj FUh(r/t).

Denote by ¢ := 1+ sup,s, [|D(t)|| < co. For 0 < e3 < 1/3 denote by F either the
function F750tt op prebmom3972 - Deonote by F its associated (3.4)-type of
function. Then if €3 is sufficiently small we have

/ HIVE(D (8)|[2dt < Const - ||| (6.83)

1
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Proof. The proof is similar in spirit to the one we gave in the classical case. Assume
first that we work with F7®%*““*' " Define a bounded and symmetric propagation
observable ®(¢) in such a way that when taking the expectation on a state like in (6.1)
we get

(@) ey = —(Fre (D(1)))yst)-

Differentiate with respect to ¢ as in the classical case (see (3.46)) and notice that the
“interesting” term is going to be

2

(3100 + 0t > 2020 /R (D) - (o)

t

>\/F'++(D<t>>-¢g ()

where we employed the positivity of D on the support of F | together with the small-
ness of p — pg and £ — £p. Then we integrate and get the result in (6.83). The case
where F; _ is supported on the negative axis is similar, only the propagation observable
has to be taken with an opposite sign. The proposition is proven. O

We are now ready to add a new cut-off to our state. If €3 is as given by the above
proposition, define

Fpp := Fievmadada g (1) .= Fp(D(1))s(1). (6.84)

We have shown t)g(t) ~ 1g(t) ~ -+ ~ 1p(t).
Finally, we can show that on our state H can be well approximated by —9,S(¢,r,0).
We formulate this as a proposition.

Proposition 6.20. If M > 0 consider F,_ = F>M®~MaMa2Ma —Dopote again
—0:S(t,r,0) by E; and define (FV% is as in the previous proposition)

3= H - fp(H) + 8,S(t,r,0) F*Y(r/t). (6.85)
Then there exists M large enough such that

(1 = Fe(38) o ()| = O™) - [[40]]. (6.86)

Proof. The argument relies on the classical analog that can be traced back to (3.48),
(3.50) and (3.45). Define
W(t) o= PPN ()i (1)

and compute
Mes||[ T[] < (Tahwey < (E = B+ Ewpy + O) - [

But then |E — FE;| can be bounded by |D| times a (big) constant so it can be made
smaller than a constant times e3. Hence if we take M large enough we obtain ||W(¢)|| =
O(t=)-|[¢||. We then follow the same argument “on the other side” and the proposition
is proven. ]
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Now let us introduce another cut-off on our state. If €3 and M are as given above,
define
Fg o= ppeMem2Maiadila =y, (t) = Fp(Y3)(t). (6.87)

We have shown t10(t) ~ ¢g(t) ~ -+ ~ ().

7 Asymptotic completeness: 7 + +? is integrable

If we look back at (4.19) we see that it would be good to know that when applied on
a state like the one we have in (6.1), the “perturbation” 7?2 + 72 decays at least like
t~179. This would mean that a Cook type argument for the existence of 2, could be
possible.

We first introduce a regularized version of our gammas. Define (see Propositions
6.19 and 6.20 for various notations)

o= p—pm(0) - P ), (71)
b= (0) FUN(r/1). (72)

The main result of this section will be a quantum equivalent of Lemma 3.14. We will
try to follow the same steps as we did in the classical case since there is a close analogy
with that situation. Of course, here the technique is more involved since we now have
to deal with non-commutativity. But still, the main idea is the same: find a Liapunov-
type function of the 3’s whose Heisenberg derivative obeys a certain inequality (see
(3.128) for the classical counterpart).

In classical mechanics it was very easy to go from (3.128) to (3.129) because every-
thing commutes. In quantum mechanics we have to be more careful with remainders.

7.1 A quantum version for (3.128)

As we have said before, we closely follow the steps we took in the proof of Lemma 3.14.
Remember the “third” gamma we defined in (6.85) which should replace (3.105).

We now introduce the triplet of quantum 4’s (see (3.106)). In order to simplify the
writing we adopt the same notation for them as in the classical case. Define

. - 1 - R - 1 - R .
Y= — 5[(8EpEt) s+ hel], Y= — 5[(8E§Et) 3+ h.c], Y3:=73, (7.3)

where as usual, h.c. means hermitian conjugate. Notice that the a priori smallness we
established for the 7’s in the previous section can be easily transferred to 4’s at the
expense of introducing some other cut-offs. That is, we can prove the existence of M
large enough so that for small € > 0 we have

I[1— B 2o MEMERG)] vl = O() - [[0ll, j € {1,2,3}. (7.4)
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Let us define the state which also takes into account the smallness on 4; and s
(remember that 3 = 73):

Fi= p 2o eSO g (1) = F(51) F(32) (). (7.5)

We have shown 1 (t) ~ th19(t) ~ -+ ~ (t).

We now are interested in writing down the Heisenberg derivatives for the 4’s (see

(6.36)). As a general rule, performing the Heisenberg derivative generates (up to some
commutators) the same result as if the computation was done in classical mechanics
by performing the time derivative on a given classical orbit.
Remark. Since at the end we will apply everything on states containing all (eleven
by now, at least) cut-offs, we make the convention of denoting by O(¢t™") any term
which contains a decay of order 1/r™ n > 1. Typically such terms will arise from
various commutators or conservation laws. This means that we can often neglect the
non-commutativity.

Ia. We start with the constraints we have on the 4’s coming from energy conservation.
The first one is

2Hfp(H) = PP+ +00t2) =@+pp) + (Go+E&6)° +0(t?)
- 2Et + (5’1 * PEt + :72 * é—Et + hC) + O(ﬁ’%a :yga t_2)' (76)

Let us comment a bit these equalities which might look strange at first sight. First, as
we mentioned in the above remark, the cut-offs entering the 4’s were neglected because
they only contribute with O(¢#~*°) when faced with the “thinner” cut-offs building our
state. Second, the first equality contains O(¢~?) which takes into account (see (1.19))
that “2H — p?> — % ~ 1/7”. If A and B are bounded operators, by O(A, B) we denote
any finite linear combination of products of bounded operators containing either A or
B as factors. The operators entering these products will have “good” commutation
properties.
An equivalent expression is

293 = (51 - pE + 72 - €B, + hec) + O(F7, 55,6 72). (7.7)

Rewriting (7.7) with 4’s we again get an “almost” linear dependence between 9,
and 4s; one of the ingredients is the identity 1 — ppOdrppr = {E0pp:

2'3/1 " PE; + 2’3/2 ' gEt = O(ﬁ/?a til)a ] € {17 27 3} (78)
where we chose to drop the symmetric form at the expense of an extra O(¢™"') error.
Ib. Before starting to compute various Heisenberg derivatives we have to spend some

time studying the commutation properties of our +’s. Technically the following formal
identity will be very important:

i|—id, — 0,5, —La, 89_5] _ ! <_139 _ 59_5> .
T

r r r r
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It implies
i1, %) ~ —r '+ O (t7%) = O (/t,t7%). (7.9)
As a consequence of (7.9), by commuting 4; or 4, with 43 expressed as in (7.7) we

either gain an extra 1/t and keep the number of ¥;’s as before or we gain a 1/t* and
lower the number of 4;’s by one. Hence we can write

i3, %) = O/, 71, 7%),  j e {1,2}. (7.10)
And thus

i, =0 (3/t,t2) . il =0 (3/t,t %), 4k e{1,23} (7.11)

IT. We continue with the Heisenberg derivative of 45. Write the equation which defines
Ey

and compute the Heisenberg derivative on both sides (notice that Dy4y3 = —Dy E; +
O(t=)):
r—(t/r*)p+ O™ = ~(0%pr,) - (Duds) + (Ope,/r) - €+ O (7.13)
Employing 1 — ppOgpr = EE0éE again we are led to
1

ra%‘pEt

Dyys = Dpys = {Orpr,) - 71 + (05éR,) - T2} + Ot ), (7.14)

and finally, using (7.12) in order to get rid of r on the right hand side:

S IEPE, A N OEpE,
Dgys = t@%pi; {(3E,0Et) "N+ (3E§Et) '72} + tang]i; [(3EPEJ2

+ (08r,)’]- 95+ O ). (7.15)

III. Next comes the Heisenberg derivative of 4;:

DH/S/I - DH:VI - (aEgEt/r) . 5 fAV?) - (aEpEt) : DHS’?) + O(&Z/ta t72)
= (fEt/T) : ’3/2 + O(’S/Z/ta t72)

= _[pEt ' (aEpEt)/t] ' ;71 + O(;Vz/ta t_z)v (716)
where the last equality came from (7.8) and (7.12). As in the classical case, define
1
tr0) = > 0. 7.17
At 0) = 5 (7.17)

We see that its Heisenberg derivative gives (use (7.12) and (7.14)):

DHfl - (a%pEt)/(aEpEt)Z . (DH’-AY?)) - (fl/t) : (aEé-Et) . g+ O(t72)
= —fi- (1= pp,Opps)/t+ OF/t,t7?). (7.18)
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Combining this with (7.16) we obtain

Du(fi1) = —(1/)(fi1r) + O3 /,17%). (7.19)

IV. Now we compute the Heisenberg derivative of 7,:

b+ gEt f% + prt A
gEt

We remark that the r.h.s. of the above equation contains 43 only in the quadratic
remainder. Then

DyAy = — 2+ O3/t t72). (7.20)

Dalen) =~ 5By 4 0(31,7)
and with the integrating factor
f2(t7 T, 9) = gEt/(aEpEt) (7'21)
we obtain
b
D) = = Dpp) i, - (i) — (UD(Fai) + OG0T, (722)

t

Now we are ready to rewrite (7.15) in a more convenient form. Define

f3(t7 T, 9) = _(a%pEt/aEpEt) (723)

Using the identity (0gég,)? + (Oppr,)? = —pp,0%pp, — Eg,05EE, together with the
“linear” dependence (7.8) we obtain

Dy (fs¥s) = lasi(t)/1] - (fn) — (1/1)(f33s) + O(32/t,172), (7.24)

where ag; is an operator uniformly bounded in time.
V. Let us now give a differential inequality involving all three 4’s. First, rewrite (7.19),
(7.22) and (7.24) as

3

f]f)/] Z a]k) /t] fk:fAYk) + O(&Q/ta t_2)7 .] S {]-7 27 3}7 (725)
k=1
where aj; = —1 for all j, and a12 = ai13 = ag3 = ass = 0. As in the classical case, the

matrix {a} is lower triangular. Notice again that when the energy is localized around
E > E4, we have upper and lower bounds for f;’s uniform in ¢; there exist uniform in
time upper bounds for a;;’s, too.

Define the Liapunov-type function of 4’s

Lo = C - (M fth) + 32392 + 3.f393 (7.26)
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where C' > 0 is a very large positive constant only depending on the energy localization.
Now let us see how we choose C'. Compute

DyLe = —(2/t)Le+ (2/t) - [azr - (fo¥2) (fi71)]
+(2/t) - las - (fs53) (f1in)] + O(5° /8, 4/7). (7.27)

We see that the cross terms can be bounded in the form sense by (5 € {2,3}):

2[((f39) (f171)el < %[((fj%’)*(fj%) +C(AN) (Al < %(Lc%-

Moreover, the a priori smallness of the 4’s stated in (7.5) enable us to bound in form
sense any product of three gammas with (up to a constant) eLs. We conclude that for
every 6 > 0, we can choose C'(9) sufficiently large such that in the form sense we have
L,
2—-0/2
t
As in the classical case, we abuse notation and write L; instead of L¢;.

DyLe, < — Le, + O(3/2). (7.28)

7.2 A propagation estimate for the 4’s

The next step is proving that when restricted to states like 111 (¢) (see (7.5)), our
gammas decay better than t~'/2 as is the case in the classical situation.

Proposition 7.1. Fiz a small 0 < § << 2 in (7.28). Then there ezists (a sufficiently
small) €, > 0 so that the following estimate holds:

Jim |1 1,00) (877 Ls) 11 (2)]] = 0.

The proof is long and complicated, so we split it into several parts.

7.2.1 Starting the proof of Proposition 7.1

Let T be a cut-off function of the type F, with a = 1/2 and b = 1. Then Proposition
7.1 follows if we can show that

2

lim ([ VT (<0 Lg) v (1) | = 0. (7.29)

t—o00

Equivalently, introducing

F(t) = (9 (), T (L) vu (1)),

we need to prove that F'(t) — 0 when ¢t — oco. We define for ¢, > 1

F(t,p) == (ui(t), T (n "4 L) ua(t)) s B(t, p) = 't 4 L. (7.30)
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Assume for the moment two properties (for a similar procedure see [D-G2, Section
6.13)):
(A): For every a > 0, there exists t, independent of ;1 > 1 such that for all t > ¢,

F(t,p) < F(ta, 1) +a/2,

and
(B): There exists p, > 1 so that whenever p > p,

F(ta,p) < a/2.

Given (A) and (B), Proposition 7.1 readily follows by observing that F(t) =
F(t, ). Indeed for any given a > 0 we have for all ¢ > max{t, yua'**}

0< F(t) < F(te, t™) +a/2 < a.

Hence what remains to be proved is (A) and (B). Notice that (B) immediately
follows from (A) and the fact that T" is supported away from zero, yielding
s— lim T (p~ ', 7 L;) = 0.

—>00

As for (A) we write

F(t, 1) = F(to, p) + / 0, F(r, ) dr.

to

The idea is to find a function € L'((1,00)) such that

sup 0, F (1, u) < n(r). (7.31)
p>1

By taking the partial derivative with respect to 7 in F(7,4), we obtain various
terms containing the Heisenberg derivative of the cut-off factors in ¢y, (7) (their total
sum is denoted by R(7, 1)) and one term with the Heisenberg derivative of I (B(t, ))
(see (7.30)). Remember that the Heisenberg derivative of a time dependent family of
operators A(t) is denoted by Dy A(t) and it means 9, A(t) + i[H, A(t)].

7.2.2 Estimating R(7, u).

Let us first deal with R(7, p1), i.e. the terms coming up by performing the H-derivative
of the various cut-offs building 1)y, (¢). Take first the term generated by the maximal
velocity cut-off ' (r/7) = FM¥¥(r/7); it may be written as

%éﬁ (¢11(7), T (B;,) - (other cut — offs)- (7.32)
X /=FL(r/T)(r/T = P)m(r/7)¢(7)>; B, = B(r,n) = T1;254 Ls.
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In order to be able to use Lemma 6.4, we need to put the left factor \/—F’ next to
the ¢(t) in the first entry through repeated commutations. When commuting with the
“old” cut-offs one gains a decay of 1/7, so the remainders are integrable.

Hence the only problematic terms could arise from the commutation with I'. Since

we use the first equality in (6.5), we are motivated to study various commutators of
B(1, 1).

Lemma 7.2. For every G € C§°(R) we have

<Z 1/2 t7(17264)/2

H [G(r/t), (Biyu—2)" ] H < Const IS(2) 2 : e

Proof. We rely on the identity

[G(r/t), (B = 2)7'] = (B = 2) 7 [Biyw, G(r/H)(Biy — 2) 7,

where

t1+264

[Bt,/m G] = [ {05;)/1 [lefS/la G] + 05 H/la G]f12f3/1

3
+ (195, G135 + 35l G])} : (7.33)
=2

J

Since the 7;’s are essentially first order derivatives, when we commute them with G/(r/?)
we gain a factor of 1/t. Hence the lemma would follow from the estimate
1+2ey4
2

1/2
—575 7B — 2)~"|| < Const - () =1,2. (7.34)
1

@)

Clearly (7.34) follows from the quadratic estimate (notice that 47 < Const - Ls in form
sense)

Y (B — Z)_ICZJHZ < Const - tHLZ&i«Bt’M - Z)_lff)a By (B — Z)_1¢>

2 1 2| 2
< Const - e { + } l|o]]°. (7.35)

SR 1S()P?

O

Corollary 7.3. Under the conditions of Lemma 7.2
()12 =(1=2e0)/2

— )t onst - ) :
H[Bt,;uG(T/t)H (Bt,u ) H <C t |%(z)| M1/2
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Proof. We commute the “free” 4’s in (7.33) to the right. These commutations introduce
an extra decay of ¢!, hence the corresponding terms are bounded by C % I
addition we use (7.34). O

Lemma 7.4. Suppose F,G € C{°(Ry) and F =1 on a neighborhood of the support of
G. Then for every integer N > 1, there exists a constant C' > 0 independent of p > 1
such that

. C (2) )N N
1— F(r/t)(Bi, — 2) 'G(r/t)|| < < g NA=2e)/2,
Proof. One can find a function Gy such that GG = G and FG; = ;. Then for any
N € N we may write (abbreviating below F' = F(r/t), G = G(r/t), G; = G1(r/t) and
B - Bt,u)
(1-F)YB-2)""'G=(01-F)(B-2)""GYG.

Due to the support conditions we have
(1-F)(B-2)""'G=(1-Fady ((B-2)""G, (7.36)

where ad, (B) = B and adf; (B) = [adg;, " (B),G1] for k > 1.
As before, one may argue that by each commutation with G1(-/t) we gain an extra
decay of 1. We may bound

4 k+142€ <Z>1/2 +—k+1+2e

<(C}-

k R T )
lade, (BB =270 = Cosar = is@l w7

k>2.  (7.37)

We now investigate the N-th order commutator in (7.36). We simplify notation by
abbreviating ad, (B) as ad®. Then

ady (B—2"" )= > Ci, (7.38)
k14 tkn=N

(By, — 2) tad™ - (B, — 2) tad™ (B, — 2) "
When we estimate the norm of each term in the above sum, we make a distinction
between the factors with £ = 1 and those with £ > 1. Choose a term with the total
number of factors to be n < N and assume that we have n; factors of ad' and ny
factors with k& > 2; clearly ny +ny = n and ny < (N —ny)/2. We use Corollary 7.3 for
the ny factors and the second inequality in (7.37) for the remaining factors obtaining a
bound of the form (uniformly in p > 1):

C  ()"? phlA2es | ylay 1 2es | y—na(1-264)/2
[S(2) ] [3(2)]" ’

(7.39)

where [; +---+1{,, = N —n; and each [ > 2.
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Since there at at most (N — ny)/2 factors of the form ¢ '*172% we may bound the
time dependence in (7.39) by

t7N+n1 . t(anl)(1+254)/2 . Z5771,1(17254)/2 — th(17264)/2.

As for the z dependence of the bound we notice that

and the lemma follows. O

Now let us go back to (7.32) and see what happens when we commute /—F" with
I'(B;,). We use the formula (6.5): by introducing the estimate from Lemma 7.2 with
G = \/—F" in that formula we get that the commutator brings an extra decay (to the
already existing 1/7 in front of the scalar product) of order ¢~'/2*<¢ uniformly in p > 1;
notice that the integral with respect to z is also absolutely convergent (put k& = 2 in
(6.4)). Finally, apply Lemma 6.4 and we are done with all the contributions coming
from the Heisenberg derivative of the maximal velocity cut-off.

But there are some other cut-offs which have to be differentiated. Take for instance
the contribution coming from the Heisenberg derivative of F2?(p — pg) (see (6.43) and
(6.50)). Denote for simplicity Ff2 with F.. Then Dy F, will have only one “dangerous”
term with a decay of just 1/r but this one will also contain F*, which is supported on
the classical forbidden region (see (6.46)) hence integrable. The good thing here is that
we do not have to commute anything with I'(B;,,).

There is a third type of terms in R(7, i), coming for instance from the H-derivative
of Fy(€) in (6.57). In this case we again have to commute \/F}(§) with T'(B,,) in
order to apply Lemma 6.14. If F”? is like in Proposition 6.19, then it suffices to show
the bound

| [306) [VFT@. (B = 207 o4 ryaaay|
< Or Ye, (7.40)

uniformly in x> 1. To prove (7.40) we expand the commutator

VL) (Bry = 27" = ~(Bry— 27 [VFLE). Bry] (Bry = 27"

and substitute into the integral in (7.40). As before we verify the absolute integrability
of the integral by providing a bound for the integrand that exhibits appropriate z- and
T-decay.

The argument closely follows the one we used in the proof Lemma 7.2, with just
one notable difference: when commuting \/FT’r (5) with B, we do not automatically
get a 1/7 but rather a 1/r decay; however the presence of F” in the integrand will
transform 1/r into 1/7.
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Now let us give details. We pick a smooth function G, _ of the type F', _ supported
on R, and equal to 1 on the support of the function F¥%. Using Lemmas 7.4 and

6.1 we may put a factor G, (r/7) next to the commutator [\/Fjr(ﬁ), BW] since the

commutators with (B;, — z)~! induced by this operation produce integrable terms in
agreement with (7.40).

Computing [\ /F(§), BW] as in (7.33), we have to deal with

i:q(BT,u —2)7'%; [% \/Fi(f)] Go (r/T)(Br,—2)Y je{1,2,3}.  (7.41)

(and a similar expression with ¥, to the right). By coupling one resolvent with 7; and
estimating the norm as in (7.34), we see that (7.40) follows from

H [ﬁj, \/E(é)] TH < Const, (7.42)

(this is just a consequence of the fact that i[7;,€] brings an extra 1/r factor). Finally,
1/r is transformed into 1/7 by the factor G _(r/7) and we are done.

We therefore conclude that |R(7, )| is integrable in 7 uniformly in p > 1, cf. (7.31).
7.2.3 The Heisenberg derivative of I'(B, )

We continue the verification of (7.31) (for some n € L') by considering the remaining
contribution from the Heisenberg derivative of I' (B; ). Formally using (6.7) with A
given by 0, + tH, we get

<DHF(BT,M)>1/;H = M_171+2E4 <CT>lIIu + <R1>¢11 + <R2>¢11;

Cr=(1+2e)7 'Ls + DgLs, VY, = /T"(B; ). (7.43)

¢

We now concentrate on the term involving the “first commutator” C'.. If we could use
(7.28) then by choosing €4 small enough, the dangerous term which only decays like
1/7 becomes negative so we can discard it. Remember that (7.28) was derived having
in mind that by slightly enlarging the supports of the various cut-offs building v¢;; we
may put them anywhere we want at the expense of O(77%°)||¢|| errors. Hence if we
prove that we can commute the old cut-offs over \/I"(B,,) in the same way, then we
are done. But this is essentially contained in Lemmas 7.2 and 7.4 and then in the proof
following (7.40). We give no other details.

Now let us go back to the investigation of C. in (7.43). Namely, we treat “the
quantum errors” introduced by O(9/7?) in the right hand side of (7.28). In this case
we can use the bound ||§;¥,(7)|| < Const p!/27~1/2=¢ which put back into (7.43) leads
to a contribution of order

ol 2 2a o2 o m1/2 824
which clearly implies uniform integrability.
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We now treat the last two terms on the right hand side of (7.43). Since they involve
a commutator between Ls and Dy Ls, we are motivated to write it as

[Ls, Dy Ls] =~ Z AV VeV + Z ATk + Z A+ A

J,k,l=1 7,k=1 j=1

A =0(172), A, =0(r72), A;=0(", A=0(r), (7.44)
which is obtained by repeatedly applying (7.11). With this formula we can now prove
Lemma 7.5. The remainder Ry in (7.43) obeys

sup [(R1)y,| < Const 773/2+3¢, (7.45)
"

Proof. Looking at (6.6), we see that the relevant quantity to bound is

2+4E4
/|8F| H T “![Ls, Dy Ls)(B, z)’21,/)11(7')dedy; (7.46)

and a similar expression with the powers of resolvents interchanged (which may be
treated similarly).
We now insert each term from (7.44) into (7.46) and check the decay in 7. Let us

start with
2+464 |

H —2)” ]kl’YJ’Yk’Yl(B — 2) 21 (1)
we claim there is a unlform upper bound of the form

< >1/2+

Crgiapr 2 m 2, (747

which together with (6.4) yields absolutely integrability in z and agreement with (7.45).
The other terms from (7.44) will obey the same bound.

First, notice that we may rewrite the middle term as ;47,9 since the commuta-
tor between Aji; and 4; behaves like 773 and therefore may be treated along with the
terms A;;Y;%, from (7.44). Bounding the factor 4; by use of (7.34) yields the upper
bounds

4e

C’TM; |(Bry = 2)7" 4| - H%%‘if(T)H
7_364—1/2 <Z>1/2 . R L
< Const - e m Ve (7) ‘ ;o U(r) = (Bryp — 2) U (1).
Next, write

W Y(T) = (Bry = 2) (Bry = 2) 0 (1) + e Brys — ) [ Bry, 1 (7).
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Substituting we have to estimate

7354—1/2 <Z>1/2

Az (o N (Bra = A7 3B — 27 (7.48)
and 7_364—1/2 <Z>1/2 .
WEREOILE )| H e 10 )H . (7.49)
Introducing (7.34) in (7.48) we get the bound
17*3/2%4%
PN

which clearly is of the form (7.47).
Let us focus on (7.49). Introducing again (7.34) we get

@ —14+2¢4 (2)

.
p |3(2)[?

Computing the commutator as in (7.33) yields

[Bry 30 (7)|.

,7_1—1—264

(B ] = {007 D3+0(r )}, i#L
We substitute and use the minimal velocity cut-off from ¢, to transform 1/r into 1/7,
cf. Lemma 7.4. For the first term we then use (7.34) again. In conclusion, both terms
contribute with a bound of the form (7.47) and we may deduce that the contribution
coming from the first term on the right hand side of (7.44) to (R;)y, behaves as in
(7.45).

As for the contribution to (R;),, coming from the second term on the right hand
side of (7.44) the situation is now better since we trade one 4; with an extra 1/7 decay
in Ajj; similarly for the remaining terms. Details are omitted. O

There is a completely similar bound for Ry as for Ry in (7.45). We skip the proof which
is similar. We conclude that (7.31) holds for an integrable n. Proposition 7.1 is proven.

7.2.4 A propagation estimate for L;

Lemma 7.6. Consider a function of the type F_ with a = 1 and b = 2 and denote it
by T'y. There exist €, > 0 small enough so that with By := t'7 Ls and 1 (t) given by

(7.5) we have
/ S IVATiBYwn ()| dt < Const ||
1
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Proof. We proceed as in the previous section by constructing a bounded propagation
observable. To simplify notation, we only give its expectation on ¢ (¢) which equals:

V(t) == (Wu(t), L1(B)n (1)) - (7.50)

Differentiating V'(t) we get
4V (t) = — < V=T1(B)n(t), (DuBy) v _F'1(Bt)%1(t)> + R(1), (7.51)
where R contains remainders of the type Ry and Ry as in (7.43) together with Heisen-

berg derivatives of the other cut-off functions which build 1y, (¢). Using various previous
estimates, cf. the proof of Proposition 7.1, we may prove that

| IR dt < Const [
1

hence we only have to deal with the first term. Firstly, rewrite it as

—t1+€4 <(1 + 64) % + DHL5> s VU= \/ —Fll(Bt)l/)H(t). (752)

v

Up to an integrable remainder this term is “positive”, in fact (see the proof of Propo-
sition 7.1):

L
_¢lte <(1 + 64) 76 + DHL5>

7
1—0—c¢ _
> 10T By, o) WP
1—0—c¢ 2
> ——— ||V-TiB)un|| + 0w, (7.53)
where the last inequality comes from the fact that I'] is supported in [1, 2]. O

8 Asymptotic completeness: existence of (),

We will now prove statement II of Theorem 4.2. By a covering argument it suffices to
show

Proposition 8.1. Assume we have E > Eq, E & 0,,(H). Suppose that 1(t) is as in
(6.1) with € > 0 very small. Then there exists a vector ¢ € L*((Ey,00) x T) such that

lim [[U(0) — (1) = 0.
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Proof. The proposition is an easy consequence of the unitarity of Uy(¢) (since this
operator is essentially a change of variables) and of the existence of the following limit:

¢ = lim U (1)(1). (8.1)

t—00

The proof of (8.1) is complicated and uses the propagation estimates we have obtained
so far. Because of the various localization properties we have already proven, we can
replace ¢(t) by

Y1a(t) := Ty (4 L)y (2). (8.2)

since the difference between them tends to zero in time. There are fifteen cut-offs
which build ¢15(¢) and we would like to keep track of their Heisenberg derivatives in
a more efficient way. Moreover, they split into two categories: the first one contains
those cut-offs introduced through a weak propagation estimate (proven by constructing
a bounded propagation observable whose Heisenberg derivative has a sign) and the
second one contains the cut-offs whose complementary localizations are in classically
forbidden regions.

Let us look back for the cut-offs belonging to the first category. In order to keep
track of them more easily, we introduce unified notations for them as follows: F} := Fp,
Ay =1/t (see (6.84)), Fy := F%l Ay := Ag(E)/t (see (6.37)), Fy := FM/>" Ay = ¢
(see (6.57)), Fy := F™™M 2 Ay = p — pw (see (6.76)), 5 := FMvb Ay = r/t (see
(6.30)), and Fg := Ty, Ag := t' T Ls (see (8.2)).

We do the same thing with the second category: Fy := Fi™*> A; := r/t (see
(6.41)), Fy := F22, Ag := j — pp (see (6.50)), Fy := F2', Ay := j — pg + Oppr/C
(see again (6.50)), Fig := F°2 Ay := p+ V2E (see (6.53)), Fyy := F2miemtze
A = p—pg, Fia := F)L, Ay = £ — &g (see (6.82)), Fi3 := Fp, A3 := 73 = 93
(see (6.87)), Fiu := F, A1y := 7 (see (7.5)) and finally Fi5 := F, A5 := 5 (see again
7.5)).

We remark that the order of the above cut-offs is not important when applied on
(t) in (6.1), since every commutation will at least be of order O(¢t~/27</2). We rewrite
then

—~

by (t) = Fi(Ai(1)) - Fo(Ag) - .. - Fis(Aus(1)9(2). (8.3)

Define Q(t,p) = (Uo(t)p,s(t)), where ¢ € C§°((E4,00) x T). Since vy(t) —
Y(t) — 0, the existence of the limit in (8.1) is equivalent to the existence of the
limit limy o Uj()1f(t). Moreover, combining the Cauchy criterion for the existence
of a limit with the Cook argument and the Riesz representation theorem for linear
functionals on L2, we see that this limit exists if for every ¢ > 0, there exists 7. > 1
such that for all t, > t; > T and all ¢ € C§°((E,4, o0) x T), we have

to
[ 1000 dt < & Nl qpomyeny 8.9
t1

Proving (8.4) will be the task in the remaining of this subsection. We start by
expanding the derivative of () with respect to ¢. Performing the derivative with respect
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to t and using (4.19) we get (by dut; we denote the Heisenberg derivative acting on
the cut-offs in ¢)y)

02(t.9) = § (U)o 25050 ) = S 0200)6. 51 (0) + WalOhpn iy (). (89

The first term on the right hand side of (8.5) is clearly bounded up to a constant
by ||¢||/t?, because F; implies in particular that r/¢ is bounded and away from zero
at the same time. Hence after integration we get an estimate as in (8.4). The second
term is technically more complicated: by various commutations involving the cut-offs
in 1;(t) (we skip the details) one can prove that

Yoy (t) = 770y () + O(t™). (8.6)

Invoking (8.6), the second term in (8.5) becomes —i/2(Uy(t)p, 714 (t)). Because of the
presence of Fg(Ag) in ¢f(t), we choose two functions I'y and T's with a slightly wider
support than ['; and decompose

s (t) = STa(tF Lo) o (4 Ls) s (t) + O(t).

Using (7.3) we can easily show that there is a constant independent of time so that in
the form sense 72 < Const - L; which means that ||7;'s(t'7%Ls)|| < Const - t—1/27¢4/2
and similarly for ’)’1F2(t1+64L5) we conclude that the first term on the right hand side
is O(t~17¢). After integration we get a bound in agreement with (8.4).
We now look at the third term on the right hand side of (8.5), the one containing
the Heisenberg derivatives of all cut-off functions. Acting with dg on (8.3) we get

dts(1) Zﬂ (A1 () A D Fj(A;())} . Frs (A1 (8)3(2).- (8.7)

Here Dy denotes as usual the Heisenberg derivative. We keep in mind that all of the
Fy’s of the type F'y or F” have definite signs. The functions of type F',_ do not have
this property but can be rewritten as F _ = g, —¢g_, where the terms are non-negative
and have non-overlapping supports. To fix a uniform notation let us write in general
Fj = gjy — gj—. Then writing

Sj(t) == \/ 95+ (4;(0)) {DuA; ()} ) 95+ (4;(2))
+1/9i-(A;() {=DrA;()} 1/ 9j-(4;(¢)) (8.8)
one obtains (we can put fi g on the right hand side since f, g fp = fr and f1,EfE = fi1.B;
see also (6.1))
dutp(t) = fr.e(H ZFl (AL (t))...S; (). Fis (A5 (1)) (1) + O™ 7). (8.9)
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Also notice that for every j we have

| f1,6(H)Fi(A(2))...5;(t)...F15(A15(t))|| < Const/t. (8.10)
We then have
(Uo (1), dmby(t)) = (8.11)
iwfl(m)mmwj_n Frra(Aj)oe/Fis(Aus) o (H)Un(t)
;jawﬁmommwj_nM(Aj+1>...@<Al5>w<t>>
O e,

where we used the fact that by commuting any two cut-off functions we get an integrable
contribution.

The next step is to see that from Sg up to S5 we have a O(t~>°) - ||¢|| contribution
because the supports of g;i entering them are localized in the classically forbidden
regions. Hence we can rewrite (8.11) as

(Uo(t)p, dupy(t)) = (8.12)

<\/F1(A1)---\/ Fi 1 (Aj-)VEj (A1) Fis(Ais) frLe(H)Uo (8o
JOVF(Ar)./Fio1(Aj ) Fj+1(Aj+1)---\/F7w(A15)l/}(t)>

+O(™ ) ell,

M-

n

where now the sum only runs over the first six cut-offs.
The next lemma plays a crucial role in what follows. For ¢ € L?(R, x T) (as above)
and j € {1,...,15} we define

Ui = o/ Fi1(Aj )/ G + -/ Fia(Ajin) v/ Fus(Ass) fre(H). (8.13)

Lemma 8.2. There exist two constants 0 < ¢ < C' < oo such that for all ¥, ¢ €
L*(Ry xT) and j € {1,...,6} one has (for e, > 0 small)

Sl — 0] < (8.14)
(VFI(A) o VFi 1 (A5 )V it (Asi) oo/ Fis(Ass) fr ()
S;(t)

V(A /Fi1(450) Fj+1(Aj+1)---\/JTw(A15)f1,E(HW>
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and

(VE(A) B (A5 0)VFra (Ag0).o/Fis(Ass) f (H)9

S;(t)
VE A F (A )V Fr (A )/ Frs (Aus) F(H)E )
< gl esll + 0wl 18] (8.15)

Proof. The first estimate says that each S;, j € {1,...,6} is “positive”. That is,
upon restricting the Heisenberg derivatives of every observable to states containing all
other cut-offs we always get the plus sign. We used this sort of “definite sign” property
whenever we had to obtain a weak propagation estimate; the only truly important
fact here is that all five S;’s are simultaneously positive. Before verifying the property
for each term, we would like to give a simple explanation to this apparently striking
coincidence. Consider the function z : (1,00) — R, z(t) = £10t~' . We see that
(dv/dt) = —x/t thus both F_> '(x(t)) and F2*(x(t)) are increasing with ¢. This is
the phenomenon behind the “positivity” in the case when j =1 (see below). As a final
remark, let us notice that these six cut-offs are chosen in such a way that the growth
of their approximate characteristic functions indicates the tendency of a trajectory to
be drawn to the spiraling attractor.

In fact if we interpret the product of cut-off functions as an approximate character-
istic function of the attractor, the approximate positivity of its Heisenberg derivative
indicates the increasing probability that v (¢) is “in the attractor”.

j = 1: Since F} is a F,_ function, we write the derivative F] = g, — g_. We look
at the operators /gy (r/t) - Dy D(t) - \/9+(r/t) and —\/g—(r/t) - DgD(t) - \/g—(r/t).
From the proof of Proposition 6.19 it follows that these are essentially positive when
the other cut-offs are taken into account.

j =2: Fyis of Fy type and

Su(t) = VFL(Ac(B) /1) - Dy Ao(E)/t - JFL(Ac(E)/2).

For its “positivity” go back to Lemma 6.9.
j = 3: F3 is again of F'; type and

Ss(t) := VFL(E) - D - \/FL(9).

See for details Lemma 6.14.
j=4: Fyis of F_ type and

Su(t) ==/ =F.(p— pp) - Du(p — pe)/—F" (p — prr).

We treated such terms in Lemma 6.15; we see that Dy (p — pgr) is “almost” E — E' =
—2¢y < 0 if €y is small enough.
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j =5: Fyis of F_ type (the maximal velocity cut-off), so

Ss(t) = —v/—F"(r/t)i[H,r/t]\/—F" (r]t).

Its “positivity” comes from the considerations we made in the proof of Lemma 6.4.
j = 6: Fj is again of F_ type and

Se(t) = —/—F (174 Lg) - D (74 L) - /—F7 (1444 Ly).

See for details Lemma 7.6.
About (8.15): these estimates are boundedness properties which easily may be
deduced from the above considerations (see also (8.10)). O

Completion of the proof of Proposition 8.1 Introducing (8.15) in (8.12) and
applying the Cauchy-Schwarz inequality we obtain

[(Uo(t) e, dips (t))] < (8.16)

L 1/2 L 1/2
¢ ({ > 1(Us(t)p)es 2) (; > e ), 2) + Ct1 74 ]
7j=1 7=1

Recall that we had to look at an integral as in (8.4). The proposition would be
concluded if we could prove that

to
1

6 1/2 6 1/2
/1t (%ZH(UO(t)Qp)t,jHZ) (%Zu(eit%)t,ﬂl?) dt < el¢]]. (8.17)

This will be achieved as soon as we obtain the next two estimates

6
1
[ 3 S lolayel e < Const o1 (.19
1 et
and .
% q »
[ 3 Sl g P < Comst [ .19
1 o1

Since (8.19) follows from the propagation estimates we have obtained so far, we are
only left with proving (8.18). This is the place where the simultaneous “positivity” of
S;j, j € {1,...,6} from (8.14) plays a central role.

Now let us prove (8.18). We introduce the function (remember that the order of
cut-offs does not count)

2

V(L) = || fup )V Fis(Ass(0) v/ Fo( A(8))-Fi (A1 () Uo(t)
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Differentiate V' (¢, p) with respect to t. When the derivative acts on Uy(t)¢ we get
o AF(A() - (H + 255 — 7—;)U0(t)g0; see (4.19). Using that

8r2

feH)E(r/t) {7 =7} =0(t™)
and
PV Fs(As(t) = Ot 1),

we get
oV (o) =2) R < {DH\/E(Aj(t))} s (H)Uy(t)g,

AEA0) - frp (H)Vo(0)0) + O ) ] P (8.20)

Rearranging the above scalar products, employing (8.14) and noticing that the terms
with j > 7 give O(t=>°)||¢||* contributions, we get

OV (t ¢) > G|l (8.21)

1O

Z [(Uo(t)p)1,5

We can now integrate and obtain (8.18); hence the proof of the proposition is complete.
O

We have therefore proven both I and II of Theorem 4.2, or equivalently, that the
limits defined in (1.23) exist and define unitary operators which are mutually inverse.
As for III we refer to the discussion at the end of section 5. O

9 Approximate dynamics for negative times

The first issue we want to explain in this section is the behavior of our system in the
distant past. The approximate dynamics Up(t) in (4.11) and (4.12) only makes sense
for positive times and shows that in the distant future every scattering state will spiral
away from the origin.

For negative times, the picture is reversed. Our task is to find an approximate
dynamics with the usual spiraling feature in the distant past, and which shows how
the particle is drawn to the origin. In other words, instead of looking for attracting
periodic solutions at positive times, we now search for attracting periodic solutions at
negative times.

We are therefore interested in obtaining C' and periodic solutions to the system of
equations

Opp = b+ &
dé =—"Ep . 0>0, p(0) € (—V2E,V2E) and £(0) € (0,V2E),  (9.1)
& +p*=2E
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with the supplementary condition

A%?@w<a (9.2)

Let us explain the meaning of (9.2). Assume that we have such solutions and denote
them by p. and .. Consider the initial value problem (¢ > —1):

dF ~di ()

i pe(0), PR (7(=1),0(=1)) = (1,0). (9:3)

It is easy to check that at least for ¢ close to —1 the above system admits a solution
(7,0) which also solves the Hamilton equations, thus it corresponds to a real orbit at
energy E. We notice that the above system gives

_ 0(t)

(0 = 100) = el | (/&) ()de) (9.4
thus Ran(f) = [0,00) and 7(t) decreases “in mean” after each complete revolution
around the origin and collapses to it in a finite amount of time. Nevertheless, going
backwards in ¢ we see the spiraling behavior again.

Now let us investigate the existence of such solutions. Define b, (#) := b(—6). Then
by is negative, periodic and if £ > FE4(b;) then (see Corollary 2.7) we have a unique
periodic solution to

agp = b1 +§
0§ = ="&Ep 020, p(0) € (~V2E,V2E) and £(0) € (0, V2E),  (95)
& +p*=2EF

with the supplementary condition

A%?mw>a (9.6)

The intimate connection between attractive solutions at positive times and attrac-
tive solutions at negative times is given by the following proposition:

Proposition 9.1. Assume that (pg,&g) is a periodic solution which solves (9.5) and
obeys (9.6). Denote by p.(0) := —pr(—0) and &.(0) = Ep(—0). Then (pe, &) solves
(9.1) and obeys (9.2). Reciprocally, assume that (pe, &) is a periodic solution which
solves (9.1) and obeys (9.2). Denote by pg(0) := —pe(—0) and Ep(0) = E(—0). Then
(pE,&r) solves (9.5) and obeys (9.6).

Proof. Simple computation. O

The next important thing is knowing the energy range for which we can construct
attracting solutions for negative times. Denote by E(b) the infimum of all energies for
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which (9.1) has a solution obeying (9.2). It is obvious (using the above proposition)
that E/(b) = E4(b). But is it true that E/,(b) = E4(b)? In other words, can we prove
that “E,” corresponding to b(f) equals the “E;” associated to b(—0)? The answer is
affirmative:

Proposition 9.2. The critical energies are equal: Eq4(by) = E}(b) = E4(b).

Proof. Assume E;(b) < E4(b1). Then consider the critical solution (pi,&1) to (9.5)
corresponding to E4(by) and satisfying f027r 2-(#)df = 0. Then define p(6) := —pi(—0)
and £(0) := &1(—0), and notice that they solve (9.1) but with a zero integral condition.
If we look at its associated “real orbit” (r(t),0(t)) we see that it exists for all ¢ > 0
since r(t) = exp{f:(t) (p/€)(p)dp} is bounded from below and above. Then consider

A(t) = [p(6(1)) = pa(0(2))] - r(t)

and see that A'(t) > FEy4(b1) — Eq(b) > 0 for t > 0, which contradicts its boundedness.
Then E4(by) < Eq4(b) is contradicted by a similar argument and we are done. O

Remark. For every £ > E; there are exactly two branches of C' periodic orbits
which solve (9.1), both having & > 0 but their integral condition is with opposite signs.
While the “propagating” pg is increasing and concave in energy, the “collapsing” p.
is decreasing and convex in energy. Then notice that r - p.(FE,#) solves the eikonal
equation and provides a Hamilton-Jacobi function for negative times ¢t < 0. We then
can define a direct and inverse flow and finally construct the approximate dynamics for
negative times using the same ideas as in the case of Uy. We give no further details.

10 Open problems

We mention two related problems concerning dynamics and spectral theory for magnetic
fields considered in this paper:

(a). Dynamics below Eg: we write p = wcos(p), £ = wsin(yp) with w = v/2E, and
introduce a new time 7 with dr/dt = 1/r(t). The variables (p,#) move on a torus T
according to the differential equation

%(% 0) = (—b(#) — wsin(p),wsin(p)).

For 0 < E < Ey it turns out that ¢(7) — oo and 0(7) — oo as t — co. We can write

P (r) = r(0)elk weostolr i’
Are there any orbits with energy F < E; for which r(7) — oo as 7 — oo? There are
none if b(#) is constant and nonzero.

(b). We know that the spectrum of H is [0, 00). What is the nature of the spectrum
in [0, E4]?7 For the constant b case, it is pure point.
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