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ABSTRACT. We study the spectrum of the monodromy operator for an N-body quantum system in
a time-periodic external field with time-mean equal to zero. This includes AC-Stark and circularly
polarized fields, and pair-potentials with a local singularity up to (and including) the Coulomb singu-
larity. In the framework of Floquet theory we prove a local commutator estimate and use it to prove
a Limiting Absorption Principle for the Floquet Hamiltonian as well as exponential decay estimates on
non-threshold eigenfunctions. These two results are then used to obtain a second order perturbation
theory for embedded eigenvalues. The principal tool is a new extended Mourre theory.
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2 J.S.MOLLER AND E.SKIBSTED
1. Introduction and results

In this paper we consider a quantum system consisting of N interacting v-dimensional particles,
placed in a time-periodic electric field £ with zero mean

1
£e Ll (RR"), E(t+1)=£&(t) ae. and / E(s)ds = 0.
0

This includes in particular the cases of linearly polarized fields, also called AC-Stark fields, and
circularly polarized fields. The choice of 1 as period is made for convenience. The family of time-
dependent Hamiltonians for such a system is given by

N 2
~ p, ~
h(t) :Z (27;% —q;&(t) a:l> + v, v(T1,...,TN) = Z vij (T — xj). (1.1)
i=1 1<i<j<N
Here z;, m; and ¢; are the position, mass and charge of the #’th particle and p; = —iV,, is its

momentum. Note that /(t) are operators on L>(R*Y). We consider three sets of conditions on the
pair-potentials v;;, see Conditions 1.1-1.3 given below.

The model arises as a dipole approximation of the Hamiltonian

1
2mi

(pi — QiAi)2 tv.

=1

Here A} denotes multiplication by A(x;), where A; solves the wave equation. Under the assumption
that the field varies slowly on atomic length scales one replaces A;(x;) by A:(0) (the dipole approx-
imation). After the time-dependent transformation f — e~#4:(0)- XL, 4:%i f one arrives at (1.1) with
electric field () = —A;(0). See for example the monograph [SSL]. The requirement that the field
is periodic corresponds to the requirement that the electromagnetic field only contain modes which
are multiples of 27w for some frequency w > 0 (here put equal to 1).

Our aim is to study the evolution generated by the family of Hamiltonians (1.1).

We write U(t, s) for the two-parameter family of unitary operators (the evolution) which solves
the time-dependent Schrédinger equation

d -~ - .
zaU(t,s) = h(t)U(t,s), U(s,s)=1. (1.2)

See Remark 1.4 below. The solution satisfies the Chapman Kolmogorov equations
U(s,r)U(r,t) = U(s,t), rsteR (1.3)

and a periodicity equation

Ut+1,s+1)=0Ul(t,s), s, t € R (1.4)

We will as usual formulate the model in a more convenient form (see [Hul] for more details) using
the inner product

N
Toy= ZQmi(l‘i;yi),

i=1
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where (+,-) is the inner product on R”, z = (z1,...,zn) and y = (y1,...yn). We will consider the
system in its center of mass frame

N
X:{xE]RBN:Zmimi:0}.

i=1

Then RN = X @ Xcum, where Xoy = {7 : 21 = --- = zn}. We have the splitting

h(t) =hou(t) @ I+ T®h(t), on L*(Xcm)® L*(X),

where
hom(t) = piy — Eom(t) -z, and  h(t) = p* —E(t) -z +v.

Eon = % (55) and & = ((2% - %) g, <;%N _%> 5) . (L5)
where Q = q1 +---+ gy and M = my + --- + mpy are the total charge and mass of the system. In
the special case where all the particles have identical charge to mass ratio, we see that the center
of mass Hamiltonian is just an ordinary time-independent N-body Hamiltonian. We can solve the
time-dependent Schrédinger equation (1.2) for hewm (t) and h(t) as well and we write Ucm (t, s) and
U(t,s) for the respective two-parameter families, cf. Remark 1.4. The evolutions Ucy and U also
satisfy (1.3) and (1.4), and furthermore

Here

Ul(t,s) =Ucm(t,s) @ U(t, s). (1.6)

In this paper we are interested in the spectral study of the monodromy (or period) operator
U(1,0), for the system in its center of mass frame. For a time-periodic problem, this replaces
the spectral study usually done directly on the Hamiltonian for a time-independent system. See
for example [Yal], [Howl] and [KiY2]. In particular we will study the structure of thresholds,
eigenvalues and the continuous spectrum.

We will work in the framework of generalized N-body systems, which we review briefly. Let A
be a finite index set and X a finite dimensional real vector-space with inner product. There is an
injective map from A into the subspaces of X, 43> a — X% C X, and we write X, = (X*)*. We
introduce a partial ordering on A:

aCbe X C X (1.7)

and assume the following

(1) There exist amin, Gmax € A with X ®min = {0} and X %mex = X
(2) For each a,b € A there exists c=aUb € A with X, N X, = X_.

We will write % and z, for the orthogonal projection of a vector x onto the subspaces X* and X,
respectively.

The physical problem above fits into this framework as follows. Here A is the set of all cluster
partitions a = {C1,...,Cx.}, 1 < #a < N, each given by splitting the set of particles {1,..., N}
into non-empty disjoint clusters C;. The spaces X,, a € A, are the spaces of configurations of the
#a centers of mass of the clusters C; (in the center of mass frame). The complement

Xe :Xcl @...@Xc#a
is the space of relative configurations within each of the clusters C;. More precisely

Xci:{weX:ijO,j¢C’i} and X,={x€ X :kIle€Ci=uz,=1}.
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Notice that a C b if and only if any cluster C' € a is contained in some cluster C' € b. We furthermore
see that amin = {(1),...,(N)}, @max = {(1,...,N)} and a U b is the smallest ¢ such that a C ¢ and
bCec

We will work with three classes of generalized potentials

V(t,z) = > Va(t,z"),

acA

where V, is a function on R x X®. In our example above the V,’s are independent of ¢t and V, = 0
if #a # N — 1. Since V,_,, is a constant, we can fix it to be zero. The first class consists of regular
potentials, with an explicit time-dependence.

Condition 1.1. For each a # amin the following holds. The pair-potential Rx X > (t,y) = V4 (t,y)
is a continuous real-valued function satisfying
i) Periodicity: Vo (t +1,-) =V, (¢,-), t € R.
ii) Regularity: V, € C*(R x X*) and for each t € R, (Of03V,)(t,-) € C1(X?), k + |a| = 1.
ili) Bounds at infinity: |Vo (¢, y)|+|y-VyVa(t, )| = o(1), ||y||a‘8tka§‘Va(t,y)| =0() for0<k<1
and k + |a] < 2.
Here o(1) means o(1) — 0, for |y| = oo, uniformly in t. (Similarly for O(1).)

The second class consists of time-independent potentials with LP singularities. This class just
fails to include the case of Coulomb interactions

Condition 1.2. We assume V, = V! + V2, a # amin, is time-independent and V! satisfies Condi-
tion 1.1 i) and iii) (or equivalently Condition 1.3 ii)). As for the V2’s we assume that they have
compact support and for each a, there exist p, with p > 2 and p > dim(X*®), and k > 0 such that
V2,|VV2|z € LP(X%), and for |o| = 1

a

||aava2(' - ya) - aava?(')”L%(Xa) =0 (|ya|l~a) , @S ya — 0.

Finally we consider the following class of time-independent potentials which includes atomic and
molecular potentials, given by v;;(z) = ¢;j|z|~! in (1.1).

Condition 1.3. We assume V, = V! + V2 is time-independent. For each a # apmin:
i) If dim(X®) < 3 then V2 = 0.
i) V) € C*(X%), V()] +y- VVi(y)| = o(1) and |ly[*18°V, (y)| = O(1), for |a| < 2.
iii) V2 € C*(X*\{0}) and has compact support. There exists C > 0 such that

10V () for 0<lal <2.

<
| — |y|\a|+1

We also consider a generalized field (instead of the particular field given by (1.5))
1
£ e L (R X), E(t+1)=£&(t), ae. and / E(t)dt = 0. (1.8)
0
Some of our results for Coulomb interactions will require the stronger assumption

e LR X), E(t+1)=£&(t), ae. and /1 E(t)dt = 0. (1.9)
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Remark 1.4. We note that under Condition 1.1, 1.2 or 1.3, and (1.8), the time-dependent potential
(t,x) = Ve(t,x) =V (t,z+2 fot Jy €(r)drds) satisfies the assumptions of [Ya2]. This yields a solution
to the time-dependent Schrédinger equation (1.2) for the operator family p? + V.(¢,-). Note that
equation (1.2) should be considered in the strong sense, see [Mg, Appendix B]. The Avron-Herbst
formula, which is a time-dependent change of coordinates (see [CFKS]) now yields the existence of
a solution to (1.2) for the family h(t). See [Mg, Proposition 4.3] for details. A similar argument
gives solutions to (1.2) for the operator families & (t) and howm (t). The solutions are unique within a
class of absolutely continuous operator-valued functions, which implies (1.3), (1.4) and (1.6). (See
also [CMR] for a simpler argument which works for more regular fields.)

For a € A, we have a natural splitting of the Hilbert space into a tensor product L?*(X) =
L?(X,) ® L*(X%). We introduce the Hamiltonians

h(t):p2—5(t)m+V and ha(t):pQ_E(t).x+Va, Va:Zva-
bCa

We have a splitting of h, with respect to the tensor structure of L*(X)
ha(t) = (P2 — E(t)a - a) @ T + I @ h(t), h(t) = (p*)* — E()* -2 + V.

Note that h,(t) and h®(t) are also generalized (families of) Schrédinger operators.

The set of thresholds is

FUL) = |J e onU"(1,0), (1.10)

aFamax

where U*(t,s) is the solution to (1.2) for the operator family h*(¢) (see Remark 1.4) and opp(-)
refers to pure point spectrum. We use the convention opp (U%in(1,0)) = {1}. The numbers o, will
be introduced later, see (1.21). We just note here that a, = 0 if £, = 0.

Our main results for the monodromy operator are the following,.

Theorem 1.5. Suppose V satisfies either Condition 1.1, 1.2 or 1.3, and & is as in (1.8). The thresh-
old set F(U(1,0)) is closed and countable, and non-threshold eigenvalues z € opp(U(1,0))\F(U(1,0))
have finite multiplicity and can only accumulate at the threshold set.

It is not important for this result, in the case of Condition 1.3, that the singularity is located at the
origin. In fact, the theorem remains true for potentials of the form V (z) = Vi (z—2z1)+- - -+ Vi (x—21),
zi € X, where the V;’s satisfy Condition 1.3. This remark extends the class of potentials to include
the Born-Oppenheimer approximation for a molecular potential. Our next two results however, do
require the singularity to be located at the origin.

Theorem 1.6. Suppose one of the following two assumptions hold

1) V satisfies either Condition 1.1 or 1.2 and & is as in (1.8).
ii) V satisfies Condition 1.8 and £ is as in (1.9).

Then the singular continuous spectrum os.(U(1,0)) = (.

In the case of the two-body problem, the theorems above extend those of [Yal] in two ways (see
also [KuY] and [Yo]). The most significant is that we include the physical model of Hydrogen. The
second extension is that we handle a more general class of electric fields. (Note that our Avron-
Herbst type transformation, to be presented below, combines with [Yal] to cover the larger class of
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fields.) The spectral theory for the two-body problem was also considered in [Ko2]. In the case of
the many-body problem however, our results are new. Asymptotic completeness for the two-body
problem was proved in [Yal], by stationary methods, and for more general time-dependent problems
in [KiY1], using the Enss method. In [N] Nakamura proved an asymptotic completeness result for
the three-body problem using Faddeev’s method. A similar result was proven in [Kol]. Asymptotic
completeness for N-body AC-Stark systems (and the more general models considered in this paper)
remains an open problem.

As a consequence of our analysis we also get the following basic integral propagation estimate.

Theorem 1.7. Assume V and £ is as in Theorem 1.6. Let s > % > 1 >0 and let g be a bounded
Borel-measurable function on the unit-circle with support away from opp(U(1,0))UF(U(1,0)). Then
there exists C' > 0 such that

/Oo 11+ p*)" 2 (1 + 2*) 72U (t,009(U (1, 0)91Pdt < Clly |,

— 00
for all ¢ € L?(X).
As for decay of eigenfunctions we have the following theorem.

Theorem 1.8. Assume V satisfies Condition 1.3 and & is as in (1.8). Let e='¥ € 0,,(U(1,0)) and
¢ € L*(X) satisfy U(1,0)¢ = e~*Fp. Then ¢ € D(p) and if furthermore e~*F ¢ F(U(1,0)) then
for every o > 0 with

E+o® <inf{\>E:e ™ e F(U(1,0)}

we have e1%lp € L*(X).

Polynomial decay has previously been proven for the two-body problem in [Ko2] and [KuY]. (In
[KuY] the estimate was for the associated Floquet Hamiltonian only, see below.) Our result on
exponential decay seems to be the first of its kind for the AC-Stark model (or models with more
general time-periodic potentials). An exponential decay estimate was proved in [Mg] and [A] for the
case of time-periodic electric fields with nonzero mean (used to prove absence of eigenfunctions in
that framework). Our proof of Theorem 1.8 also works for the molecular Born-Oppenheimer model
and also with Condition 1.3 replaced by Condition 1.1 or 1.2.

Our last result is concerned with perturbation theory. We write
hi(t) = p* = (Eo(t) + KE(L)) -z +V, (1.11)

where V' is time-independent and & is a small real perturbation parameter. Write Ug(1,0) for the
corresponding monodromy operator.

We work here only under the physically most interesting assumption, Condition 1.3 and (1.9),
although one could also consider the cases of Condition 1.1 and Condition 1.2. We study what
happens to non-threshold eigenvalues of Up(1, 0) when the perturbing field is turned on; i.e. for small
nonzero k. We refer the reader to Theorem 9.5 for the precise statement of the result. Although
the field is classical, we use a standard interpretation of the model as that of an atom coupled
to a reservoir of photons of energies 27n, n € N. The coupling strength of photons with energy
2mn is of the order %|gn| Here &, is the n’th Fourier coefficient of € as a function on [0,1]. By
reservoir we mean that the model does not keep track of the number of photons of a given energy,
but rather assumes an unlimited supply. Our results can, in the case & = 0, be interpreted as an
analysis of the effect of one-photon and some two-photon processes on the bound state energies of
a molecular system. In Appendix A we develop an analytic perturbation theory in the case & = 0.



SPECTRAL THEORY OF TIME-PERIODIC MANY-BODY SYSTEMS 7

In the case of the two-body problem, with £(t) = & cos(2nt) (the AC-Stark field) and a dilation
analytic potential, the result stated in Theorem 9.5 is due to Yajima, see [Ya3]. Yajima furthermore
defines resonances and compute them to any order in the perturbation parameter; see also [How2].
Note that for the AC-Stark field, only &1 are nonzero. In the case of a circularly polarized field
E(t) = (cos(2nt),sin(27t),0) and a dilation analytic two-body potential, the result is due to Tip, see
[Ti]. (See also references in [Ti].)

For recent works on N-body systems in a quantized field we refer to [BFS] and [BFSS].
Floquet Theory:

We will now in two steps simplify the problem. The first step formulates the problem in terms of
Floquet theory and the second step consists of a periodic Avron-Herbst type transformation which
moves the time-dependence into the potential. (The two steps are interchangeable.)

The Floquet Hamiltonian associated with h(t) is
H =171+ h(t), on H = L*([0,1]; L*(X)) .

Here 7 is the self-adjoint realization of —i%, with periodic boundary conditions. It is well known

that the spectral properties of the monodromy operator and the Floquet Hamiltonian are equivalent.
We have the following relations

opp(U(1,0)) = e~iee(H) Tac(U(1,0)) = e~ i0ac () 0sc(U(1,0)) = e to=e(H) (1.12)

and the multiplicity of an eigenvalue z = e~ of U(1,0) is equal to the multiplicity of A as an
eigenvalue of H (regardless of the choice of A). See [Yal], [Howl] and [Mg]. We note that the
Floquet Hamiltonian is the self-adjoint generator of the strongly continuous unitary one-parameter
group on H given by

(e ™)) = U(t,t — s)o(t — s — [t — 5]), (1.13)
where [r] is the integer part of . This construction is based on (1.3) and (1.4). (In fact this is how
one should interpret the sum’ 7 + h(t) if £ ¢ L2 (R; X), see [Mg, Example 3.7].) The potentials
considered in this paper are all (7 + p? — £ - x)-bounded with relative bound 0, see Theorem 6.2.
This appears to be a new result in the case of Coulomb interactions. We note that the Coulomb
potential |z|~! fails to be (7 + p?)-compact in v > 3 dimensions (cf. Section 6) and this singularity
is therefore at the borderline for relative boundedness.

A time-dependent transformation:

The second simplification of the problem makes use of an idea of [Mg]. One can construct time-
periodic coordinate changes S®(t), @ # amin, such that the time-dependency in the new frame is
in the potential only. This coordinate change should be compared with the Avron-Herbst formula,
see [CFKS]. A closely related formula was introduced by H. A. Kramers in [Kr]. See also [A] for an

application of the transformation of [Mg] to the N-body case with fol E(t)dt # 0.
For a € A we introduce cluster Floquet Hamiltonians
H®=r71+h%t)  on L*([0,1]; L*(X®))

and the following functions

b(t) :/OtE(s)ds—bo, bO:/O1 /OtE(s)dsdt

o(t) = Q/Ot b(s)ds — co, co = 2/01 /Ot b(s)dsdt (1.14)
o) = | bls)*Pds — 10§, g = / Ib(s)e s,
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The transformations are

S(t) = e~ exp(ib(t)® - %) exp(—ic(t)® - p®) (1.15)
and

SYHS" =1+ (p*)? + V(t, 2" + c(t)*) + af. (1.16)
Here (S®¢)(t) = S*(t)¢(t). In terms of the physical problem this corresponds to the identities

Se(t) U (t,5)S%(s) = !>Vt s), (1.17)

where U? solves (1.2) for the operator family (p®)? + V(t,z® + c(t)®).

The equation (1.16) and the periodicity of the transformations (S*(1) = S%(0)) show that, up to
a translation/rotation, the spectral structure of the two systems are equivalent. We note that in the
case of a circularly polarized field (in 3 dimensions), one can bring the Hamiltonian onto the time-
independent form (p—a)?+V — 27 L3, where a = (ay,0,0) is a constant vector and Lz = z1ps — T2p1,
the third component of the angular momentum observable. This observation was used in [Ti]. In
the following we will, in the light of (1.16), assume £ = 0 and instead work with operators of the
form

H =1+ h(t), where h(t)=p*+7V, (1.18)

and the pair potentials (¢,2%) — V,(t,z%) are time-periodic. Note that if £ is as in (1.8) and V'
satisfies Condition 1.1, then so does the potential (t,z) — V (¢, + ¢(t)).

We now proceed to discuss the structure of the transformed Floquet Hamiltonian H. For a € A,
we have a natural splitting of the Hilbert space H into a tensor product

H=L*(X,) ®H", where H*=L*([0,1];L*(X%)).
In particular H®i» = L2([0,1]; C). We introduce Hamiltonians respecting the tensor structure of H
H,=p2@l+I®H"

Note that H® is the Floquet Hamiltonian for the generalized Schrédinger operator h®(¢). In partic-
ular H%min = 7,

We note that our perturbation problem (1.11), in the framework of Floquet theory and in the
new set of coordinates, takes the form

H, = Ho+W,, Hy=7+p*+V(-+cy) and W,(t,z) =V(z+cu(t) —V(z+co(t)), (1.19)

where ¢, = ¢y + kc and the functions ¢y and ¢ are given by & and £ respectively.

We introduce thresholds for the Floquet Hamiltonian (without electric field)

F(H) = U opp(H"),

aFamax

which is a 27-periodic set containing oy, (H*™») = 277Z.

In the case of time-independent pair-potentials we have the well-known threshold set F(h) =
Uaamax Tpp (h?), opp(h*™i») := {0}. In this particular case there is the following relation.

F(H) = F(h) + 277. (1.20)
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The constants appearing in (1.10) are

1
Qg = ™™ —af = / |b(s)a|*ds. (1.21)
0

With this definition it follows from (1.12) and (1.16) that Theorems 1.5, 1.6 and 9.5 are consequences
of the corresponding results phrased with U(1,0) replaced by H.

We note that considering periods 7' > 0 other than 1, amounts to replacing 7 by T-!'r. The
effect of this is that the spectrum of H becomes 27 /T periodic. In view of perturbation theory,
Theorem 9.5, this has two consequences. One can tune the period of the field such as to trigger
oscillations between two or more bound states (with possible ionization coming in at lower order in
K, i.e. at longer time scales). Secondly, by choosing the period small enough, we find that Fermi’s
Golden Rule governs the ionization process to the order 2, i.e. at the leading ionization time-scale.
See the discussion at the end of Section 9 and [Ya3].

Ideas and techniques:

Our approach to the study of the spectrum of H is a Mourre theoretical analysis of the Floquet
Hamiltonian H. It seems reasonable to expect that one can use, for example, the generator of
dilations A = %(a: -p+ p-x), as a conjugate operator for H. This is due to the similarity of the
geometric structure of the Floquet problem and the usual N-body problem. There is however a
central technical obstruction, which appears already in the two-body case. Here we have

i[H, Al = 2p* —z - VV.

It is easy to see that this is indeed positive, modulo a compact error, when localized away from the
threshold set 27Z. (Note that F'(|z| < R) is H-compact, see [Yal].) The right-hand side is however
not H-bounded, nor is the second commutator bounded as a form on D(H). This problem was

overcome for the two-body problem by Yokoyama in [Yo], who considered the following modification
of A
1 P p

P P S R

2 (m 1+ T4 x)
The problems now disappear and one can use standard Mourre theory. (Following for example [Mo],
[PSS] or [ABG1].)

In the existing proofs of the Mourre estimate for a time-independent N-body operator, one uses
a reduction to subsystems argument, where the property that

1
A=A+ A,, A“:i(m“-p“+p“-x“) and A, =
is important. See [PSS], [FH] and [Hul]. A modification like the one considered by Yokoyama would
here have to be introduced in a much more subtle way, in order to preserve some kind of reduction
argument. We have not been able to follow this approach.

(ma *Pa + Da 'xa)a

N | =

Instead we turn to an idea of [Sk], where the form boundedness, with respect to H, of the second
commutator was replaced by boundedness with respect to the H-unbounded part, M, of the first
commutator. We use a splitting

i[H Al =M+G,

where G is H-bounded and M > § > 0 is not H-bounded. The crucial properties used in [Sk] was,
roughly speaking, that

i[H,M] is H-bounded and i[M, A]is M-bounded. (1.22)
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The following Mourre type commutator estimate was considered in [Sk]
M+ f(H)Gf(H) > vf(H)* - K - C(1 - f(H))?, (1.23)

for some v > 0, C > 0 and compact K, provided f is supported nearby some fixed energy.
The motivation for using this (weaker looking) estimate instead of the standard Mourre estimate,
f(H)i[H,Alf(H) > vf(H)? — K, lies in the use of Mourre’s differential inequality technique. One
is lead to consider the resolvent family

R.(e) = (H — ie(M + f(H)Gf(H)) — 2)~" (1.24)

instead of the usual resolvent family (H —ief(H)i[H, A]f(H) — z)~!. One should notice that R, ()
has improved properties because M appears without energy localization.

Our case does not fit into the models covered by [Sk]. In the case of Condition 1.1 we want to use
A, the generator of dilation, as conjugate operator and we take M = 2p% 4+ 6, § > 0. We note that
i[M, A] is M-bounded as required in [Sk] but i[H, M] is not H-bounded. It is however M 2-bounded
and this may be used to make sense of the resolvent (1.24) (notice at this point the symmetry between
H and M). This observation would enable us to prove a Limiting Absorption Principle for H, using
ideas similar to the ones employed in [Sk]. However, in order to encompass local singularities, we
develop a more refined theory involving a weaker condition on the commutator i[H, M| than the
ones discussed above. In the case of Condition 1.3 we will have to replace the generator of dilation
with the operator 4y = 1/2((z +¢) -p+ p- (z + ¢)), where t — ¢(¢) is the function appearing in
the transformation (1.15). This is necessary and convenient in order to handle second commutators.
Nevertheless, since the Coulomb singularity is the border-line for Hp-boundedness (in R”, v > 3),
one still needs some weaker assumption. See Assumption 2.1 for the precise formulation.

Our Limiting Absorption Principle (LAP) is of the form

sup ||(A)_°‘MB(H — z)_lMB(A>_D‘|| < 00, (1.25)
Im 2#0,Re z€V

where V C R is an open neighbourhood, not containing thresholds nor eigenvalues, o > % and 8 < %
The fact that we can handle the extra weight M7 comes from our choice of commutator estimate
(1.23), see also (1.24). As a consequence we furthermore get a LAP with (A4)~®M?9 replaced by
(z)~*(p)", s > & and r < 3. (The presence of the M” factors, with 8 > %, is crucial for obtaining
a LAP with z-weights.) One should note that the well-definedness of the expression above is not
immediately clear, even for fixed z, Im z # 0, since M= is not H-bounded. This type of LAP was
also considered in [Hos], for some 'unperturbed’ problems and in [KuY] for two-body time-periodic
systems. The paper by [KuY] uses a method of Hérmander and is in the framework of Besov spaces.
In both of these papers the LAP, with z-weights, is proved with the critical exponent r = % Our use
1

of Mourre’s differential inequality technique does not allow us to include the critical cases 8 = r = 3.

We note that an extension in the spirit of [ABG1] of the abstract approach to the LAP as
formulated in [Sk] is being developed in [GGM]. This extension does not cover the results obtained
here.

It is well-known that a LAP implies absence of singular continuous spectrum, see [RS, Section
XIIL.7]. In particular Theorem 1.6 with U(1,0) replaced by H follows from (1.25).

As a consequence of the LAP with z-weights we get Theorem 1.7, cf. [KiY2]. We note that in
order to replace the A-weights with z-weights we use that (A)%(p)~*(x)~*° is bounded.

We furthermore show that the limit of the resolvents (A)~*M?®(H — E F i0) "' MP{A)~? exist
and are Holder continuous in Ej; cf. Proposition 9.1 (for the case of z-weights see the remark after
Proposition 9.1). This will be used in the context of second order perturbation theory.
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Our proof of the commutator estimate (1.23) follows a proof given by Hunziker in [Hul], for the
usual N-body problem. In order to do the threshold analysis of [Hul], we show that eigenfunctions
are a priori in the domain of the momentum operator p. In our context this is a non-trivial statement;
notice that D(p) ¢ D(H). The fact that the Hamiltonian is bounded from below is used in [Hul]
at a critical point of the reduction argument. Our Hamiltonian is not bounded from below but
instead we utilize that its spectrum is 2m-periodic. This observation also plays an important role
for an argument given in [KuY] and [A]. We finally note that replacing energy localizations f(H)
with f(H,), up to a compact error, is not as easy here as in the time-independent problem (if at all
possible). Instead we take advantage of the robustness of the commutator estimate (1.23); it allows
for a non-compact error of the form —op?, with ¢ > 0 small. This will also be important for our
threshold analysis and for treating the Coulomb singularity. As in Hunziker’s paper, Theorem 1.5
with U(1,0) replaced by H is verified simultaneously with the commutator estimate (1.23).

We employ a Froese-Herbst type argument to show exponential decay of non-threshold eigenfunc-
tions for the Floquet operator, cf. [FH2], [CFKS] and [DG]. We furthermore argue that first order
derivatives of these eigenfunctions also decay exponentially, which is used to obtain exponential
decay of the corresponding non-threshold eigenfunctions for U(1,0).

As for our result on perturbation theory, we follow an approach used in the paper [AHS] to study
embedded (non-threshold) eigenvalues of N-body Schrédinger operators. Note that o(H) = R, so in
our problem all eigenvalues are embedded. In particular we verify Fermi’s Golden Rule. In Appendix
A we develop an analytic perturbation theory which is valid for weak fields.

The paper is organized as follows. In Section 2 we present the abstract positive commutator
method and prove the Limiting Absorption Principle (1.25). In Section 3 we verify that our example,
under Condition 1.1, satisfies the technical assumptions used in Section 2 and in Section 4 we prove
the commutator estimate (1.23). In Section 5 we discuss how to extend the results of the previous
sections to include potentials with LP singularities, see Condition 1.2. In Section 6 we extend the
results of the previous sections to potentials satisfying Condition 1.3. In Section 7 we derive the
Limiting Absorption Principle with z-weights and prove an integral propagation estimate for the
physical system, cf. Theorem 1.7. In Section 8 we prove exponential decay of eigenfunctions and in
Section 9 we study the perturbation problem (1.19). Finally in Appendix A an analytic perturbation
theory is considered.

Acknowledgement: J. S. Mgller would like to thank V. Bach for hospitality at Johannes Gutenberg
Universitat-Mainz.
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2. Abstract theory

For a self-adjoint operator 7' on a Hilbert space we denote by D(T") and p(T') its domain and
resolvent set, respectively. We use the notation Eq(T) for the spectral projection corresponding to
any given Borel set Q. For ¢ € D(T) let (T)s = (¢, T$). Let F° denote the set of smooth real-valued
functions x(¢) on R with the property

dk:
‘ﬁx(t)‘ <Cy(1+ )%, keNu{o}.

Assumption 2.1. Let H Hy, M, A, A,,n € N be self-adjoint operators on a Hilbert space H with
M > 61 for some positive number §. Suppose D(H) = D(Hy) andV = H — Hy is e-bounded relatively
to H. Suppose that for some core C of A with C C D(A,) the identity lim, o, Apd = A¢ holds for
all ¢ € C. Suppose D(M=) C D(A,) and:
1) (Compatibility) The set D = D(Hy) N D(M) is dense in D(Hy) as well as in D(M). The
form i[M, Hy] defined on D extends to an M -bounded operator, and D(Hy) is preserved by
MY, Moreover for all x € F° the form i[M,x(H)] defined on D may be identified as a sum
of operators i[M,x(H)] =Ty + T», where T} is Mz -bounded and Ty is H-bounded.
2) (First commutators) Let for all n € N the form i[H, A,] defined on D3 = D(H)ND(M?2) be
denoted by H,,. There exists an H-bounded (symmetric) form G such that for all ¢1, P> € D3

T}g&(‘bl; Hn¢2> = <¢17 (M + G)¢2>

3) (Second commutators) For all n € N the form i[M, A,] defined on D(M) extends to an
M -bounded operator M,. It holds that

sup ||MnM*1|| =:Cy < 0.
For all real-valued f € C§°(R)

< 00.

| MG (H), AgJM 3

sup
n

4) (Positivity at E) For a given E € R there exist v > 0, an open neighbourhood U of E and a
compact operator K such that for all real-valued f € C§°(U) the form inequality

M+ f(H)Gf(H) > yI - f(H)Kf(H) — (I - f(H))L(I — f(H))
holds on D for some symmetric and H-bounded form L = L(f).

Remarks 2.2.

1) The condition of Assumption 2.1 1) that D(Hy) is preserved by M ~! is an alternative to the
condition of [Mo], that
sup ||Mei"H°M71|| < 00.
lo|<1
Given the condition on the form i[M, Hy| stated in Assumption 2.1 1) those conditions are
equivalent, cf. [GG, Lemma 2].
2) The condition D(Mz) C D(A,) is convenient for the examples discussed in this paper
particularly in the context of inclusion of local singularities, however, there are different
but somewhat similar extensions of [Mo] which do not have this requirement. Notice for
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example that it does not appear in [Sk] (for good reasons). The requirement that A is
self-adjoint was relaxed in [Sk], but this is not needed for the examples of this paper. On
the other hand as mentioned in Section 1 the explicit H-boundedness assumption of i[M, H]
appearing in [Sk] does not comply with our examples. The stated somewhat weaker condition
of Assumption 2.1 1) (involving the commutator with yx(H)) will be a useful substitute in
the present context.

3) By repeated use of the form inequality

2Re{D;BD,} < eD; Dy + ¢ !||B||> D} D2, €>0, (2.1)
one verifies readily that the following two statements (with the inequality meant to hold on
D or equivalently on D2) and Assumption 2.1 4) are equivalent (for fixed given E € R).
Assumption 2.1 4)’

Fv > 03 open nbh. Ug3 compact operator K :
M+G >~I - K - E°LES;
E° = Ep\y,(H), L is a symmetric and H-bnd. form.

Assumption 2.1 4)”
Iy > 03fp € C°(R), fg =1 on a nbh. of E and real-valued:

M + fe(H)Gfr(H) > yfe(H)* = K — (I — fe(H))L(I — fe(H));

K is a compact operator, L is a symmetric and H-bnd. form.

Similarly, if also M is an H-bounded form then Assumption 2.1 4) reduces to the standard
Mourre estimate of [Mo] (by putting H = Ho, M = I, A,, = n?A(n® + A%?)~! and C = D(A));
consequently indeed the theory of this section is an extension of the one of [Mo].

Lemma 2.3 (Virial type theorem). Suppose Assumption 2.1 2) and 4). Suppose {¢,,} C D(H)
is a sequence of eigenstates, (H — E,;,)¢m = 0,||om|| = 1, such that ¢, — 0 weakly and E,,, — E.
Then there exists mo € N such that ¢,, ¢ D(M2) for m > my.

Proof. We pick f € C§°(U) equal to one on a neighbourhood of E and compute for ¢,, € D(M?)
the expectation
(M +G>¢m = lim (Hn>¢ =0.

n—o0 m

On the other hand if m is large enough

(M + G, > 7= (K)s, > 3
yielding a contradiction. O
We define and use throughout this section the notation
(TY= (N2 +T%)32,  X>2Cy +1 fixed, (2.2)

where the constant Cjy is given in Assumption 2.1 3).

Our main result is
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Theorem 2.4 (LAP). Suppose Assumption 2.1 with E not being an eigenvalue of H. Then there
exists a neighbourhood V of E such that for 0 < g < % <a<l

sup ||(A>7"M5(H - z)flMﬁ(AYaH < 0o0. (2.3)
Im 2#0,Re z€V

We remark that the correct interpretation of (2.3) is in terms of extension by continuity as a form
from D(M?). This extension makes sense by the following result.

Lemma 2.5. Suppose Assumption 2.1 8) and 0 < B,a < 1. Then

MP(AY=*M =P is bounded.

Proof. By interpolation we may assume that 8 = 1. We notice that

A, — A in the strong resolvent sense. (2.4)

To show this we let z with Im z # 0 and ¢ € C; := (A — 2)C be given. Then
(An - Z)ilqs - (A - Z)il(f) = (An - Z)il(A - An)l/}: where ) = (A - Z)il(i):

and since v € C the right hand side converges to zero in norm. Since C; is dense in H we conclude
(2.4).

As a consequence of (2.4) it suffices to show that

sup || [M,(An) > M || < 00.
For that we represent

(A~ = c/ 72 (A2 + X2+ 1) Ldt
0

=3 9 1\ 1 o (2:9)
= I A’n -1 2 ) = — 5 />
c/O 1 m( i\ +1) ) dt ¢ c( 2)
yielding by Assumption 2.1 3) and the proof of [Mo, Proposition I1.3]
[M, (Ap) "] M~ = Sy + So;
_c [t - \2 1\ 7! L y2 Nt
S) = 2/0 Y (An i+ 1) ) M, (An (02 +1) ) M~tdt,
I e 2 a7 AR S |
52_2/0 ey (An+z()\ +1) ) Mn(An+z(/\ +1) ) M~dt.
By the same ingredients
1 -1 1
HM (An — ()i + t)E) M7 <2002 +1)7=. (2.6)

We insert I = M~1M in front of the last resolvent of the integrands and estimate yielding in
conjunction with (2.6) the bound
20ut T (A2 1) 2 (2.7)
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for both integrands. Clearly the integral of this bound is of the form CA~!1~%, in particular finite
and independent of n. O

Remarks.

(1) Tt is important for the uniform estimate (2.6) that the number (A2 + ¢)2 is large (here
accomplished by the requirement (2.2)). For example, there does not exist a uniform bound
in the plus case for the example of Section 3 if (A2 + t)% < 2. (Closely related to this point
we notice that the identity [PSS, (6.5)] is wrong.)

(2) Our proof of (2.3) exhibits a Holder continuity property (for the operator that is uniformly
bounded) which will be useful in the context of perturbation theory in Section 9. We refer
to Proposition 9.1.

In order to prove Theorem 2.4 we need various preliminary results.

Lemma 2.6. Suppose Assumption 2.1 1). Consider, for e € R\{0}, H(¢) = H—ieM on the domain
D =D(H)ND(M). The operator is closed and the adjoint is given by

In particular z € p(H(e)) for either Imz and € both positive or both negative. Moreover in these
cases the resolvent R2(e) = (H(e) — z)~! obeys the bounds

||Rg(e)|| < |Imz + de| ™, (2.8)

HM%RQ(G)H < e~ |Imz + de| 3. (2.9)
(Here § refers to the delta of Assumption 2.1.)

Proof. By [RS, Theorem X.50] it suffices except for the statement (2.9) to know the lemma with H
replaced by Hy. We refer to the proof of [Sk, Lemma 2.6] which readily may be modified under the
present conditions. (Notice that the direct analogue of [Sk, Lemma 2.6] would require that ¢[M, H)
is Ho-bounded and not M-bounded.) As for (2.9), the estimate follows from (2.8) by squaring and
using the identity

RY(e)*(2ieM + z — Z)R%(¢) = RY(e) — R2(e)*. (2.10)

O

The following result is a modified version of [Sk, Lemma 2.7]. The estimate is weaker than the
one of [Sk] which reflects the weaker input of Assumption 2.1 1), cf. Remark 2.2 2).

Lemma 2.7. Suppose the assumption of Lemma 2.6 and that f € C§°(R) is equal to one on a
neighbourhood of a real number E. Then there exist constants C,eq > 0 and a neighbourhood V of
E such that

|t (= pemy RO )t

<C
provided |e| < eg,eImz >0 and Rez € V.

Proof. Let V., = (E —r,E +1r) for r > 0. Pick r > 0 such that f is one on Vs, and define
VY = V,. Decompose I = x_ + Xo + X4 in terms of non-negative functions in F° with the properties:
Xo € C§°(Var), x— supported in (—oo, E —r), and x4 supported in (E + r, 00).

For any ¢ € D((H)?) let 1) = R%(e)(H)=¢. We define for € # 0, eImz > 0 and Rez € V

1 2 i 2
9:(€) = |1 = Rez*x—(H)w|| + | |H — Rezlox. (H)y|
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and compute

g:(€) = Re(y, x> {(H — ieM — 2) + ieM }¢p) — Re(yp, x . {(H — ieM — z) + ieM }1p).

In accordance with Assumption 2.1 1) there are bounded operators B; and B, corresponding to
X_ € FY given by

By =T, M™% and B; = (H) 3T, (H)"%, where i[M,x_]|=T  +T;.

We introduce operators B;” and Bj in a similar fashion by replacing x_ by ..

Then estimating by the Cauchy Schwarz inequality yields for any & > 0
9:(6) < | (B x| Inx—oll + | e st o0l
|Gl |+ (el 3, |
< (et o] + et + w0
+ lleBr [ Ix=vll [aEo | +|leBy || | () Ex—|| |2y (2.11)
+ B || s vll | M3 | + leBE |||t || can o
< (|| + b ) + o or?

2
+Crt H>%¢H .

eM%¢H + Ok
We use (2.10) to obtain
1,12 1 0 1 1 9 112
|ento|” <2 |em (¢t R ) 0)| < 2llol et < Noll? + | (o
This bound is inserted into the right hand side of (2.11). Next we use the estimate
|t < |- + | e brow] + ||cx-v|

to get
Jecenyto] <3 (lecentco| + Jecninon] + |ecenin-u] ). (2.12)

Finally, we conclude from (2.12) and the previous estimates that

9:(€) < (26 + 3’ H(C' + C")) (H x1/JH2+H(H>5X+1/JH2> (2.13)

R 1+ Ol + 35O + O ety o

Obviously we can estimate

|t w| + i <o
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uniformly in Rez € V.

Consequently we obtain from (2.13) by a subtraction and by choosing and henceforth fixing £ > 0
small that there exists C' > 0 such that for all € with |¢| sufficiently small and for all z with Rez € V
g:(e) < C ([lol* +llewl?) - (2.14)

Now suppose we can show that

legll < C'lI4ll. (2.15)
Then by (2.14) the lemma follows since D((H)z) is dense in .

To show (2.15) we repeat the above arguments with 1) replaced by » = R%(¢)¢. Notice that in
this case (2.15) follows from (2.8). Now we prove (2.15) by the analogue of (2.14) (with the new )
and another application of (2.8):

lewll < [[eR2HY - + || B2 (H) Exos | + ||eR2((EH) x|

< c( e(H)* y_R(—e) ) ol
<ol

+ 1+ ||e(H)2x4 RY(—e)

O

In the rest of this section we impose Assumption 2.1 with F not being an eigenvalue of H. We
pick a real-valued f € C§°(R) equal to one on a neighbourhood of E such that the form inequality

M+ f(H)Gf(H) =z 51— (I = f(H))L(I - f(H)) (2.16)

N2

holds on D. We shall prove analogues of Lemmas 2.6 and 2.7 for the perturbed operator H(e) —
ief(H)G f(H). Introducing the notation

R.(e) = (H —ie(M + f(H)Gf(H)) —2)~"
for its resolvent we have

Lemma 2.8. There exists constants C,eqg > 0 and a neighbourhood V of E such that

IR.(e)|| < C|Tm z + de| *, (2.17)
HM%RZ(G)H < Cle| ¥ Imz + de| 3, (2.18)
[t - sanromt| < c, (2.19)
|t - panmom| <ol se {o, %} | (2.20)

provided |e| < ep, eImz >0 and Rez € V.

Proof. Tt is not obvious that the resolvent exists for all z in question. Clearly, a perturbation
argument based on (2.8) gives the existence for large values of |Im z|. Below we shall prove (2.17)
in a domain of the desired form assuming that the resolvent exists. Then by a simple connectedness
argument it follows that it exists in the whole domain.
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So suppose z is given such that R.(e) exists. Then from
R.(e) = R2(e)(I + ief(H)Gf(H)R-(c))
and Lemma 2.7 we obtain

eyt - ) R.(0)

< Ci(1 + Jell|R=(e)])-
Here and henceforth Rez € V with ¢y and V chosen in agreement with Lemma 2.7.
By Lemma 2.6 the analogue of (2.10) for R, (e) is
R.(e)"(2ie(M + f(H)G f(H)) + z = 2)R.(€) = R(e) — R(e)".
By (2.16) and (2.23)

yielding
1R (e)l

el

+ |t - )R- ()

IR < C (

)

e |e|||Rz<e>||>2) |

Combining (2.22) and (2.25) we obtain
IR (o)l

le]

IR < Cs (

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

We may assume that C?Cze2 < 1. Then (by subtraction) (2.26) implies the bound ||R.(€)|| <

C|e|~t, which in conjunction with (2.21) and (2.8) yields (2.17).
Upon combining with (2.9) we get (2.18).
As for (2.19) we use

=

| Rt

< || (o))

+ | BT = pam)

and (2.22) to estimate

et (1= pem R0 R.(e)(H)}

)

< O (11l ()2 (1 = ) Ro(=0) )
< Cs.

<Cr (14

The estimate (2.20) for 5 = 1

H(H)é (I— f(H)R.(ME] < Cle| 3

follows by squaring and using (2.23) in combination with (2.19).
Finally, the general case (2.20) follows by interpolating (2.19) and (2.27).

With R, (e) given as in Lemma 2.8 we introduce the operator
F.(e) = (4) "M R.(e)M"(A) 1,

forﬂ<%.

(2.27)
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Lemma 2.9. In addition to the bounds of Lemma 2.8 we have (with a possibly larger constant C')

1

|2 Re(pP )t | < e+ IR, (2.28)
|2 Ra@nr? ()| < cle 2+ IF e, (2.29)
for all € and z given as in the lemma. In particular

|F=(e)l] < Clel™". (2.30)

Proof. We shall prove that
|R- ()M (A < Clel ™2 (1 + | Fe(e) )2 (2.31)

Given (2.31), the estimate (2.28) follows by squaring and using (2.23).

To prove (2.31) we let for any ¢ € D(M?),v = R.(e)MP(A)~1¢. The expectation of (2.24) in
the state MO5(A)~1¢ gives

ot < 2 (B oie 1 o4 ey - sy

le]

Upon combining with (2.27) we thus obtain

e < (2EE e, e (2.32)

which clearly gives (2.31).
The statements (2.29) and (2.30) follow from (2.20) and (2.28). O

Proof of Theorem 2.4 for a = 1.

We shall only consider the case & = 1 in detail. The general case follows by modifying the proof
below mimicking [PPS] and will be outlined at the end of this section.

Obviously we may assume that Im z > 0.

We shall use Lemmas 2.8 and 2.9 to prove the differential inequality

Hdin(e) < Ce 2 P(1 +||F.(e)])), for e>O0. (2.33)
€

In conjunction with (2.30) this will give Theorem 2.4 by repeated integrations with respect to e
using the fact that for any ¢, ¢ € D

(¢1,R:(€)p2) = (1, (H — 2) " 2}, (2.34)

lim
e—0t
which in turn follows by the following computation using in the last step Assumption 2.1 1) with
x(t) = (t—2)~"
(61, (Ra(€) = (H = 2)71) bo) = ie (b1, (H — 2) (M + f(H)G f(H))R.(¢)$2)
(M(H —2) '¢1,R.(e)$2) + Ole)
(€).

I
.
m

Il
S
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To prove (2.33) we compute (for € > 0)

ZF(€) = (A) T MPR(i(M + f(H)GF(H))Ro()MP(4)7". (2.35)
The middle term is rewritten as

M+ f(H)Gf(H) = (M +G) - (I - f(H))Gf(H) - G(I - f(H)). (2.36)

Upon substituting (2.36) into the right hand side of (2.35) we obtain three terms. The second
and third terms are bounded by

Ot 81+ R (< Ce P+ R @])) (2.37)

by (2.20) and (2.29).
It remains to bound the operator
(4)"'MPR.(€)i(M + G)R.(e)M”(4)~"!
in accordance with (2.33). For that we introduce

B(k) = (A) *MPR.(e)i(M + G)R.(e)MP(A) 1, (2.38)

K

where (symbolically)
MP =(1+&M)"'MP, for k>0.

By the density of C; := (A)C in H it suffices to show the bound

lim (91, B(r)2)| < Ce 2 P (L+[|Eo(e)Dligulllignll, for 1,2 € Cr. (2.39)

We substitute into (2.38) (cf. Assumption 2.1 2))

M+G= lim H,, H,=T!+T?+T3

T, = i[H —ie(M + f(H)Gf(H)), An], (2.40)
Tr% = —E[M, An]7

T3 = —e[f(H)Gf(H), An].

The contribution to the inner product (¢1, B(k)$2) from T} (before letting n — o) is given by

(1, (A) T MR (€), Al M (A) " )

= %——e 8 _11, K,N)Qs ) — K,n)p1, %26 E _127
(M3 Re(= ) MI{A)™" 61, Blr,m)da) = (Blr,m)gr, MPRo()MI(A) ™' 62) .

where B(k,n) = M2 A, MP(A)~*, and hence it is bounded by

| 3% Be(= 02 () 01 | 1B, )l + 1Bk, ||| MER(OMI(A) M 0a|. (242)
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We claim that
limsup limsup || B(k,n) ;|| < Cll¢;]|, for j=1,2. (2.43)

K—0 n—o00

Given (2.43) we conclude by taking the limit of (2.42) and using the estimate (2.28) that

lim sup lim sup |<R5(—€)ME(A>_1¢1, TéRz(e)ME(A>_1¢2>|

K—0 n—o00

< Cem T (1+ | ()) ||l pll-

To show (2.43) we write
B(r,n) = MPM ™3 A, (A) ' + M3 [A,, MP] (4)~".

We apply this identity to ¢o. For the first term on the right hand side we use the fact that ¢2 € C;
and Assumption 2.1 to conclude that

lim lim MZM =2 A,(A) ¢y = lim MPM~3 A(A)Y Yy = MP~3 A(A) L.
K—>

k—0n—o0

Since g < % we therefore only need to bound the contribution from the second term on the right
hand side:

We compute

M™% [Ap, MJ] = S1 + 55,

Sy =—M"2(1+ kM) ‘k[A,, M](1+ kM) *MP°,

Sy =—cgM 3 (1+ nM)*l/ tP(M + t) A, M](M +t)"tdt,

0
cf. (2.5).
Clearly
S = —i(1 +xM)~! (M—%MHM—%) (1+ kM) kM3+8

which in conjunction with the first bound of Assumption 2.1 3) (interpolated) yields an upper bound
of the norm of S; that is independent of n and k.

We notice that

S, = _icﬁ/ (M +4) (1 4+ kM) M3 Mo (M +£) L.
0

By inserting I = M=% M? in front of the last factor in the integrand and using Assumption 2.1 3)
again we infer the following uniform bound:

9+ 67| HM*%M,LM*% MAM, M

HM%(M +t)’1H <Ct(5+1t) 3

< COMtP(5+1)7%.
Upon integrating we obtain a finite bound of the norm of S that is independent of n and &, and
therefore we conclude the favourable bound (2.43) for j = 2.

Obviously by symmetry (2.43) also holds for j = 1. We are left with bounding the contributions
to (¢1, B(k)¢p2) from T2 and T3.
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As for the contribution from T we use Assumption 2.1 3) and (2.28) to estimate

lim sup lim sup |<R5(—€)M£<A>71¢)1 , Tng(e)ME(A>71¢2>|
k—0 n— 00

< Car | M3 Rz(=) M () 6 || M2 R (00 (4) 7 6
< CA+(E(e)D 2]l

To get the same bound for the contribution from the term T3 we write
e[f(H)Gf(H), A, = eM? (M 3[f(H)Gf(H), A, #) b

and estimate the middle factor on the right hand side by using the second estimate of Assumption 2.1
3). Then we use (2.28) again to get the desired bound. We have shown (2.39). O

Sketch of proof of Theorem 2.4 for the case a € (%, 1).

Following [PSS] we introduce the operator
F.(€) = D(€)MPR.(€)MPD(e), where D(e) = (A) " “(ed)*L.

The results of Lemma 2.9 hold upon replacing (4)~! by D(e).
We shall show that

Notice that we can then again integrate to obtain boundedness of F(e). To apply (2.34) in a
similar way as before we need the property

iFZ(e)

y < e rmax(Bl-a) o] 4 ||Fy(e)]]), for > 0. (2.44)
€

s — lim MP(D(e) — D(0))M P =0,

e—0+

which follow from Lemma 2.5 and its proof. (Notice that the bounding constant (2.7) contains a
factor € when replacing A, by €A,.)

To show (2.44) we proceed as before:

The contribution from the term 77! contains (after estimating) an extra factor
IAD(e)|| < Ce* ™,

which is in agreement with (2.44).

To deal with the "new terms”

<%D(e)> MPR.(€)MPD(e) and D(e)MPR. (e)M” <%D(e)> :
|

and the analogue of (2.28). We end up with bounds in agreement with (2.44). O

we use that p
—D
2 D)
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3. Our example (smooth case)

In this section we impose Condition 1.1. Singularities of LP-type and Coulomb-type will be
treated in Sections 5 and 6 respectively.

The notation (T') is used for (1+T2)z. (Notice that (2.2) is slightly different.)

We consider the following inputs in Assumption 2.1:

H = L*(][0,1]) ® L*(X)

HO :T+h07
d
T= —z'% with periodic boundary condition, ho = p*, p = —iV,
H=71+h=Hy+YV,
M =2p* +6,
G=—-z-VV -9¢ (0 > 0 arbitrary),
1
A=g@ p+p-a),
1
Anzi(Fn'p‘i‘p'Fn)a
Fy = Fp(z) = (x/”>_1~75a
C=F®SX),

where for the latter definition F is the set of 1-periodic trigonometric polynomials, S(X) is the set
of Schwartz functions on X and the tensor product is the algebraic one.

We claim that Assumption 2.1 holds for E outside a set of thresholds. Leaving the verification of
Assumption 2.1 4) to Section 4 we shall here give the arguments for Assumption 2.1 1)-3):

First of all by Nelson’s commutator theorem [RS, Theorem X.37], C is a core of both A and A,
and the identity lim,, o, A,¢ = A¢ holds for all ¢ € C. Obviously D(M%) C D(A,).

Also we notice that C € D = D(Hp) N D(M) = D(1) N D(M) is a core of both H and M.

Computing in the representation where the operator 7 is diagonalized it follows that
i[M, Hy] = 0 is M-bounded,

and
(Ho —i)M ' (Hy —i)~' = M~ is bounded.

As a form on D
i[M,x(H)]=2i[H—-7—-V,x(H)] = =2i[r + V, x(H)].

We pick an almost analytic extension ¥ € C°(C) of xy € F° with a certain decay property so that
we can represent (suitably interpreted), cf. [DG, Appendix C.3],

x(H)p = 1 /((:(5)2)(77)(1-[ —n)"'odudv, where 7 =u+iv. (3.1)

™

This yields the representation

~2ifrx(m] =2 [ @ -0 (57) (- duds.
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The right hand side is identified as a bounded operator. Clearly —2i[V, x(H)] is bounded. We have
now verified Assumption 2.1 1).

As for Assumption 2.1 2) we compute using again the representation where the operator 7 is
diagonalized

, 1 - |z/n)(x/n]
Hoy, Al =p-2F'p— ~A(V - F, Fl = U — BRATTY 3.2
i[Ho, An] =p-2F,p = SA(V - F) and  F, = (z/n) < @/ (3:2)
Clearly F,,(x) = nF'(%), where F' and all its derivatives are bounded. Consequently the second term

on the right hand side of (3.2) is O(n=2). For the first term we notice that F, — I in the strong
sense by the Lebesgue dominated convergence theorem. We conclude that for all ¢;,¢s € D3

(p1,i[Ho, Ap)p2) = JLH;O(pff?l,?Fép@) = (¢1, (M — 6)¢p2). (3.3)

lim
n—oo
For the potential part we compute
i[V,Ap] = —F,-VV, (3.4)
leading to the limit
Jim (1, i[V, An]do) = (¢1, =2 - VV o). (3.5)

We conclude from (3.3) and (3.5) that for all ¢y, ¢, € D2

HILII;O(¢1,Hn¢2> = (o1, (M + G)¢2). (3.6)

As for Assumption 2.1 3) we use that the form i[M, A,] may be computed to be twice the
expression on the right hand sides of (3.2). By a commutation we conclude that M,, exists as an
M-bounded operator and that the first uniformity bound of Assumption 2.1 3) holds.

For the last bound of Assumption 2.1 3) we proceed in a fashion that to some extent anticipates
inclusion of local singularities later on. We notice that for k > 0 and Imn # 0

b 1.1
H —
[T -

<|Imn|™" |p) 7| + | (H —m)~"
<|Imn| " |lpp) ||+ ||(H=—n)"

~ 3 1+
< Ty~ {|p(p) M|+ C <|Im|:77||

S R e e (SR

I —ikp)~ OV —irp) ™ (H =)~ ()|
Ho +9)|| [|(Ho + i)' 0V (Ho — &) || ||(Ho — &) (H — )|

(
(

2
) |(Ho +i)'aV(Ho — i)' -
Letting x — 0 we get

1+ n|
| Im |

Iy H — )~ )~ < ( )2, where C) = Cy <1 + H|VIV|%<H0>—1H2> o

At first we show that
sup [{p)~"ilf (H), An)G f (H)(p) ]| < oo. (3.8)

We represent as a form on D(Mz)
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cf. (3.1).

We substitute the expressions (3.2) and (3.4) into this formula. For the contribution from (3.2)
only the first term on the right hand side needs elaboration. Using (3.7), its derivation and the
condition that G is an H-bounded operator it suffices to show that

sup
k>0

< 00.

(H + i)™ 7 G () ()

Obviously by commutation using (3.7) again this may be verified under the weak assumption

|V.G|? (Ho)~" is bounded. (3.9)

As for the contribution to (3.8) from (3.4) we factorize

(p)"H(H +i)"'F,-VV(H —i)~" = B} B;
By = (H — i) fo(H — i)_1<p !

) (3.10)
B=(H+i) 'z -VV(H —i)™",

and use the fact that B,, is uniformly bounded, cf. (3.7) (in fact B,, — (p)~! in the strong sense).
Clearly for this step we also need B bounded, or equivalently

(H())_la: . VV(HO)_1 is bounded. (3.11)

We have verified (3.8) under the C?-conditions in a fashion that allows inclusion of certain local
singularities as exhibited by the bounds (3.7), (3.9) and (3.11). In addition we used the condition
that G is an H-bounded operator. As for the latter we remark that in the context of inclusion of
LP-singularities in Section 5 it is relevant to consider G' as an H-bounded form. Although we shall
not elaborate, the arguments above can be modified under this form-boundedness assumption at the
expense of strengthening (3.7) and (3.11) as follows

IV, V|? (Ho)~ 7 and |z - V, V|2 (Ho) ™2 are bounded. (3.12)

Next we show that
sup [{p) " FH)IG, An] f(H){(p) ]| < oo. (3.13)

We factorize using notation of (3.10)
(p)""(H+14i)"'F,-VG(H —i)~" = B} B';
B'=(H +i) 'z -VGH —i)™",

yielding for a constant C' independent of n (but depending on the bound on the right hand side of

(3.7))
[p) =" F(HIG, Al f(H)(p) ]| < CIIBY. (3.14)

Finiteness of the right hand side of (3.14) requires

(Ho) ™'z - VG(Hp) ™" is bounded. (3.15)

We have completed the verification of (3.13) and hence Assumption 2.1 3) under C2-conditions.
We obtained bounds that will be useful for inclusion of local singularities.
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4. The commutator estimate

In this section we prove the commutator estimate in Assumption 2.1 4) for the example presented
in Section 3. We will again work with regular N-body systems, that is, we suppose V satisfies
Condition 1.1.

We introduce the reguralization operators

T\ ! ~ . 2\ 7t
Tr=(1- ZE) and Tp = TiTk = (1 + (%) ) . (4.1)
We note the properties

s— lim Tp =1 and (Ho+i) 'Tr="Tgr(Hy+i)™". (4.2)

R—o00

This reguralization will be used on several occasions to compute commutator forms.

We start with the following result (see also [Sk, Theorem 3.1])

Proposition 4.1. Let P be an eigenprojection corresponding to an eigenvalue E € opp(H). Then
pP is bounded (in fact with norm uniformly bounded in E).

Proof. For n > 0 and R > 1 we consider ’vector-fields’
Fn,R = Fn,R(waT) = TR<CU/TL>_1.T.
We compute the ’z-derivative’ (cf. (3.2))

_ Iw/n><w/n|>

;L,R = TR<Q?/’I’L>_1 (I <1’/’I’L>2

and write 1
An,R = §(Fn,R ‘p+p- Fn,R)'

The cut-offs ensure that A, g is H-bounded.
We compute as a form on D = D(7) N D(p?)

1
il +p*, An,r] = 2p" Re{F), p}p — 3 Re{A(V - F,Rr)}. (4.3)
Here
sup ||A(V - F, r)|| < Cn™2. (4.4)
R>1

As for the potential we have

. —1 — T

i[V, An.g] = — Re{Fpp-VV} + 2R ' Re {TR Re {Tz atv} An,R} . (4.5)
When sandwiched between resolvents the second term on the right-hand side can be estimated as

2R HTR Re {}12 atv} A r(Ho +4)" H < CR *n. (4.6)
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For ¢ € D we combine (4.3)-(4.6) to get the lower bound

<1/}7i[H7 An,Rhﬁ)
> 2(pth, Fy qp) — (6, Re {Fp - YV ) = C (072 + B~ 3n) (1HGI + 1) -

Replacing ¢ by Tsp, ¢ € D(H), and taking the limit S — oo implies, see (4.2), that the above
estimate holds in the sense of forms on D(H) as well. We now use, cf. (4.1), that F}, p > F} g, for
a fixed R' < R. We thus obtain for ¢ € D(H)

~1 2
lim inf lim inf (p, i[H, 4, ) > 2HTg,p¢H oz VVe), R >L (4.7)
— 00

n—o0

Now let ¢ be an eigenfunction for H. Then the left-hand side is identically zero and hence, by the
Lebesgue monotone convergence theorem, we have

1
Ipel]* < 2 Xlw-VV(t,w)lllsOII2-
€lo,1],we

By Condition 1.1 iii), this completes the proof. O
We introduce the distance, d(E), to the nearest threshold below E

d(E) = inf E—-E.
(B) E’e]—‘(lfl}),E’gE( )

For a € A\{amax} we write d® for the distance function associated naturally with the Hamiltonian
H® and its threshold set F(H®). Let d' denote the analogous distance function for the usual N-body

problem. From (1.20) we get in this case the relation

— inf d
d(E) = rlzléfzd (E + 27n).

We will abbreviate
M = 2p?, G=—-x-VV, M®=2(p")? and G°=—2"-VV® a# Gmin, Gmax-
We will furthermore write
D=DH)NDM) and D*=DH*)ND(M®), a# anin,tmax-
Let fo,1 € Cg°(R) satisfy
0< fou <1 foi(s)=0, |s|>1 and fo1=1, |s|<
For E € R and k > 0 we write fg .(s) = fo.1((s — E)/k).
The following theorem combined with the results of Section 3 and Remarks 2.2 3) will imply

Assumption 2.1 for any E ¢ F(H). Notice that given E ¢ F(H) it suffices to verify Assumption 2.1
4)” for M and G given as above, cf. (2.1).
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Theorem 4.2. Suppose V satisfies Condition 1.1. Let E € R and € > 0. There exist & >0, C' > 0
and a compact self-adjoint operator K such that

i) We have the commutator estimate, as forms on D,
M + fpn(H)Gfpn(H) > 2(d(E) - €)fpn(H)” — K - C(I — fpx(H))>.

ii) The threshold set F(H) is closed and countable, and non-threshold eigenvalues of H have
finite multiplicity and can at most accumulate at F(H).

The strategy of the proof will be the same as the one employed by Hunziker in [Hul] for the usual
N-body problem. In the following K will denote compact self-adjoint operators.

Lemma 4.3. Assume i) is given. Suppose furthermore that ii) holds with H replaced by H® for
every a # Gmin, Gmax- Lhen i) holds as well.

Proof. First we note that F(H) is closed and countable, by the assumption on the subsystems.
Let {Ep}nen C opp(H)\F(H) with corresponding eigenfunctions {¢y, }nen. Suppose E, — E and
vn — 0 weakly. By i), Lemma 2.3 and Proposition 4.1 we find that E € F(H). This proves the
lemma. g
Proof of Theorem 4.2 in the case 'N=2".

By 'N=2" we mean A = {Gmin, Gmax}. We start by proving i). Let € > 0 and E € R. In this case
G is H-compact, see [Yal] and [Mg], and we estimate for x small

M+ fex(H)Gfex(H) > fBx(Ho)M fE x(Ho) — K
> 2(d(E) — €) fe.x(Ho)* — K
=2(d(E) - €)frpx(H)* - K.

In the last step we used an almost analytic extension of fy 1, see (3.1), to verify that fg .(Ho) —
fe,x(H) is compact. This argument is similar to the one used in [Yo]. Note that C = 0 in this case.

As for ii), we remark that F(H) = 2nZ is closed and countable and the result follows from
Lemma 4.3. O
We will proceed by induction, with respect to the ordering (1.7) on A.

Induction Hypothesis. For any a # amin, Gmax the following holds: Let E € R and ¢ > 0. There
exist kK > 0, C' > 0 and a compact self-adjoint operator K such that

i) We have the commutator estimate, as forms on D®,

M+ fgo(H)G" fg.(H*) > 2(d*(E) — €) fe.(H*)* — K* — C(I — fg.(H"))?. (4.8)

ii) The threshold set F(H®) is closed and countable, and non-threshold eigenvalues of H* have
finite multiplicity and can at most accumulate at F(H®).

By Lemma 4.3 it is enough to prove Theorem 4.2 i).

We will break the proof into several steps, following the structure of [Hul]. The first step contains
the main difficulty, compared to Hunziker’s proof.

We will frequently use the estimate (often with H replaced by H®)
2Re{(I — fpx(H))Bfpx(H)} > =€ |BIP(I = frx(H))* - Efpx(H)?, (4.9)

which holds for every bounded operator B and every € > 0. This is a special case of the estimate
(2.1).



SPECTRAL THEORY OF TIME-PERIODIC MANY-BODY SYSTEMS 29
Lemma 4.4. Let a # Gmin, Gmax; E € R and € > 0. There exist kK > 0 and C > 0, such that
MO+ i o (HO)G fin(H) > 2(d(E) — ) fipw(HO)? = C(L — o (HY)),
as forms on D®.
Proof. In the case E & opp(H®), the estimate follows easily from the induction hypothesis (4.8),

since fg o (H*) — 0 strongly, as k' — 0: First we estimate the second term on the right-hand side
of (4.8) (with e replaced by €/3)

K" 2~ (K fr0 (H*) = & fe (H*)? = C(I = fr 0 (H*))’
> 5 fuw (H) = OO ~ fpw (H))"

Next we use (4.9) repeatedly to replace fg (H®) by fr. (H®) in (4.8).
Let E € opp(H®) and abbreviate

B . =M"+ fp.(H")G" fp,n(H").

Since 2(p*)* = By . — fe.x(H*)G* fr,(H®) it follows that it suffice to prove the following statement:
Let € > 0 and ¢ > 0. There exist K > 0 and C' > 0 such that

Bf . > —€fpu(H®)? —o(p*)? = C — fp.n(H®))*. (4.10)

We substitute the expression for (p®)? and isolate B% . assuming that ¢ > 0 is small.
E,k

Let ¢ = €/50. Write P for the eigenprojection associated with E and pick a sequence {P,} of
finite rank projections with P, < P, such that P, — P strongly. We note that

P,Bg,  Pn = PnBEE(P —P,)=0.
This follows from the Virial Theorem (cf. Lemma 2.3 and Proposition 4.1). We can now compute
Bg . = 2Re{PnBj'§7K(I —-P)}+(I- Pn)Bj'g,K(I —P,). (4.11)

We now use Proposition 4.1 and the induction hypothesis (4.8) (extended from D to D), with €
replaced by €', on the last term and obtain

—2¢' fp (H*)? — (I — P,)K(I — P,) — C1(I — fg..(H))?

—3€ fpw(H®)? = frx (H*)(I — PYK(I = P)f5  (H)
_QRe{(P_Pn)K(I_P)}_ (P_Pn)K(P_Pn)

— Co(I — fp.(H))?. (4.12)

(I = P)Bg; (I = Pr) >
>

In the second step we used again (4.9) repeatedly. We are now in a position to choose the parameters
n and &'

Pick n large such that ||(P — P,)K|| < €. By (4.9) this implies

QRG{(P - Pn)K(I - P)} + (P - Pn)K(P - Pn) < 4€,fE,n’ (Ha)2 + C([ - fE,FJ (Ha))2- (4-13)
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As for the first term in (4.11) we introduce the indicator function g for the interval [—6, 00). We
rewrite

P,By, (I — P) = Pax9Bf (I — P) + Po(I — x9)Bg . (I — P)
= PuxoBg (I = fEw(H")) + PaxoBg ,(I — P)fE e (H®)
+Pn(I_X9)B%,n(I_P)' (414)

First we consider the third term on the right-hand side. Using Proposition 4.1, (2.1) and the
compactness of P,p we get

2Re{P,(I = x0) B, (I — P)} = 09(1) — 4Re{P,(I — x4)p" - p*}
Z 09(1) - U(pa)27

where 0p(1) — 0 for § — oo. Pick 6 large enough such that |og(1)| < €. To treat the two first terms
on the right-hand side of (4.14) we use that (p®)%2x9(H® —i)~! is bounded: Choose &’ so small that
the norm of the second term is smaller than €. Then apply (4.9) to the first term. In conclusion

2Re{PoBY (I — P)} > A€ fip oo (H")? = o(p")* = C(I = fir,0 (H))*. (4.15)

By possibly choosing «' smaller we obtain in addition to (4.15) the estimate
~fow (H)(I = PYK(I = P)fp . (H®) 2 —¢ fp o (H)”.
Combining this with (4.11), (4.12), (4.13) and (4.15) proves (4.10), and hence the lemma. O
Notice that the distance function d satisfies
d(E+E')<dE)+E', E' >0, (4.16)
just as for the usual N-body case. This will be used in the following

Lemma 4.5. Let a # apin, Gmax and € > 0. There exist K > 0 and C' > 0, such that for oll E € R
we have, as forms on D%,

Bfy . > 2(d(E +€) = 2¢) fpu(H")* = C(I - fpx(H"))®.

Remark. Uniformity in F follows from local uniformity due to the periodic structure of the problem.
More precisely because ' .
e 2t [rei2mnt — [ 4 9rn, for n € Z.

This observation was also used in [KuY] and [A].

Proof. First we note that Lemma 4.4 and (4.16) imply

B} . > 2(d(E) — €) fen(H*)? — C(I — fp.x(H®))?

> 2(d(E +€) — 2€) fr.x(H*)? — C(I — fg..(H"))>.

Here k = k(F) and C = C(FE). What is left to prove is that we can choose £ and C' independently
of E. By the remark above it is enough to choose them independently of E € [0, 27].
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Assume the lemma to be false. For k,, = n~! and C,, = n there exists E,, € [0,27] such that
the estimate in the lemma does not hold. We extract a subsequence such that E, — E € [0,2n],
kn, — 0 and C,, — o0 as n — oo.

By Lemma 4.4 we have a kg > 0 and a Cy > 0 such that
B o > 2(d(E) = €/3) frno(H*)? = Co(I = fE,5y(H"))?. (4.17)

Choose n so large that |E — E,| < €/3,

[En, — bny En + kn) C[E — ko/2, E + £0/2] (4.18)
and
Cpn>Co+ (1+31CY)C, c* = sup |G(t,y)| + sup 2|d(E,, + €) — 5¢/3|. (4.19)
tefo,1],yeX? n

(Note that d(E) < 27.) By (4.16) we have
d(E) >d(E, +¢€)— e+ E —E, >d(E, +¢) —4¢/3.
Combining this with (4.17) we get
B 1y > 2(d(Ey + €) = 5¢/3) fi,no(H*)? = Co(I — fr,no(H®))*.
By (4.18) we have
fEBwo = fBun + fERe(1 = fEuw,) and 1= fpe <1— fE, k..
This, together with (4.9), applied with é = €/3 and B = —fg ., (H*)(G* — 2(d(E,, + €) — 5€¢/3)),
implies
By, x, > 2(d(Ey + €) = 26) fE, 5, (H*)? = (Co + (1 + 3¢ C)C)I ~ fp,.n, (H"))?,
which contradicts our assumption by (4.19). O

In the next lemma we use the uniformity of the estimates above

Lemma 4.6. Let E € R and € > 0. There ezist k > 0 and C > 0 such that for all a # amin, Gmax,
as forms on D,

M+ f5.x(Ha)G" fr.x(Hy) > 2(d(E + €) — 2€) fp.x(Ho)? — O(I — fr..(H,))>.

Proof. By (4.9) it suffices to show the bound in the lemma for a fixed a # @min, Gmax, cf. the proof
of Lemma 4.5.

Let k > 0 and C > 0 be given by Lemma 4.5. Let F, denote the partial Fourier transform with
respect to z,. For ¢y € D = D(r)ND(M) C H ~ L?*(X,; H?), we estimate, noting that F,(k) € D*
almost everywhere,

<M + fE,n(Ha)GafE,n(Ha»lP = / <B%‘fk2,n + 2k2>(}‘ ) (k) dk

a

/ {2(d(E — ¥ + €) = 2¢) + 2k} | fir—sa, e (H*) (Futh) (B) [Pk

—c/ (I = froge o (H?) (Faw) (k) |PdE.
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Here we used that k — k(F,00)(k) = (Fapat)(k) and k — (M®)2(F,1p)(k) are in L2(X,; H®) to
make sense of the first equality. Applying (4.16), with E replaced by E — k* + € and E' = k?,
concludes the proof. O

Proof of Theorem 4.2.

As previously mentioned it suffices to show Theorem 4.2 i). As in the proof of Lemma 4.4, cf.
(4.10), we find that it is enough to prove the following statement: For E € R , ¢ > 0 and o > 0,
there exist £ > 0, C' > 0 and K compact such that

M + fp(H)Gfp(H) > 2(d(E) =€) fpu(H)* = K —op® = O(I = fr(H))*. (4.20)

! a
Let o/ = A

Let {jao}azan.. C C°(X) be a partition of unity satisfying that

Z ji=1 and sup @ja <00, b¢a. (4.21)
a#max zex (o)
The functions j, should furthermore be homogeneous of degree zero outside a compact set.

By the IMS localization formula (cf. [CFKS]) we get for f € C§°(R)
M+ foo(H)Gfox(H) = Y jaMja+ fox(H)jaGjafex(H) = |Via|*-
aFmaz

As for the localization error we write
\Vial” = K + (I = fe.x(H))IVia’|(I = fo.x(H)),

with K compact. Using this and the observation that j,x - VV,ja, b ¢ a, is H-compact (see (4.21))
we get

M+ fuoo(H)Gfpx(H) > > (jaMja+ fon(H)jaG"jofox(H)) — K = C(I - fg.(H)).

aFamax

In the proof of the Mourre estimate for the usual N-body problem one uses here compactness of
fEk(H)ja —jofEx(Ha), which is not an obvious statement for our problem (if true at all). Here we
take a simpler path. Let T'(n) = (H — 1) j, — jo(Ho —n)~%, Imn # 0. Write I, =V — V' for the
intercluster potential. We compute

T(n) = (H —n) "(—jala + 20 Re{Vj, - p})(Hs — )"
dim X
=K'(n) + Z K} (n)p;

dim X
= K2+ Ym0, 4.22)

where the K%(n)’s and the KJ’ (n)’s are compact operators with

3
Il + ol < © (1) (4.23)
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This bound follows from (3.7). Let f be an almost analytic extension of fo 1, see (3.1). Then for
B € B(H)

Re{(fex(H)jo — jafEx(Ha))B} = K Re {% /C(é ()T (E + kn) B du dv}

> —o'p? — K. (4.24)
Here n = u + iv. Using this argument with B = G%j,fg,«(H) and B = G* fg .(H,)ja yields

M + fux(H)G fe.x(H)

> Z Ja(M + fE,n(Ha)GafE,n(Ha))ja - 2|./4|U’p2 -K-C(I - fE,n(H))z-
aFUmaz (425)

We now fix & > 0 and C' > 0 in accordance with Lemma 4.6 so that

M+ fox(H)Gfox(H) > 2(d(E+€) —2¢) > jofex(Ha)ja

a#amas

- 2|~A|Ulp2 - K- CZ]a(I - fE,n(Ha))Qjaa

with the convention that j,_ . = 1. Using (4.24) on the first and the last term on the right-hand
side (for a # amax) yields finally

M + fg..(H)Gfg . (H) > 2(d(E + €) — 2¢) fe.(H)? — K — 6|Alo'p* — C(I — fr..(H))>.

The estimate (4.20), and hence Theorem 4.2 i), now follows since d(E + €) — 2¢ = d(E) — € for €
small enough, provided E ¢ F(H). Here we used that F(H) is a closed set, which follows from
Theorem 4.2 ii), applied with a # amnax- O

In the following section, we will discuss how to extend our methods to potentials with LP-type
singularities. See Condition 1.2. As for Proposition 4.1, we refer the reader to the corresponding
result in the case of Coulomb singularities, cf. Theorem 6.3. The crucial property is the Hy-
boundedness of |VVa2|%, which follows from Lemma 5.1. As for Theorem 4.2, the proof is the
same as above apart from two remarks: 1) Note that G is form Hp-compact in the two-body case
and that j,G%j, is form Hp-compact in the general case. This follows from (5.4). 2) Replace
SUDycio 1y pexe 1G° (6 @) by || fo1 (HY)G fi1 (HO)| in (4.19).
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5. Singularities of L*-type

In this section we impose Condition 1.2.

We shall outline a modification of the theory of Section 2 under this condition leading again to
Theorem 2.4.

The principal tool will be the following boundedness result which applies to the LP-functions V'
and |[VV#|2. We use notation from Section 3.

Lemma 5.1. There exists a constant C such that for all W € L?(X®) with p as in Condition 1.2

W (- + e())")(Ho) 2 || < CW* | s (xe).- (5.1)

Proof. We mimic the proof of [HMS, Lemma 6.5 (1)]: We abbreviate f = f(z,t) = W((z + c(t))%)
and estimate with fs = f(z,t — s)

_ dim(X %)

er*iS(HO*)\*i’Y)fH S erfisp2sz e~ 57 S ||Wa||%p(Xa) (471'8) 5 e 5. (52)

Using (5.2) as input we can from this point proceed exactly as in [HMS]. O

Remark. The finiteness of the left hand side of (5.1) is presumably wrong for the Coulomb singu-
larity (in dimension > 3). The above proof just misses to include that singularity. A similar problem
was encountered in [HMS].

We can use Lemma 5.1 to mimic most of Section 3. For example Assumption 2.1 1) and 2) may
easily be verified along the line of Section 3. However, for the last condition of Assumption 2.1 3) we
meet, problems at (3.9) and (3.15). (On the other hand clearly (3.12) is satisfied.) Those conditions
are second order conditions and do not comply with Condition 1.2. In order to circumvent this
problem we follow the idea of [ABG1, 2] and [Ta] that amounts to smearing out the singularities of
G (due to those of Vi) in terms of the parameter e that enters into the theory of Section 2. To be
specific we define for a fixed ¢* € C§°(X*) with [ ¢%dz® =1

VE=Vo 4ol « Vs ¢ (a”) = [e| - M ge (e 2,
Ge=—> 2 -VVo((-+c(t)*) - 6. (5.3)
acA

By Condition 1.2 and (5.1)

|02 (G - Gyat) GelHo) 3 =0 (ld).  (5.4)

da
de

=0 and (i)

In particular for all f € C§°(R)
|f(H)(Ge —G)f(H)|| — 0 for e — 0.
Hence since Assumption 2.1 4) is known for a fixed energy E for potentials of the form of this section

(see the discussion at the end of Section 4) we may assume (2.16) with the factor G on the left hand
side replaced by G, and with the right hand side independent of € (assuming |e| small ).
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Motivated by this observation we define
R.(e) = (H —ie(M + f(H)G F(H)) —2)"

and mimic from this point the remaining part of Section 2.

Clearly the right hand side of (2.35) will now contain two error terms. One term comes from
replacing G by G, — G and the other comes from differentiating G, with respect to e. These new
terms are treated by (5.4) and Lemma 2.9.

Continuing as before we get the conditions (3.9) and (3.15) now with G. (and not G). Using
Condition 1.2 and (5.1) again, cf. (5.4), yields an additional factor Ce"~! to the bound C(1+]||F.(¢)]|)
obtained at the end of the proof of Theorem 2.4 (for & = 1) in Section 2 for the term T'3. In the
process we need the bound
sup||(Ho) 3G, (Ho)

e>0

< 00,

cf. (5.4). Again we obtain a favourable differential inequality.
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6. The Coulomb singularity

In this section we impose Condition 1.3. Here the potential has the form V (¢, 2) = V(z + ¢(t)),
after the transformation S%=x (see (1.15)).

We start by proving that the Coulomb singularity is relatively bounded with respect to the free
Floquet Hamiltonian (with relative bound zero). Secondly we show how to extend our commutator
estimate, and hence our result on the structure of the point spectrum, to systems with Coulomb
singularities. Finally we prove the Limiting Absorption Principle. As a consequence we have absence
of singular continuous spectrum. For the last part we need to impose the stronger condition (1.9)
on the electric field.

We will use the integral kernel for the resolvent of the free Laplacian on R?

08 4w ) = () 1 (61)
’ lw =yl '
and the following Hardy inequality
11
— < 00, (6.2)
|| || B(L2(R3))
see [RSII). Let x € C§°(R?). We recall the following well-known estimate, see for example [Sa],
A —ip) <oy 6.3
e @ =2 =) x|, SO (6.3)

which holds uniformly in g > 1. Here x is considered as a multiplication operator and we use again
the notation (\) = (1 + A2)1/2.

Lemma 6.1. Let A\ € R, u > 1 and x € C5°(R?). Then there exists C > 0 independent of X and p
such that

2 _A—i ‘1H <OoN iuE 4
[x i)™ | gy <O (6.4)

and

Bl

<O\ ipi.

< (6.5)
B(L?(R?3))

Hﬁ (p2 —A —i<)\>%u%)fl

Proof. The estimate (6.4) follows from (6.3) after an application of the C*-identity and the first
resolvent formula.

As for (6.5) we employ a trick from [HMS], which is originally due to Agmon. By the C*-identity
and the first resolvent formula, we get,

ﬁ (p2 - A—Mﬁu%)_l

1
2

1
]

-1 1
<) E =
o]

B(L2(R?)) (p2 o i(Aﬁu%)

B(L?(R?))
Using the explicit formula (6.1) for the integral kernel of the resolvent we can estimate

1 . 11 11 1 -1 1
—(p2—/\—2<>\>2u2) — <l (0°) :
|| |z| B(L2(R3)) |z| || B(L2(R3))
which by (6.2) is finite. O

Let Y C X and suppose dimY > 3. Write Py for the orthogonal projection on Y. Let V be a
measurable function on Y which satisfies

|V(y>|30max{1,ﬁ},

for some C > 0. Recall the functions b and ¢ appearing in the transformation (1.15). We have
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Theorem 6.2. Let Y and V be as above and let € be as in (1.8). Then V', given by V'(t,z) =
V(Py(z + c(t)), satisfies the estimate

V' (r+p? +i AH < Oyl 3, > 1.
|v' (r+ 9% +in) sou S Cll 4 for 1

In particular V' is Hy-bounded with relative bound 0, where Hy = T + p?.

Remark. We note that (under Condition 1.3) this result together with the second resolvent equation
implies the estimate

|V = m)~"|| < Cmax {Tmn| ™!, | Tmn =3}, (6.6)

uniformly in € C. This follows from Theorem 6.2 and the following application (6.7) of the remark
after Lemma 4.5. Let L be an H-bounded operator which satisfy

6127”[/67227”5 = L.

Then (with Im» fixed)

sup |LGH—m) ' = sup L -, (67)
ReneR Reneg[0,27]
and consequently
sup ||[L(H — E —4)7"|| < oo. (6.8)
EER

Proof. We start by reducing the problem. Write Y = Y; @ Y5 where dimY; = 3 and y = (y1,y2)-
Let Py, denote the orthogonal projection on Y;. We use a cutoff of the form x(y) = x1(y1)x2(y2),
with x; € C§°(Y;) and x;(0) = 1. We write x'(t,y) = x(y + Pyc(t)) (and similarly for y;). By
boundedness at infinity, it is sufficient to consider x'V"' instead of V' (¢ is bounded). We estimate,

for p > 1, using the assumption and the estimate ﬁ < ﬁ, fory = (y1,y2) € Y

(r+p° - i,u)_1

. - XI
X'V (r 40" = i) | gy < C H lv 1

1+ Pryc(t)] BH)

We diagonalize the part of p acting on L?(X ©Y)) and use the coordinate change exp(i Py, c(t) -
Py, p), to move the time-dependence out of the potential and into the free energy.

X'V 497 = i) 7 |

X (T + p? 4+ 2Py, b(t) -p-{—a—i,u)_l

< O]

c>0

B(L2([0,1];L*(Y1))) .

Recall that 2b = ¢. By (6.7), it is enough to consider o € [0, 27] and hence it suffices to show that

H%( +P0 2 p—in)

where b: [0,1] — R3 is a periodic and absolutely continuous function and y € C§°(R?).

Abbreviate

<COpt, (6.9)
B(L2([0,1];L2(R3))

Ro(p) :== (7' + p? —i(ﬂéué)_l and  Ry(p) := (7 + (p— b)? —i,u)_l.
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We write, using (6.5) in the last step,

X _ 1 2 i(ryE
SR = TR (77 — it ) xRu(n)
1 2-p— b2 —i(r)2p? —ip) x — 2i(p—b) - A
Ro (k) p—b]" —i{r)zp> —ip) x —2i(p—b) - Vx + Ax Ry(p)
||
1
+mR0(N)X
1 L1 . _1
= = Ro() {2b- px +i(r) 2 udx = 2ip- Vx} Ry(w) + O (%) (6.10)
||
By (6.5) we also get (abbreviating || - || := || - [|5(z2(j0,1}:22(r3))))
1 ) ) 1 3
— )2 ZF(p® > 2 — 2
2003 < | Ra 2 F0? > 24| + | 2ot (2T

%m&w@WW>%D

0 (;r%).

As for the first term we use Hardy’s inequality (6.2) and estimate

<C’sup< (0)° )2
>0 U4+H

—o ().

= 0(1). (6.11)

Hﬁmw@WW>wn

In particular
1 1
—Ro(u)(p)?
I
By (6.5), (6.10) and (6.11), it suffices to show the following two estimates

1(p) xRy ()| < Cp™%
(T3 xRy ()| < O™ %.

(6.12)

As for the first estimate we conjugate with the unitary operator e®)P and use that (p)%x(m +
c(t))(p)~ 2 is bounded, to estimate
E

Using the IMS localization formula, the C*-identity and (6.4), we get the following estimate
(viewing 7 as a real parameter)

fortan] <ot -+ -

where x¥ € Cg° is chosen such that ¥(z)x(z + c(t)) = x(x + ¢(2)).

_1112 _ B
<[t -7 <+ R P )%+ =)

B(L?(R?)) B(L?(R?))

— 1 —
(r+p* +in) {5 (P*X* +X°p°) +X° + |V>2|2} (r+p° —in) "
B(L2(R?)

< Cop™t. (6.13)
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This proves the first estimate of (6.12).

As for the second estimate we again conjugate with e“)? and notice that we get the term
(T + 2b(t) - p). By interpolation and the estimate (7 4 2b(t) - p)2 < C(r2 + p*) we find that

(T +2b(t) - p)3 (1 + 72 + p?) ™5 € B(L*([0, 1]; L>(R?))).

Since (1+ 72 + p?)s < ()i + (p)i we are reduced to the two estimates

The first estimate obviously follow from the first estimate in (6.12) (applied with b = 0). The second
follows from (6.4). O

Remark. Before we continue with verifying the positive commutator estimate we pause to show
that the Coulomb potential is not Hy-compact. This is in contrast with singularities of LP-type (cf.
Lemma 5.1). Let ¢ € C§°(R”), v > 3, and write

Y =Dy € L*(RY) and ¢, =e 2™, € L? ([0,1]; L*(R")) ,
where (D) (z) = n~"/*y(x/n). Then
||<Pn||L2([0,1];L2(RV)) =1 and w- nh—>Holo on =0.

On the other hand we compute, for n > 0,

2 2

1 a1
‘(T—l-pQ—i) 1—<pn :H(p2—27m—i) 1—1/1n
|21 L2 (0,032 ) L (PRT
1 1P
o GREST N
n 12| " || 2 g

2 T | 1
<Im{(p — 27 —in ) }mw, m¢>L2(Rv).

By the Limiting Absorption Principle for p? we thus have

2

|z 7 ||

=7 <5 (p2 — 271') id), i¢>
L2(RY)

L2([0,1];L2(R¥))

and hence, |i—| is not Hy-compact. (Note that the Coulomb singularity is in L (R”) for v > 3.)

As a consequence of this remark potentials V' satisfying |z|V (z) — oo as |z] — 0 are not Hp-
bounded. (If V was Ho-bounded, then by a simple argument |z|~ would be relatively compact.)

We have the following result, which implies Theorem 1.5 in the case of Condition 1.3.
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Theorem 6.3. Suppose V satisfies Condition 1.3 and £ is as in (1.8). Then the consequences of
Proposition 4.1 and Theorem 4.2 hold for H = 7 + p* + V(x + c(t)).

Proof. As for Proposition 4.1 we proceed in the same manner. The only place were we need to pay
special attention is when treating the term i[V, A, gr], viewed as a form on D = D(r) N D(p?). See
(4.5).

The first part of the problem is computational. Here we note that A, r maps D into D(p).
This together with (6.2) shows that (4.5) holds for V’s satisfying Condition 1.3 as well. Using the
reguralization T, as in the proof of Proposition 4.1, we get as a form on D(H) (see (4.2))

Z[V, An,R] = Sh—>ngo TgZ[V, An,R]TS

= —~Re{Fun-VV}+2R " Re{Tn Re {Zb- YV} Ao} (6.14)

Here we used Theorem 6.2. The next step will be to verify that the second term on the right-hand
side vanishes when the cutoffs in # and 7 are removed. Note that the estimate (4.6) cannot be
expected to hold. Consider the operators on D(H)

ko
BL(R) = /|b-VV] (%) Tr, for ke {0,1).
By Condition 1.3 iii) and Theorem 6.2 we find that

sup || By (R)(Ho +i) Y| < 00, for k€ {0,1}. (6.15)
R>1
As for the remaining part of the second term of (6.14) we write

s, 1) = (VBTG H{ L (F) Taf () 2004}, for ke o),

as operators on D(H). Here A, = Re{(z/n)~'x - p}. The term in the first bracket is bounded
by Condition 1.3 iii) and Hardy’s inequality (6.2). As for the term in the second bracket, we note
that it goes strongly to 0 as R — oo. The term in the last bracket, which is independent of R, is
H-bounded. Hence for k € {0,1}

Bi(n,R)y — 0, for R — oo,

for any ¢ € D(H) and n. This together with (6.15) shows that the second term of (6.14) vanishes
in the limit R — oo.

As for the first term of (6.14) we note that Fj, g - VV — (z/n)~'z-VV as R — oo in the sense of
forms on D(H). Finally (x/n)"'z-VV — z-VV as n — oo again in the sense of forms on D(H).
(We used here the Lebesgue dominated convergence theorem twice.)

We have thus verified that the estimate (4.7) holds under Condition 1.3 as well, and hence also
Proposition 4.1.

As for Theorem 4.2, there are two problems we need to address. The first comes from the fact that
we cannot expect G to have good compactness properties, as a form on D(H). See the discussion
after the proof of Theorem 6.2. It enters at three places. We treat the first two occurrences of
the problem simultaneously. Let G denote G in the 'N = 2’ case and j,Gqj, in the general case.
In the proof of Theorem 4.2 for regular potentials, we used that f(H)Gf(H) was compact. Here
we proceed differently. Let Ry > 0 be such that G is C? outside B Ry, the ball of radius Rp. Let
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X € C§°(Bsag,), x = 1 on Bg,. Write for R > 1: xr(z) = x(z/R). Then, for f € C§°(R), (see
(3.1)):
f(H)Gf(H) = f(H)Gxrf(H) - K

= f(H)G[xr, f(H)] - K

-1 /C(gf)(n)f(H)G*(H — ) 2(Vym) - p(H — ) dudv — K

™
dim X

i=1

Here we used Theorem 6.2 and Condition 1.3 iii) in the last step. The operators K; and K are
compact and B € B(#), with norms bounded uniformly in R > 1. We can now estimate (see also

(4.24)),
)
R

FH)Gf(H) > - —op® — K,

for some C(f) > 0 and any o > 0 (note that K = K(R,0)). Choosing R large enough (depending
on E) solves the problem.

The third occurrence of the compactness problem appears in the verification of (4.24), with
singular potentials. Here one should replace j, by ja,r(z) = jo(z/R). Instead of (4.22) (with j,
replaced by jo,r) we write

dim X
(H-n)'<K'()+R'B'm,R)+ Y_ Kj(n R)p;
j=1

Tr(n)

dim X
K*()+ R™'B’(n,R)+ > piK;(n,R) ¢ (Hy—1)~"
j=1

where the K'(n)’s and the K!(n)’s are compact, B*(n, R) € B(H) and they all satisfy the bound
(4.23), uniformly in R > 1. Let S = S(R) be an H-bounded operator with ||S(Hy + ) || bounded

uniformly in R > 1. We can now proceed as above, using the representation of Tr(n) above, instead
of (4.22). We replace the estimate (4.24) by

Re {(fo.0(H)ja — jofmn(Ha)) S} > —$ o K. (6.18)

Applied with S = G rfEx(H) and S = G*fg x(Hy)ja,r, this estimate yields (4.25) with an
extra —CI(;) fe.x(H)? term. By choosing R large (after having fixed k) completes the handling of

the compactness problem in the proof of Theorem 4.2.

The remaining point is to replace sup, , |G(t,y)| by C* = ||fg,1 (H*)G* fp1(H®)|| in (4.19). By
(6.8), C* is bounded uniformly in E. O

As for the Limiting Absorption Principle Theorem 2.4, we observe that the Coulomb singularity is
too strong for H, A to satisfy Assumption 2.1 3). Furthermore, the procedure described in Section 5
to circumvent this problem for L? singularities fails as well. We elect instead to replace the generator
of dilation by the operator

A==z +c)-p+p-(z+0¢). (6.19)

DN | =

(The reader should not confuse A; with the first element of the approximating family A,,.)



42 J.S.MOLLER AND E.SKIBSTED
We consider, for ¢’ > 0, decompositions of the commutator
i[H,Ai] = M + Gy = M, + Gy,

where

M = 2p?, Gi=—(@+¢)-VV(-+¢) +2b-p,

My =2p* +2b-p+6 and Gy =—(x+¢c)-VV(-+ec)—4§.
We fix 0’ large enough, such that there exists § > 0 (cf. Assumption 2.1) with

My >6(M+1) >0l (6.20)

We have

Proposition 6.4. Let E € R and € > 0. There exist & > 0, a compact operator K and a constant
C > 0 such that as forms on D(H) ND(M)

M + fp«(H)G1 fpx(H) > 2(d(E) — €) fp.n(H)? — K — C(1 — fg «(H))? (6.21)

and
M + fex(H)G1 fex(H) > 2(d(E) — e)fEﬁ,i(H)2 -K-C(1- fE,N(H))2. (6.22)

Proof. We start with (6.21) and follow the proof of the commutator estimate in Theorem 6.3.
Note first that Gy is not H-bounded. Instead we compute (as a form on D(p))

f(H)b-pf(H) = f(H)bf(H)-p+ f(H)b- [p, f(H)]. (6.23)

Let {b,} C C([0,1]; X) with b/,(0) = b/,(1) be chosen such that b, — b in L>([0,1]; X). Then
f(H)bf(H) — f(H)bf(H) in operator norm. On the other hand the Fourier series for each b,
converge to by, in L*>°([0, 1]; X') and hence by the first remark after Lemma 4.5 we find f(H)bf(H) =0
if the support of f is sufficiently narrow. Since [p, f(H)] is bounded we find that f(H)Gyf(H) is
bounded if the support of f is sufficiently narrow.

Next we consider the two-body problem. Let x g be as in (6.17). Write, for R > 0 large enough,
ilp, f(H)] = i[p, f(H) — f(Ho)]
1 .
= /C(af)(n){—(H —m) T VVH =) T V()T + (H = )T VYV ()Y

x {(p)xr(Ho — 1) (p) " Ydudv(p) + K>
= Ki(p) + K>,

where K7 and K, are compact operators. Here we used (6.2) and Theorem 6.2 to bound the term
in the first pair of brackets and the fact that the term in the second pair of brackets is compact.
Combining this with (6.23) we get, for any o > 0, a compact K = K (o) such that

F(H)b-p f(H) > —op® — K.

This implies the commutator estimate for the two-body problem.
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As for the commutator estimate in the general case, we focus on the reduction to subsystems
argument, which is the only place where a problem occurs. More precisely, we need to estimate the
following term in addition to (6.18)

T:= f(H)ja,R b- pja,Rf(H) - ja,Rf(Ha) b* _pa f(Ha)ja,R
=2Re {ja,Rf(Ha) b- p(ja,Rf(H) - f(Ha)ja,R)}
+ (ja,Rf(H) - f(Ha)ja,R) b-p (ja,Rf(H) - f(Ha)ja,R)-
We used here that f(Hg)b, - pof(H,) = 0 if the support of f is sufficiently narrow. We recall that

Ja.r(z) = jo(z/R). By the first equality in (4.22) one can verify that for any o > 0, there exist
C = C(f) > 0 and compact K = K(o, R, f) such that

C
TZ—<E+0>p2—K.
This estimate is of the same type as (6.18) and thus implies (6.21).
As for (6.22) we estimate for any o > 0, using (2.1) and (6.20),

My + f(H)G1f(H)—M — f(H)G1f(H)
=6'(I— f(H)*) = (b-p— f(H)b-pf(H))

> —of(H)? = 32 = Clo)(I = f(H))?,

for some C(o) > 0. From this estimate we find that (6.22) is a consequence of (6.21). See the
argument leading up to (4.10). O

We have the following result, which implies Theorem 1.6 in the case of Condition 1.3.

Theorem 6.5. Suppose V satisfies Condition 1.3 and & is as in (1.9). For any E ¢ opp (H)UF (H)
the Limiting Absorption Principle (2.8) with A replaced by Ay holds.

Proof. We verify the technical conditions 1)-3) of Assumption 2.1 for the pair M;,G;. The result is
then a consequence of (6.22) and Theorem 2.4.

As approximating family we take

Al,n = Re{fn(a:)(a: + C(t)) p}:

where f,(z) = (z/n)~! as in Section 3.
As for 1) we compute, as a form on D(Hy) N D(M;) = D(r) N D(p?),

i[My, Hol = 2i[b- p, 7] = =2E - p.

Hence, i[M;, Ho] extends from a form on D to an M;-bounded operator. By viewing p as a multi-
plication operator, we find that M, * : D(Hy) — D(Hy).

Before we continue we recall a property of the almost analytic extension ¥, where xy € F°. See
Assumption 2.1 for the function class Fo. We have, writing n = u + iv,

Ox(m)| < Cn () =N oV, (6.24)

for any N € NU {0}.
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We compute for x € F°, see (3.1), as a form on D:
i[My, x(H)] =i[-21 =2V + 2b- p, x(H)]. (6.25)

In order to handle the right-hand side, we need to be more careful than in Section 3. Since D(H) =
D(Hp) and [r,Hp] = 0 we find that (7 + i)' leaves D(H) invariant. We will again need the
regularization operator Tg, see (4.1). We compute, using (3.1) and the identity 7Tr = iR(I — Tg):

i[r T X(H)] = —~ / F%(m) (H — n)™ilr T, VI(H — 1)~ dudv
=iR— /8)( ~Li[Tr, VI(H — 1)~ 'dudv
/ ox(n )" TR - VVTR(H — 1) dudv.

Here we used (6.6) with V' =V and (6.24) to make sense of the first equality. Note that the term
under the integral is bounded but not obviously integrable, cf. (6.24). Instead we write

(H —n)""Tgrb- VVTR(H —77)_1
={(H YHo—n)} T {(Ho —n)~"b-VV (Hy +1i) " }Tr
X { H0+z)(H+z ) (H — )T (H + ).

We thus find, by (4.2), (6.24), (6.6) (with V' = |b- VV/|2) and the Lebesgue dominated convergence
theorem, that the form i[r, x(H)] extends to an H-bounded operator. (Note that it is important
that we use the decay in Im»n coming from (6.6).) We thus take, see (6.25),

T3 = =2i[r,x(H)] — i[V, x(H)]. (6.26)

Note that the last term is bounded.

As for i[b- p,x(H)] = b-i[p,x(H)] + [b,x(H)] - p. The last term is clearly Mlé—bounded and we
take

Ty = 2i[b, x(H)] - p-

We are reduced to considering [p;, x(H)] as a form on D, since (multiplication with) b; leaves D
invariant. We proceed exactly as for i[7, x(H)] and conclude that the form extends to an H-bounded
operator. See also the argument which led up to (3.7). We finally take

Ty =T, +2b() - [p, x(H)]-

This concludes the verification of 1).
The condition 2) follows from Theorem 6.2.

The first part of 3) is clear. As for the last part of 3) we note that it is enough to verify (3.8).
This follows since i[G1, A,] is no more singular than V itself and hence H-bounded (uniformly in
n). The estimate (3.8) can be verified in exactly the same manner as in Section 3, since (3.7) and
(3.9) (with G replaced by G1) both hold for potentials satisfying Condition 1.3. O
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7. Smoothness results

Let z,p and A be given as in Section 3, under Conditions 1.1 and 1.2; and A = A; be given by
(6.19), under Condition 1.3. We introduce () = (14 22)2, (p) = (1 + p?)2 while (A) is given as in
Theorem 2.4. We shall prove the following technical result and then use it to change the weights in
the Limiting Absorption Principle statement which in turn implies two smoothness statements.

Lemma 7.1. For all s € [0,0)

(AY(p)~*(x) ™% is bounded on H. (7.1)

Proof. We introduce the following (standard) class of smooth symbols on X:

a € S" 0207 a(x, )| < Capgla) o)™ 17l ze X, e X',

For a a € S/ the notation a"(z,p) signifies the corresponding Weyl-quantization. See [HS,
Chapter 18] for definition and properties of this class of operators (treated in a more general context).

Using that A is the Weyl-quantization of the symbol z - ¢ € Si (or (z + ¢) - ) (7.1) for s even
follows by the calculus [H6, Theorems 18.5.4 and 18.6.3]. (Notice that in this case (A)® is the Weyl-
quantization of a symbol in S?.) By the same arguments it suffice to prove (7.1) for s € (0,2) which
in turn goes as follows:

Consider the analytic family
B(z) = e (A)*(p) " (x)™*

on the strip 0 < Rez < 2. We notice that by the calculus the operator
(A)* (p)~CBH) ()2

is polynomially bounded in y € R. On the other hand the first factor e is rapidly decaying as
z — oo in the strip. Consequently we infer from the three line theorem, cf. [RS, Appendix to IX.4],
that indeed B(s) is bounded. O

Remark. The above proofis due to Jensen [J]. It replaces our own and somewhat longer proof (based
on a parametric construction) which appeared in a preliminary version of this paper. Although (7.1)
appears in the literature we have not there been able to find a correct proof. The result is stated in
[JMP] without proof and with an improper reference. Moreover another interpolation proof is given
in [Hos], but it is wrong.

Corollary 7.2 (LAP). For the examples of Sections 8, 5 and 6 suppose E is not an eigenvalue
nor a threshold of H. Then there exists a neighbourhood V of E such that for 0 <r < % <s<1

sup —{[(p)"(@) " (H — 2) ") ()" | < 0. (7.2)
Im 2#0,Re z€V

Proof. We may assume that » < 1 — s (cf. [HS, Theorems 18.5.4 and 18.6.3]). Let a = s and
B =271(r + s). For any function ¢ € C = F ® S(X) (as defined in Section 3) we compute

(4)*M~%(z)"*(p)"¢ = B2B19),
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where By = b¥(z,p) for by € S§ and By = (A)*(p) *(z)~*. In particular B; and B are bounded.
We compute for ¢ € C using (3.7) an Lemma 2.5

(¥, (H = 2)""(x) "> (p)"¢)
= ((A)~*M"(H — 2)~", BsB1¢)
= lim (4, (H — 2) " M?(4) (1 + sM) " B,B16) .

Putting now ¢ = (z)~%(p)"$ and repeating this argument we obtain

(@706, (H —2)7z)™"(p)"¢) = lim lim ((1+&M) ™' BaBr, F2(0)(1+£M) ™ BaBig )

K—0 k—0

F.(0) = (A) “M°(H —z) ' M7(4) °

Notice that we used (3.7) and Lemma 2.5 again (the latter with 3 replaced by 8+ 3).

Obviously we can apply this representation in combination with Theorem 2.4 to conclude that
indeed

(@) 0)76, (7 = )" H@) ()7 6)| < Clllal.
g

For an account of Kato’s theory of smooth operators we refer to [RS, Section XIII.7]. The following
result is a consequence of Corollary 7.2 and [RS, Theorems XIIL.25 and XIIL.30].

Corollary 7.3. Under the condition of Corollary 7.2 on r and s the operator (p)"(x)~*° is H-smooth
on any closed 2m-periodic Borel set Q0 not containing eigenvalues nor thresholds. In particular for
any bounded Borel-measurable 2m-periodic function f supported in Q

/ T )@ e ()| do < Ol (7.3)

— 00

A small computation similar to the one in the proof of [KiY2, Theorem 2.4] converts the bound
(7.3) to a similar one for the propagator U(¢,0) generated by the family h(t) given by (1.18).

Corollary 7.4. Under the conditions of Corollary 7.2 onr and s, for any ¢ € L*(X) and function
g on the unit-circle with the property that f(E) = g(e™*F) fulfills the requirements of Corollary 7.3

/oo 1(p)" (z) =" U (¢, 0)g(U (1,0))9[*dt < Cl|*.

— 00

Remark. By a conjugation, cf. (1.17), we obtain Theorem 1.7 from Corollary 7.4.
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8. Decay properties of eigenfunctions

In this section we prove Theorem 1.8 and derive some regularity properties of eigenfunctions. We
will work under Condition 1.3 and (1.8) and first study eigenfunctions of the Floquet Hamiltonian
(1.18).

We introduce regularized weights

t
)= M2
and compute the t-derivative
—2
t
0, (t) =00t =(1+—) . 8.1
W =000 = (14— (s.1)

The notation 6,, and 6% will denote (multiplication by) the functions 6,,({z}) and ol ({x)) respec-
tively. Note that we have the following properties uniformly in m > 1

0! 0.1 < (x)™' and [920,, < Cu(z)t7lel, (8.2)
We introduce furthermore
Om(t) = O%0(t) = at + 66, (1), 0,6 >0,
and write as above 0,, and O for O, ({x)) and @55)((56))

We write Es(+,-) = Es(+,-;m,n,0,0) : [0,1]x X - R, s € R, for smooth bounded function families
indexed by n > m > 1 and o, > 0 satisfying

|(8F 02 Es) (t, )| < Crafa)*~ ', (8.3)
uniformly in n > m > 1 and locally uniformly in o,0 > 0. Note that EsE; = Esy;.
We abbreviate & = z/(z) and introduce some observables

1

1
A=g@-pt+pa), B=g(@ p+tp-2)
1
Anzi(Fn-p-Fp-Fn), F, = {(z/n) 'a,
~ 1 ~ 1
AnZE(@nfﬁ'p"‘p'j@n)a BmZE(@ImZE-p—{—p-Jﬁ@Im).
We have the properties, see (8.2) and (8.3),
(r) . (z) :
A, =B +iEy = —L B —iE,, (8.4)
(z/n) (z/n)
A, = BO, +iEy = 0,B — iE,, (8.5)
B,, =B0O, +iE_ ;=0 B—iE_,, (8.6)
(Bm)? = B(©',)’B + E_,. (8.7)

Using the identity i[H, ©,,] = 2B,, and (8.2) we get, for A\ € R and ¢ € C
i(H = X — 02)e®m ) = ie®m (H — \p + {2§m +i(62(0),)% + 2006),)3% — ia2(x>_2} O )
— ie®m (H — M) + {2§m 6By + iE_Q} ®myp. (8.8)

Here C is as in Section 3.

In the following we write ¢, = e®m, for 1) € D(e”*)). We will furthermore use the notation
xs for xs(z) = x(z/S) where x € C§°, 0 < x <1 and x(z) =1 for |z| < 1. We have
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Lemma 8.1. Let 0 =0 and § > 0.

i) We have the inequality between forms on C

-~ 1A
Re{A, B} > 6B <<Z>/9n";3 —E_i, for n>m>1.

ii) Let € > 0. There exists C > 0 independent of m > 1 such that for ¢ € C

I =)0l < COMIE = NP+ (BETRB) 0 (o + ).

(The constants C and C(m) can be chosen locally uniformly in § > 0.)

Proof. We estimate using (8.3), (8.4) and (8.6)

~ 1
Re{An B} = 6 Re {4,0,, B} = SilAn, B-1]
(x)6! 5

= 6B <m/n”>LB ~ 3ilB, Ey] — By
(20}, o
> 0B 7 ED — B

Here we used monotonicity of n — (z/n)~! in the last step. This proves i).

As for ii) we estimate first using (8.1)

(6,)% < (2) 7 g;i;”; <5t g;i;”; +Xs. (8.9)

Now use (8.3), (8.7) and (8.8) to estimate

ICH = N> < 31 (H = N&||* + 12/| Byl |* + 3| (OEo + B2)thual|”
< C(m)||(H = NII* +12(0° B(9,)* B)y,, + Cllvom|I*.

The result now follows by inserting (8.9) and choosing S large enough. O

Proposition 8.2. Let E € op,,(H) and ¢ € D(H) with Hp = Ep. Suppose there exists § > 0 such
that el € H. Then e®l*lpp € H.

Proof. We first derive two a priori estimates.

The first is an estimate of the regularized commutator. By (8.8) and Lemma 8.1 i) we get for
1 € C, writing Eq for 0Eg + E_»

(i[H, An))y,, = —2Re(Anthm, e i(H — E)) — 4Re(An By, — (i[An, Eol)y,,

_ ()87, e0fm _
<45 (BETRB) + A Al (1 = B+ (Eon (5.10)
< Il =45 (BEFRB) -+ (ol + IplF) + Clon I ~ E)oIP
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As for the second a priori estimate we use Theorem 6.2, (3.2) and (3.4) and obtain
2(p' Fop),, < GH, Aul)g,, + Cllvmll® + Coll(H — E)vom||*. (8.11)

We note that a similar estimate was used in the proof of Proposition 4.1 in the case of Coulomb
singularities (cf. the proof of Theorem 6.3). We now apply Lemma 8.1 ii) with e = 4/Cj and obtain

(x)0),
(z/n)

2 (o' Fip), < <i[H,An]>¢m+46<B >¢ £ Ol + pl) + Clm) [ (H — EYp”. (8.12)

Combining (8.10) and (8.13) we get

2(p'Fip),,. < llptmll* + C (Ilml* + lpgl1*) + COm,n)||(H — E)p|*. (8.13)

Let {¢¢}een C C, such that ¢y converge to ¢ (the eigenfunction) in D(H). In order to deal with
the ||pg¢|| term, we introduce the two-parameter sequence Troy € C, cf. (4.1) and (4.2). We have
(using that Tr = (Ho + i)' Tr(Ho + i) and that pTr and pe’®=Tx are H-bounded) the following
limits

lim lim (H — E)Tr¢e = lim (H — E)Trp = (H — E)p =0,
R—00 {—00 R—o0
li li T = 1i Tre = lim T =
Jim  lim p R Am pTre = lim Trpp = pp,
lim lim pe®®Troe = lim Trpom = pPm, (8.14)
R—00 {—00 R—00
where as above ¢,, = e?/m .

Substituting ¢ = Tr¢y and applying these limits to (8.13) and subsequently taking the limit
n — oo on the left-hand side yields (note that s — lim,_,o F), = I)

Ipoml* < C (loml* + llpell?) -
The observation ||[p, 2 ]p|| < C||@m|| now implies the result by letting m go to infinity. O

Lemma 8.3. Leto >0 and 0 <4§ < 1.

i) We have the inequality between forms on C
Re{A,B,} > B0,0" B—(c+08E_, for n>m>1.
ii) Let e,/ >0 and 0 < 0y < oy,. There exist C1,Cy > 0 such that for ¢ € C

I(H = X = o) ||”
< Cm)le” ) (H = NlI” + (e + 6C)|[Womll® + € (BOmO,,B),, + Co (I[01° + Ipvll?) -

The constants C1 and Cs can be chosen independently of n > m > 1,0 < § < 1 and
o € {0}U[oy,04].
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Proof. As for i) observe first using (8.3) that
i[An,E] = (0 +8)E, and i[B,0! Eo]=(c+06E_;. (8.15)

Now use this observation (with s = —1), (8.5) and (8.6) together with monotonicity of n — ©,, as
in the proof of Lemma 8.1 i).

As for ii) we estimate first for o € [07,0,],0< 0 <land S >1

@, < 720,01, < 7116,,0), + Clon 0)xs. (8.16)
1
For o = 0 we estimate using (8.2)
0,,)* < () 10,0, <510,0!,, +Cxs. (8.17)

Secondly we use (8.7) and (8.8) to estimate

I(H = X = 0®)ull* < 4lle® (H = NIIP + 16/ BrutpinI* + 46| Bt |I* + 4|1 Bt
< Cm))|e” @ (H = Nyl* +16(B(6,)*B)y,, + (E-2)y,, + 0C [l

Write E_2 = (1 — xs)E_2 + xsE_2. The result now follows by inserting (8.16) if o € [0y, 0,] and
(8.17) if ¢ = 0, and subsequently choosing S large enough. O

Proposition 8.4. Let E € o, (H)\F(H) and suppose ¢ € D(H) satisfies Hp = Ep. Then for
any o > 0 satisfying E + o? < inf{F(H) N (E,0)} we have 1%l € H.

Proof. Let E and ¢ be as in the formulation of the proposition. Define
00 :sup{azo:e"l””lcpe’i-[}. (8.18)
Assume that oy < oy = (inf{F(H) N (E,00)} — E)'/?. Below we will work with o of the form
. 0o .
oc=0ifop =0 and ?§0<001f00>0.

The lower bound o /2 is chosen for convenience. Let ¢’ = (o + 0¢)/2. (Note that o < ¢’ < g9 with
equalities if and only if o9 = 0.)

We will use the commutator estimate in Theorem 6.3. Since E + o2 ¢ F(H) there exist v > 0,
k>0, C >0 and a compact operator K (o) such that the commutator estimate

M + fE+0’2,Ii(H)GfE+0'2,N(H) > 7fE+0’2,N(H)2 - K(U) - C(I - fE+0'2,n(H))2 (819)

holds. Note that we can choose v = d(E), « and C independently of 0¢/2 < 0 < g9, cf. (2.1) and a
compactness argument.

We start with two a priori estimates which are uniform in n > m > 1, 09/2 < 0 < 09 and
0<o0<1.
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The first is an estimate of the regularized commutator. By the first part of (8.15) (applied with
s € {0,—-2}), (8.8) and Lemma 8.3 i) we get for ¢ € C

(i[H, An))y,, = —2Re(Anthm, e®mi(H — E)Y) — 4Re(A, By )y, — (i[An, 0B + E_3))y,.
< —4(B©,,0,,B), +2|Aupulllle® (H — EY| + (0 + 6)(5Eo + E 1)y,
~4(BOWO),B),, +(0+9) (5 +3C1 ) [[oml® + Collle” Oyl + e ©pys|[2)
+ C(m,n,0)||e” ™ (H — B)y|°. (8.20)

IN

In the last step we used that |(1 — xs)E_1] < /10 for S large enough and the estimate

nC o0=0

0,7 < . .
(o9 — o) LCe” (@) og >0

The second a priori estimate uses (8.19) and the support properties of f = fg 2 .. We obtain
for ¢ € C

[ml* < 211 f(H)ml|* + 2/ = f(H))ml”
< (M + ()G + (K@) + CNH = B =
Here we have absorbed 2/ into the compact operator K (o). Write
FH)Gf(H) =G — (I - f(H)GI - f(H)) - 2Re{f(H)G(I — f(H))}.

This identity, (2.1) and form boundedness of G on D(H) imply

2 1
[[9hml[* < M+ Gy + Tollml® + (K (@), + Coll(H = E = 0*)om|*.
Using Lemma 8.3 ii) with e = 1/(10Cy) and € = 8/(yCo(00 + 1)) now gives

9 2 8 ’ 1 2
[l < 2000 + G+~ (8O0 B, + (5 +6Ca ) Wl + (K (@),
+ Cu([[01P + lpyl*) + C(m)|e” (H = E)p||*. (8.21)

Here we used that (op + 1) < (o0 +6) L.

Let {¢¢}een C C, such that ¢y converge to ¢ (the eigenfunction) in D(H). In order to deal with
the error terms, we introduce the three-parameter sequence xsTroe € C, cf. (4.1) and (4.2). We
have (using that T = (Ho + i) *Tr(Hp + i) and that pxsTg is H-bounded) the following limits

llim e’ (H — E)xsTroe = e @ xs(H — E)Trp — 2iTre’ ™ Re{Vyxs - p}p
—00

Jim e” W pxsTroe = e @ xsTrpp — ie” @) VysTry

—00

llgrolo(M + G>eemeTR¢e = <M + G>XSTRWm

ZILII;O(B@m@;nB>€@mXSTR¢£ = (BGmG;’nB>XSTR4Pm

ZEI{.I()(/L[H’ Avn]>€@mX5TRd)g = (l[H’ Z71]>XS‘TRWM’
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where ¢,, = e®™ . Removing the cutoffs using that Vxs = O(S~!) and Proposition 8.2 we obtain

lim lim lim e”®(H — E)xsTrd = — Jim 2ie”® Re{Vxs - p}p =0
—00

S—00 R—00 {—00

S—00 R—00 {—00

lim lim lim e *) pxsTre: = Jim (601<I>Xsp<,0 - ie"'@”)VXs‘P) =e” @pp
—00
lim lim lim (M + G)eomysrpe, = (M +G)y,,

S—00 R—00 {—00

lim lim lim (BO©,,0;, B).omyThe, = (BOmO;,B)y..

S—00 R—00 {—00

lim lim lim (G[H, A,])eom s Tro, = (H, An)on - (8.22)

S—00 R—00 {—00

Substituting ¥ = xsTr¢, and applying first these limits to the two a priori estimates (8.20) and
(8.21) and subsequently the limit n — oo yields

4 Co o »
(M+Gp,, < —— <B®m®£nB>w+(llO +6Cl) ”‘0m||2+af5(||e @) |2+ {[e” @ pio||?) (8.23)
and
loml < 2(M + Gho. + —> (BOROL, B)
ol =y om T G o) ComOmEl e
1
* (5 * 503) lomll” + (K (@), + Calllel + llpell?). (8.24)

Here we used that lim, o (i[H, 4,]),,, = (0 4+ 6)(M + G),,,.
Now choose 0 < § < 1 such that

2C 1
ol —+C3) <=, 8.25
( v " 3) 5 (8.25)
If og > 0 we furthermore choose o such that

%§0<00<0+5. (8.26)

There exists (since o has now been fixed) S > 0 large such that

(K(0) ¢ = (K(@)(I = x5))e,. + (K(0)X5)pn < Hlpwll? + Cllgll. (8.27)

Combining (8.23)—(8.25) and (8.27) yields uniformly in m > 1
1 2 a'(z), 112 o' (x) 2
llomll™ < C(lle”  ll" + lle” *pel).
This proves, cf. Proposition 8.2, that e(?+9)lzly € #,
By (8.18) and (8.26) we have thus arrived at a contradiction. O
We are now in a position to translate the exponential decay estimate obtained for non-threshold

eigenfunctions of H into a statement for non-threshold eigenfunctions of the monodromy operator
U(1,0).
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Proof of Theorem 1.8.

By (1.17) is suffices to prove the statement with U(1,0) given by the monodromy operator asso-
ciated with h(t) given by (1.18).

Recall from [Yal] that any eigenfunction ¢ of H with eigenvalue E can be written as
() = "FU (2, 0)e, (8.28)
where U(1,0)p = e £ . In particular, by strong continuity of the map ¢ — U(t,0) we find that
t — 9 (t) is continuous.

Since ¢ € D(p), there exists ¢t such that ¢(¢) € D(p). Furthermore we note that by [Ya2] and an
interpolation argument, the map

t— U(t,0) € B(H (X)), 0<s<2, (8.29)
(and its adjoint) is strongly continuous. Here H*(X) = (p) *L?(X), s > 0, are Sobolev spaces. By
(8.28) we conclude ¢ € D(p) and that ¢t — (py)(t) is continuous.

Let 0 < § < (inf{F(H)N (E,00)} — E)'/2. There exists, by Proposition 8.4, 0 < o < 1 such that
e* @) (to) € L*(X) and hence
sup €274 (to) | 2(x) < 0. (8.30)

We write (1) = || (8)]|? and Bp.c(t) = ||(1 + ep?) =2 (t)[|2. Due to the presence of the
resolvent of ep® we get from [Ya2] that (3, . is C' and

d 1
B () = (V). (T + 1) v(1))
where
Ty = 4Re{Re{V (e‘m”) p}(1+ epz)fle‘w’"}
112 — 659,11(1 4 €p2)717: |:€%p2’vj| (1 +€p2)71659m.
Note that both Ty and T are bounded uniformly in 0 < € < 1 as forms on H!(X). This follows

from (6.2) and uniform boundedness of € (p)(1 + ep®)~!. By strong continuity of the map (8.29)

(with s = 1) and the Lebesgue dominated convergence theorem we thus find that 3,, is C* and
¢
B (t) =/ ((s),2Re {p- V(e*"™) } 1)(s)) ds + Bm(to)-
to

From this identity we get the estimate
Bun(t) < © (1P +[1e”pvI?) + sup (o).

By Propositions 8.2 and 8.4, (8.30) and the Lebesgue monotone convergence theorem we thus obtain
the result. O

We end this section with a regularity result for eigenfunctions which will be useful (in the case of
non-threshold eigenfunctions) in the following section on perturbation theory.
Let g € C*(R) obey
2 fort >3

g >0, g(t) = t  for|t| <1 and +/tg'g € C(R). (8.31)
-2 fort < -3
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We are in the following going to use a procedure which was introduced in [FS] for a technically
somewhat similar problem.

Let h(t) = g(t)/t. We pick an almost analytic extension of h, denoted by h, with the properties:

2/n for u > 6, |v| < p(u— 6)

8.32
-2/n  foru< —6, |v] < p(6—u)’ (8:32)

YN 1 |0h(n)] < On()™"2o|Y and  h(n) = {

for some p > 0 (recall from (3.1) the notation § = u + iv). We furthermore choose & such that
R(n) = h(f). This gives the representation, cf. (3.1),

o(t) = = /C (Oh)(m)t(t — 7)™ dudo.

We will use the following observables in addition to A and B

1 1 —_— —_—
Ar=S(@+e)ptp-(r+e), Bi=g@+cptpato),
1 T +c
A, == iy - Fy. F, =— "
Iin 2( Iin p+p l,n): 1in ((x+c)/n)

Let gm(t) = mg(t/m), for m > 1. We note that by a commutator argument of [Mo], cf. the proof
of Lemma, 2.5, there exists o > 0 such that for [v| > o/m: (Bi/m—n)~! and (A1 /m —n)~! preserve
D(p*) and D({x)) and we have the estimates

o (2 o) ) o (2 n) o <ol (8.33)
and
@ (2 ) @)+ (2 ) @ <ow (8:3)

uniformly in m > 1 and n with |v| > ¢/m. This motivates the decomposition into smooth bounded
real valued functions gm, = g1m + gom, Where

gim(t) = i (55)(77) (1 +n (% — n) ) > du dv

T Jiv|>a/m
—1
m a7 t
Gam(t) = — (Oh)(m) | 1+n (— - 77) du dv. (8.35)
T Jlv|<o/m m
Note that due to (8.32), the integral in the expression for gs,, is over a compact (and shrinking) set.

This implies the properties

sup |gam (t)] < C < 00 and suptk+1|g£2(t)| <Cr<oo for k>1. (8.36)
teRr teR

(In fact the two suprema are O(m %) for any N.)

We have
g1m(B1), g1m (A1) maps C into D(1) N D(p?), (8.37)

which will be used without comment in the following to make sense of forms on C. This observation
is a consequence of (8.33), in fact
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Lemma 8.5. Let 0 < s < 2. There exists C > 0 independent of m such that

< C,

| @1 g (B1), p1ip)

|1 grm (40, %) )

for any multiindex a with 1 < |a| < 2.

Remark. The weighted commutators above should be viewed as the extension by continuity of
forms on D(p?).

Proof. We have as a form on D(p?), cf. (8.35),

) 1 (g1 (B1), p*1(p)~*

__! /v|>a/m(3ﬁ)(n)n<p>s—al <& - 77) - [B1,p%] (% - 77) - (py~*dudv.

™ m

We bound the expression under the integral using (8.32) (with N = 2) and (8.33) by a constant
times (n)~3. This implies the lemma in the case of B;. The statement with A; follows similarly. O

In the following we will again use the notation Ej, see (8.3). Only the parameters n and m are
needed here and the estimate in (8.3) should be uniform in n,m > 1.

Lemma 8.6. Let € > 0. There exists C > 0 independent of n,m > 1 such that the following
estimates hold in the sense of forms on C

Re {g1m (B1)A1ni[p”, g1m(B1)]} > —C(p)* — €g1m (B1)p” g1m (B1) (8.38)

and
Re {g1m (A1) A1,i[p°, g1m (A1)]} > —C(p)* — €g1m(A1)P* gim(A1). (8.39)

Proof. We drop the subscript 1 from A;, Ay, and B; for the purpose of this proof.
First we compute (see also (3.2) and (8.11))

W@ =2 [ @ (Z-0) prrawesa) (2-a) w0

™

where

. 1 |zt o)zt
T0) = e () 20 (841

We proceed in several steps.

Step I: Estimate using (8.32)—(8.34)

~LRe { /Ulw/m(ail)(n)nglm(B)An (5 - n) T (% - n> " dv} >_ClR. (342)

™
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Step II: Write A, = B(z + ¢){(z + ¢)/n)~" +iFEp (see (8.4)). Since h(n) = h(7) we can write

L i { [ @t @5 (2 -n) ran(2-0) dv}

_ _% |v\>a/m(5h)(n)n {gm(B)E0 (g - 77) _lptT(l)p (5 = n) -1

m

- <§ - 77) h p'T(1)p (% - 77) B Eogm(B)} du d. (8.43)

m

When reversing the order of the operators constituting the first term in the brackets above, we
get a number of commutators which all remove one power of B, cf. Lemma 8.5 and the identity
B = m{(B/m —n) + n}. We are thus left with two powers of p. Applying (8.32), (8.33) and
combining with (8.42) now yields

Re {glm(B)AnZ[p27 glm(B)]}

> LR { [ @mmanip s (D 0) e (Z-n) dv}

— C{p)*. (8.44)

Step III: We proceed by moving p! to the left, p to the right and collecting functions of B to
the left of functions of x. Arguing as for (8.43) we find that all errors come in the form of double
commutators as indicated by the identity LST + TSL = SLT + TLS + [[L, S],T]. Each double
commutator will remove two powers of B from the expression under the integral in (8.44). (We
leave the somewhat tedious details to the reader.) We thus get

Re {g1m (B)Ani[p®, gim(B)]} > p' Re {Bg1,,,(B)gim (B)T (n)}p — Cp*. (8.45)

Here we used that (z + c){(z + ¢)/n) 1T (1) = T(n), cf. (8.41), and the identity

™ m

Gon(f) = — /vlw/m(éﬁ)(n)n (£-4) duds (5.46)

Step IV: Abbreviate S, = \/tg!,9m € C§°(R) and write g1,m = gm — gom and gi,, = gh, — G-
By (8.36) we get for any ¢ > 0

p'Re{Bg1,,(B)gim(B)T(n)} p > p' Re { Sy (B)*T(n)} p
—p'Re{Bg.,(B)gom(B)T(n)} p — Cp*

> p!' Re {Sin(B)*T(n)} p — op' (Byg,,(B))*p — C(o)p*.
(8.47)

There exists, cf. (8.31), Cy > 0 such that

(tgh ())* < Cogm (1) (8.48)
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We furthermore estimate
P'gm(B)’p < 29" g1, (B)’p + Cp° < 2g1m(B)p*g1m (B) + Cp°.

In the last step we used an argument similar to the one used to obtain (8.45). Inserting this estimate
and (8.48) into (8.47) (applied with o =¢/(2C})) gives

P Re {Bgip(B)gim(B)T (1)} p > p' Re {Sm(B)*T(n)} p — €gim(B)p*gim (B) = C(p)*.  (8.49)

To complete the proof we pick an almost analytic extension of S;, and symmetrize
Re {Sm(B)’T(n)} > Sn(B)T (n)Sm(B) —C > —C.

Here we used (8.41) in the last step. This estimate in conjunction with (8.49) and (8.45) yields
(8.38).

The second estimate (8.39) is proved similarly and we leave it to the reader. O

Proposition 8.7. Let ¢ be an eigenfunction of H with eigenvalue E. We have

i) pp € D(By).
ii) If E ¢ F(H), then pp € D(A;).

Proof. For ¢ € H we abbreviate ¥, = g1 (B)v.

We compute (as forms on C)

glm(Bl)Al;ni[Hy glm(Bl)] = glm(Bl)Al;n {i[’l’, glm(Bl)] + i[p2vglm(B1)] + Z[V) glm(Bl)]} . (850)

Using the identity

i[r,B1] = 2Re {(m +c) bt (I - w) p}

(x + ¢)?

together with (8.32)—(8.35) gives

Re{g1m (B1)A1;ni[T, g1m(B1)]} > —1—1291m(31)p291m(31) - C(p)*. (8.51)

As for the commutator with the potential we use (6.2) to write

VBl = @) { o T )
and obtain as above
Re{g1m (B1) A1V, g1m(B1)]} > _iglm(Bl)p2glm(Bl) - C(p)*. (8.52)

12

Let ¢p € C. Using (8.50)—(8.52) in conjunction with (8.38) (applied with e = 1/12) yields the
following estimate

(i[H, Atn))y, = —2Re{{A1;n¥m, g1m(B)i(H — E))} — 2 (Re {g1m(B) A1;ni[H, glm(B)]}>¢

< %Ilpzbmll2 + C(Imll® + 1811 + lpell?) + C (m, )| (H = E)p|*. (8.54)
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Here we used that || A1;ntm|| < C(n)[[Biml| + Cllpmll < Cm,n) ([l + 11| + [p[])-
Next we estimate as for (8.11) but using (6.2) instead of Theorem 6.2. This gives

. 1
2 <ptF1I;np>¢m < (l[Hv Al;n]>¢m + §||p1/}m||2 + C”‘/’m”2 (8-55)
Note that FY, (z) = Fy,(z + ¢), cf. (3.2). Inserting (8.54) into (8.55) yields
20" Fup),, < lIpml® + C (1017 + lpgl?) + Cm,n)[|(H — E)p|*. (8.56)

Here we used in addition that ||1.,]|> < C(||¢]? + ||lpv])?).

Using the two first limits in (8.14) to replace ¢ with ¢ in (8.56) and subsequently taking the limit
n — oo gives
Ipoml” < Clell* + lIpell®)-

This implies, cf. (8.36) and Lemma 8.5, the estimate

lgm(Bupell* < C(llell” + llpel?)

(uniformly in m > 1) from which i) follows.

As for ii) we note that the estimate (8.54) (with an extra ||[(z 4+ ¢){(z + ¢)/n) "'p||* term on the
right-hand side) can be proved in a similar fashion with ¢,,, = g1, (B1)v replaced by g1, (A1), using
(8.39) instead of (8.38). As above this together with Propositions 8.2 and 8.4 implies pp € D(A1).

g
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9. Perturbation theory

In this section we study the perturbation problem, (1.19), for the Floquet Hamiltonian and in
the end our results are translated into a statement about the perturbation problem, (1.11), for the
physical system. We use perturbation theory following [AHS]; this approach appears more suited
for the N-body problem than the well-known Feshback method applied in, for example, [DJ].

Throughout the section it is assumed that V satisfies Condition 1.3 (although the same methods
would give similar results under Conditions 1.1 or 1.2) and fields (1.9). More specific let & and
€ be given fields obeying (1.9). We define by = bo(t), co = co(t) and b = b(t), ¢ = ¢(t) to be
the corresponding integrated fields, cf. (1.14). We are going to study an eigenvalue perturbation
problem defined in terms of the fields £, = & + k€ with k a real (perturbation) parameter. The
corresponding integrated fields are b, = by + kb and ¢, = ¢y + kc. The corresponding Floquet
Hamiltonians are given by H, = 7 + hy(t), where h,(t) = p? + V(- + ¢,), cf. (1.11), (1.18) and
(1.19). Now let

Ey € opp(Ho)\F(Ho) (9.1)

be given. The corresponding finite-dimensional projection is denoted Py. We will study the eigen-
value perturbation problem for H, at Ey using three ingredients from previous sections: 1) The
Mourre estimate from Section 6. 2) Decay properties of Py from Section 8. 3) A uniform LAP
obtained from the method of Section 2.

It is convenient first to change frame, x — x — ¢,, as in the proof of Theorem 6.2: Thus we
consider the operators
H! = e P H e =14 p> +2b,-p+V,

where V' = V(z) is independent of ¢. (Here and in the following the superindex 1 is used without
parentheses.) Similarly we introduce P} = e~ Pye’?*°0. By the results of Section 8

()APy, (p){x)’ Py € B(H). (9.2)
Here B(H) signifies the bounded operators on the Floquet Hilbert space H, and A is the generator
of dilations as given in Section 3.

We introduce B B
Hy =H}+ P}, and H.=H}+PF;.
Note that ﬁ(} has no eigenvalues in a small open neighbourhood V of Ey. We write
i[H', Al = M, + G,
where B
M, =2p*>+2b,-p+6 and G =—z-VV(z)+i[P, Al -6

Here §' > 0 is fixed such that (6.20) holds for M; replaced by M, uniformly in x € [-1,1]. By
(9.2) and the finiteness of my = dim Range(P; ), we conclude that [Py, A] and (p)~'[[Py, A], A](p) ™"
extend to compact operators. In particular, seen by first conjugating (6.22) by e~ there exist
€>0,v>0and C > 0 such that:

Mo + [y, (H))G [, (Hy) > 7T = C(I = fy,o(Hy))- (9-3)
Here we used that fp, ((HY) — fg,.c(HE) is compact and that s — lim_,o fg,.(H¢) = 0. Clearly the

technical conditions Assumption 2.1 1)-3) are satisfied for H!, A, M, and G for |x| < 1 (see Section
6).
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As in [AHS] we may perturb (9.3) as to obtain the existence of kg > 0, ¢ >0,y > 0 and C > 0
(with a new v > 0 and a new C' > 0) such that for all k with || < ko we have:

My + fro (HY)G fro,c(HY) > vI = C(I = fp, o(HL)). (9.4)
Notice for example that for the term
T = fE07€(ﬁ;)éfE07€(ﬁ;) - fEO,E(ﬁ&)éonyf(ﬁ&)) (95)

we may write T = (p)T" + T'(p) where
17| < Cll (9.6)
and then estimate by the Cauchy-Schwarz inequality, cf. (4.10).

Consequently Assumption 2.1 is verified, and the Limiting Absorption Principle of Theorem 2.4
holds for Ifl,i in a small neighbourhood V of Ej , cf. the Virial Theorem and Proposition 4.1. Due
to the uniformity of (9.4) with respect to k € [—ko, ko] We may obtain resolvent bounds from the
method of Section 2 that are uniform in numerically small k, see Lemma 9.2 stated below.

We will also need the following abstract Holder continuity statement. If () is a densely defined
form which extends from D(Q) to a bounded form we write Q° for the corresponding bounded
operator.

Proposition 9.1. Suppose Assumption 2.1 is satisfied for some E = Ey that is not an eigenvalue
of H. Let VL = {z € C: Rez € V,£Imz > 0} where V is a small neighbourhood of Ey, and let
0<8< % < a < 1. Then (in addition to the conclusion of Theorem 2.4) the maps

Vi oz [(A) " MP(H - z) ' MP(4) )" € B(H)

1—2max{8,1—a}

are uniformly Holder continuous with exponent n := T omax{F 1o}

Consequently, the limits
(A)~*MP(H — E Fi0) ' M?(A)~ := lim [(4) "M (H - B+ ie) LM Ay ]’
€—>
exist and are uniformly Hélder continuous in E € V with exponent n.

Remark. Under the conditions of Corollary 7.2 (in particular 0 < r < 1/2 < s < 1) we obtain from
Lemma 7.1 and Proposition 9.1 that the maps

E = (p)(z)"*(H - EFi0) z)*(p)"
are uniformly Hoélder continuous on V with exponent 7.

Proof. We only consider the case of V. Let z,2' € Vi with z # 2’ and let € = |z — 2/|" where

v = 332u and 4 = max{3,1 — a}. By (2.44) and the comments accompanying (2.44) we have,

uniformly in z € V,,

IF. = F.(e)]] < Cex 0, (9.7)
where
F. = [(A)MP(H — 2)7'M?(4)=*]" and F.(e) = D(e)MPR.(e)M®D(e).
Recall that D(e) = (4)~*(eA)*!. From Lemma 2.9 we furthermore find that
1F:(€) = For(e)ll < Ce ™tz = 2|. (9-8)
Combining (9.7) and (9.8) we get
|F. — Fu|| < Cle* * + e Yz —2|) = Clz — 2'|".

Taking the uniformity of (9.4) into account, the proof of Proposition 9.1 yields uniform Holder
continuity results for our problem. We are only going to need the result for the case § = 0 and
a=1.
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Lemma 9.2. There ezists a neighbourhood V of Ey and ko > 0 such for |k| < ko the maps
Vidz— (AVH: - 2)"(4) " € B(H)

are Hélder continuous with exponent 1/3, uniformly in z € Vi and k with || < ko. Consequently,
the limits B B
(A H - EFi0)"HA) ™ == lim(A) " (H, — E Fie)~ 1 (4)7!

e—0

exist and are Hoélder continuous with exponent 1/3, uniformly for E € V and |s| < ko.

We are going to use Lemma 9.2 as follows. We define the following operator on the finite dimen-
sional space Range(Py):

Qn(z) = P)(H. — 2)~'P}, z€VLUV_.
By (9.2) and Lemma 9.2 the limits Q(F £ i0) = lim._,0 Q(F =+ i€) exist.

We have the formula

(Hy = 2) 'Py(I = Qu(2)) = (Hy — 2) ' Py,

K

which relates the resolvents of H} and H L. It implies that the non-existence of an eigenvalue at
E €V is equivalent to the invertibility of I — Q,(E +i0) as an operator on Range(Py) (see [AHS]).
We are thus led to study the operator Q(z).

Expanding the resolvent we get
Qu(2) = 1:P3 = 2672 P3p - bPy + 4x*y2Fyp - b(H), — z)"'p- bPy, (9.9)

where 7, = (1 + Ep — 2) . Note that (9.2) and Lemma 9.2 imply the existence of the limits of all
the terms on the right hand side of (9.9) as Im z — +0.

We estimate the last term on the right hand side of (9.9).

Lemma 9.3. There exist a small neighbourhood V of Ey and C,ky > 0 such that for E € V and
k] < ko

HPOIp b(H! — EFi0)"'p-bB} — Plp-b(H! — EFi0)"'p- ngH < Clw|'/3.
Proof. We only give the proof for the "minus case”; it goes along the same line as the one of
Proposition 9.1. Let € = |x|5. We use (9.2) and (9.7) with 3 =0 and o = 1 to estimate (uniformly
in z € V4 and & € [—ko, ko))
HPOIp b(H! —2)"'p-bP} — Pip- bffi,z(e)p . bPOIH < Ce>. (9.10)

Compute . } . .
R}a,z(e) - Rtl),z(e) = R}a,z (6){_2(1 - ’iE)Iip b+ Z.‘:/T}]%(l),z(e)a
where T is given by (9.5).
Combining this with (9.2) and (2.28) yields

|Pop-bRL(p- bR = Pip- bR (p- bR} | < Clile (0.11)
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uniformly in z € V,. O
Using Lemma 9.2, Lemma 9.3 and (9.9) we may write

I — Qu(E +1i0) (9.12)
=1 —-vp)+ 'y?;ﬁA(l) + 7E252A(2) —ivg’K’B + O(|/€|%) +|E - E0|%O(I<&2),

where (considered as operators on Range(P,}))
AMD =2Plb-pPY, A® = —4Re{Plb-p(H} — Ey —i0) 'b-pP}} (9.13)

and
B =4Im{P!b-p(H} — Ey —i0) ‘b pP}}. (9.14)

We conclude from (9.12), using the fact that B is non-negative, that indeed the left hand side
is invertible if B is invertible (for x numerically small and E € R close to Ey). More generally
it follows that the nullspace of the operator on the left hand side is a subset of the nullspace of
its (negative) imaginary part, and from this and the invariance of the pure point spectrum (i.e.
opp(Hy) = opp(H})) one readily obtains the following result.

Proposition 9.4. There ezist ko > 0, a neighbourhood V of Ey and C > 0 such that for 0 < |&| < ko
we have

(1) If 0 & o(B), then opp(H) NV = 0.
(2) Any E € opp(H,) NV must satisfy

|E — By — KE. — (kEL)?| < Ol|$
for some

Elco (A(l) + HA(Q)) .

We can readily translate Proposition 9.4 into a statement for the monodromy operator U, (1,0)
for the physical problem; see Section 1 (in particular (1.10), (1.12) and (1.16)). Let

1 1
By = 25/ bo - b(s)ds + 52/ |b(s)|ds.
0 0

Theorem 9.5. Suppose Condition 1.8 and (1.9). Let e € 0,,(Up(1,0))\F(Uo(1,0)) and set
Ey = X\ — fol |bo(s)|?ds. There exist kg > 0, a neighbourhood V of X\o and C > 0 such that for
0 < |k| < ko we have, with A1) A®) and B specified in (9.13) and (9.14),

(1) If 0 & o(B), then o, (Ux(1,0)) Ne™ = ().

(2) Any e ™ € 0, (Ux(1,0)) Ne Y must satisfy

e—iN _ e—i(Ao+BN+f¢Ei+(l~aEi)2)‘ < C|’€|%

for some
Elco (A(l) + HA(Q)) .
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Remarks 9.6. One may view Theorem 9.5 as a first step in an attempt to show that U(1,0) for
a ”generic” field £ has purely absolutely continuous spectrum, cf. [AHS]. Progress in this direction
would depend on verification of the condition of (1), 0 & o(B), for a perturbation kb. We remark
that [Ya3] has a discussion on absence of eigenvalues for generic frequencies in the two-body problem.
The techniques of this section could also be used to discuss perturbation in frequency, although we
have fixed the frequency to be one throughout the paper. Finally, in Appendix A we indicated how
the statements of Theorem 9.5 for the special case by = 0 can be obtained in a different way under
an additional dilation-analyticity assumption on the potential. One virtue of that method is that
expansions to higher order comes out easily; in fact it follows (for example) that any perturbed
eigenvalue (that persists as an eigenvalue for all numerically small k) is analytic in k.

We end this section with a brief discussion of a physical interpretation of Theorem 9.5 for the case
bop = 0. See [Ya3] for a related discussion of what is there phrased as the ”photon property” of the
electro-magnetic field. Since by = 0 the operator hg = p*> + V is just the usual (time-independent)
Hamiltonian with its threshold set F(hgo) defined as usual, see (1.20). The condition (9.1) reads

Eo € (0pp(ho) + 27Z)\(F(ho) + 27L).

In the interpretation of an atom (or more general a system of molecules) coupled to a reservoir of
photons of energies 27n, this choice of unperturbed boundstate energy implies that any number of
emissions or absorptions of photons does not land the atom at a threshold energy. We write

1
b= Z bpe>™™ where b, = / e~ 2™t h(t)dt.
neZ 0

Note that by = 0 and b, = b_,. Motivated by the following explicit formulas for the operators
AW AR and B of (9.13) and (9.14) we interpret the absolute value of the b,’s, n > 0, as the
strength with which ”photons” of energy k,, = 2mn couple with the atom. The sign of n distinguishes
between emission and absorption of a photon of energy kj,|. In terms of the n’th Fourier coefficient
of &, by = 52=-Ep. Let P = (Ey + 27Z) N opp(ho). The operators A, A and B are considered
as acting on the space

Ep(ho)L*(X) = ®xepEpay (ho)L*(X) (~ Range(F))

We have )
AL — {A(l),h})q,)\zep

where

A(All),& = 2Ex,3(ho)b2m -1 (as—21) - P Epray (ho)-

This term can be interpreted as describing 1-photon interaction between different eigenspaces:
kn
Ay = A1 = Ay — 27N,

Note that A =0 if |P] = 1.
Secondly
A(2) = {Agi),h})q,)\ze??

where R . .
AY,, = —4Re 3 Epay (ho)bn - pFo(Aa — 27m) b, - pEpa,y (ho).-

n,mez
27r(n+m):>\2 —A1
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with .
fo(A) = (ho + E{A} (ho) — A — ’iO) .

This term accounts for 2-photon interactions between eigenstates:

A2 km—’k>n A= Ao —27T(m—|—n).

Finally we have
B = {BA1,>\2}>\17>\2E7>

where

B>\1,>\2 =4Im Z E{)\l}(ho)i)n'pﬁ)(AQ —27rm) I;m'pE{)‘z}(ho).
n,me”z
27r(n+m)§>\2—>\1

This term describes interactions between two eigenstates via the absolutely continuous spectrum:

Ao 27 Ny — 2m (€ Gac(ho) N (Ey + 277Z)) LN W V- 2w (m + n).
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Appendix A. An analytic perturbation theory

In this appendix we shall outline an analytic perturbation theory valid in the small field regime
and under an additional dilation-analyticity assumption on the potential. In particular the theory
leads to an alternative proof of Proposition 9.4 (and therefore also of Theorem 9.5) in the case
bp = 0, see (9.14). As in Section 9 we consider £ obeying (1.9). We are going to study the spectrum
of operators of the form

H' =17+p>+2b-p+7V, (A1)

where b = b(t) is the integrated field, cf. (1.14), and V is independent of ¢. We shall replace b by xb
and study corresponding eigenvalue problems, cf. Section 9.

First we study properties of H' given without any parameter-dependence (and with b arbitrary).
We do not need V' to be local. Our assumption on V' is given in terms of the Combes class introduced
using the notation A* = Re{z?® - p?} and H% = ((p*)?) + 1) 1L3(X9)

Definition A.1. Fiz ¢ > 0. A symmetric operator V, on L*(X®) is in Cy if and only if:
(1) D(p*)?) € D(V).
(2) Va((p*)?) + 1)L is compact.
(3) The B(HS,L*(X®))-valued function

R 36— V,(0) = e Ve 04" € B(HS, L2(X %))

has an analytic extension to the strip {0] |Im 0| < ¢}. (This extension is henceforth denoted
by Va(6).)

We impose the condition that for some ¢ € (0, §)

V= Z Vo, where V, € Cy. (A2)
a€A

Under the above conditions the family of operators h(t) = p*> +2b-p+V on L?(X) has a dynamics
U that preserves D(p?), cf. [RS, Theorem X.70] (or [CMR]). Consequently by (1.13) H' is essentially
self-adjoint on the subspace D(7) N D(p?) of H. Next we consider the family of dilated operators

H'@)=1+e2p>+2e7%-p+V(6), (A.3)
where 0 <Im6 < ¢ and V(0) = > . 4 Va(f). For 0 < Im6 < ¢,
D(H'(9)) = D(H'(0)") = D(r) N D(p).

Also note that for n € R, e H(§)e= 4 = H'(n +6).

We need the class of analytic vectors Ng: A vector ¢ € H is in Ny if and only if the H-valued
function

R360—y(B) =epeH
has an analytic extension (denoted by 1(8)) to the strip {6| | Im 6| < ¢}.

Lemma A.2. Let C' > 0 be given. There exists 8y € (0,¢) such that if ||b]|; < C, Im8 € [0, 8]
and Im z > 1, then z € p(H'(9)) with

|(H(8) — =) <3, (A.4)
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and for all ¢ € Ny B
(¥, (H" —2)7") = @(0), (H' (6) — 2)"'9(0)). (A.5)

Proof. We mimic a numerical range argument of [HS]. It suffices to consider § — if with Im 6§ = 0.
Let ¢ € D(H'(if)) be any given normalized vector. We abbreviate (1, Ay) = (A),, for relevant
operators A.

Im(H"(i0) — 2)y = sin(—20)(p*)y, + 2sin(—0)(b - p)y + Im(V (i) — V' (0)), — Im z. (A.6)

We assume 0 < % Then sin(—26) < —479 and |sin(—0)| < 0, and (by a Cauchy estimate and
interpolation) for all y' > 1

. _1 d . _1
| Tm(V (i0) — V(0))y| <6 sup ||(p° +y") 2=V (i )" +y") 2| 0" + ¢y
0<9'<9 df
! 2 ! ! 24 —1
<OCY )P + 4y, C(y)zz‘ﬁup Ve +y)™"- (A.7)
n<3¢

Clearly C(y') — 0 for y' — oc.
From (A.6), (A.7) and the Cauchy-Schwarz inequality we get the estimate

Tm(H' (i6) — 2), < 0 (% —1- c<y'>) B)o + 01IbI2 +6C )y —Im-=.

Now we fix a large y’ such that C(y') < % — 1 making the first term on the right hand side
non-positive. Then —1/3 is a total upper bound for all § < 6y where

0y = min ¢ 1 1
0~ 273C(y" )y’ 3C? )’

yielding (A.4). As for (A.5) we consider for given z with Imz > 1 and b with [|b]|,. < C the
function

0 — ((0), (H'(0) — 2) " v(0)) -
It is analytic and constant on the open strip {# € C| Im# € (0,6y)}. Using the fact that D(r)ND(p?)
is a core for H' one readily obtains in combination with (A.4) that

1 Ty =1 — (gl _ -1
s —lm(H(if) —2)7 = (H —2)7,

which (together with a similar argument for 6 1 6p) shows (A.5) in the case Imz > 1. O

Now we replace b by b, = &b in (A.1) and let Ey be given as in (9.1) (using the same notation
as in Section 9). To obtain an alternative proof of Proposition 9.4 in this case we need to extend
the formula (A.5) for fixed 8, say € = ify, and all real, numerically small k to z € S, = {z|Imz >
0, Rez € [—e+Ep, Ey+e€]}. Here € > 0 is chosen such that [—e+ Ey, Eg+€]N(F(ho)+27Z) = (). Our
argument is perturbative. It follows from [BC] that Ej is a discrete eigenvalue of H{ (i) and that
o(H (i60))N{z|Im z > 0} = . Since 2e~%°b,, - p is a relatively bounded (and analytic) perturbation
we may pick a small circle C; centered at Ep and a small ko > 0 such that Cs No(H. (i) = 0 for
|k| < kp. The dimension of the range of the corresponding Riesz projection

i

Dy (H.(i6o) — z)"'dz
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is exactly equal to the multiplicity mg of the eigenvalue Ey of H. In particular if E € S.No(H}(if))
then E is a discrete eigenvalue of H](ifly). By extending (A.5) to a small neighbourhood of E
(excluding E) and invoking the density of N4 we then conclude that indeed such E cannot exist.
Thus the formula

(¢, (Hy, — z)" ") = (¢(—ibo), (Hp (o) — 2) " 4 (ibo)) (A.8)

is valid for z € S¢ and for all real k with |s| < ko. Mimicking [Si] under use of (A.8) leads to the
following conclusion. Note that the operator B of (9.14) is well-defined in the present context too.

Proposition A.3. There exist kg > 0 and a neighbourhood V of Ey such that for all real k with
0 < |&| < ko we have
(1) If0 & o(B), then opp(HL) NV = 0.
(2) Any E € 0,,(HL) NV belongs to a family of m < mg analytic functions (in k) of eigenvalues
of H:. Ezpansion to second order of those functions agrees with Proposition 9.4 (2).
(3) There are mg — m branches of “resonances” (Puiseuz series in k) each of which has a
polynomial expansion up to some even order 2p; the coefficients of the powers k? with ¢ < 2p
are real while the coefficient of the power kP has negative imaginary part.

Remark. We mention two open problems: 1) Extend the perturbation theory of this section to
the case by # 0 (as in Section 9). The problem here is to control the essential spectrum of H.(#).
Such ”control” is provided for the two-body problem in [How2]. The general N-body problem with
Coulomb singularities would probably (if feasible at all) require some kind of ”exterior scaling”, cf.
[Hu2]. 2) Find an analytic perturbation theory for Born-Oppenheimer molecules in the small field
regime (like in Proposition A.3). One may suspect that the distortion technique of [Hu2] would
provide an analogue of Proposition A.3, although there is a technical difficulty in using the same
scheme of proof.
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