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Abstract

Let (B:):>0 be a standard Brownian motion started at zerogdet(0, cc) — IR
be a continuous function satisfying(0+) > 0, let

T=inf{t>0| By >g(t) }

be the first-passage time aB over ¢, and let /' denote the distribution function
of 7. Then the following system of integral equations is satisfied:

for ¢t >0 and n=-1,0,1..., where H,(z) = [° H,_1(z) dz for n >0

and H_,(z) = ¢(x) = (1/v27)e~="/2 is the standard normal density. These
equations are derived from a single 'master equation’ which may be viewed as a
Chapman-Kolmogorov equation of Volterra type. The initial idea in the derivation
of the master equation goes back to Sdinger [22].

*Centre for Mathematical Physics and Stochastics (funded by the Danish National Research Foundation).

Mathematics Subject Classification 20@rimary 60J65, 45D05, 60J60. Secondary 45G15, 45G10, 45Q05, 45K05.

Key words and phrasesthe (inverse) first-passage problem, Brownian motion, a curved (non-linear) boundary, a first-passage time, Markov
process, the Chapman-Kolmogorov equation, Volterra integral equations (of the first and second kind), a system of nonlinear integral equations.



[1]
2]

[3]
[4]
[5]
[6]
[7]

[8]
[9]
[10]

[11]
[12]

[13]

[14]

[15]

[16]

REFERENCES

ANDRE, D. (1887). Solution directe du prabhe esolu par M. BertrandC. R. Acad. Sci.
Paris 105 (436-437).

BACHELIER, L. (1900). Tteorie de la spculation.Ann. Sci.Ecole Norm. Supl7 (21-86).
English translation Theory of Speculatidnin “ The Random Character of Stock Market
Prices, MIT Press, Cambridge, Mass. 1964 (ed. P. H. Cootner) (17-78).

CHAPMAN, S. (1928). On the Brownian displacements and thermal diffusion of grains
suspended in a non-uniform flui@roc. Roy. Soc. London Ser.149 (34-54).

DoOB, J. L. (1949). Hueristic approach to the Kolmogorov-Smirnov theoréma. Math.
Statist. 20 (393-403).

DURBIN, J. (1985). The first-passage density of a continuous Gaussian process to a general
boundary.J. Appl. Probab.22 (99-122).

DURBIN, J. (1992). The first-passage density of the Brownian motion process to a curved
boundary (with an appendix by D. Williams). Appl. Probab.29 (291-304).

EINSTEIN, A. (1905).Uber die von der molekularkinetischen Theorie deariié geforderte
Bewegung von in ruhendenilEsigkeiten suspendierten Teilchémn. Phys17 (549-560).
English translation On the motion of small particles suspended in liquids at rest required by
the molecular-kinetic theory of héah the book Einstein’s Miraculous Yeatby Princeton
Univ. Press 1998 (85-98).

FEREBEE B. (1982). The tangent approximation to one-sided Brownian exit denstties.
Wahrsch. Verw. Gebietél (309-326).

FOKKER, A. D. (1914). Die mittlere Energie rotierender elektrischer Dipole im Strahlungs-
feld. Ann. Phys.43 (810-820).

FORTET, R. (1943). Les fonctions editoires du type Markoff asse&sa certainegquations
linéaires aux drivées partielles du type parabolique Math. Pures Appl. (922 (177-243).
HOCHSTADT, H. (1973).Integral Equations John Wiley & Sons.

ITO, K. and MCKEAN, H. P. Jr. (1965)Diffusion Processes and Their Sample Paths.
Reprint by Springer-Verlag 1996.

KoLMOGOROV, A. N. (1931).Uber die analytischen Methoden in der Wahrscheinlichkeit-
srechnungMath. Ann.104 (415-458). English translatio®h analytical methods in proba-
bility theory’ in “ Selected works of A. N. Kolmogofdwol Il (ed. A. N. Shiryayev) Kluwer
Acad. Publ. 1992 (62-108).

KOLMOGOROV, A. N. (1933). Zur Theorie der stetigen alifgjen Prozesséviath. Ann.108
(149-160). English translatiorOn the theory of continuous random proce&ses Selected
works of A. N. Kolmogordwol 1l (ed. A. N. Shiryayev) Kluwer Acad. Publ. 1992 (156-
168).

LEVY, P. (1939). Sur certains processus stochastiques hemesgCompositio Math.7
(283-339).

MALMQUIST, S. (1954). On certain confidence contours for distribution functiéms..
Math. Statist.25 (523-533).



[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

[26]

[27]

PARK, C.andPARANJAPE, S. R. (1974). Probabilities of Wiener paths crossing differentiable
curves.Pacific. J. Math.53 (579-583).

PARK, C. and SCHUURMANN, F. J. (1976). Evaluations of barrier-crossing probabilities of
Wiener pathsJ. Appl. Probab.13 (267-275).

PESKIR, G. (2001). Limit at zero of the Brownian first-passage denstgsearch Report
No. 420, Dept. Theoret. Statist. Aarhyd2 pp).

PLANCK, M. (1917).Uber einen Satz der statistischen Dynamik and seine Erweiterung in
der QuantentheorieSitzungsber. Preul3. Akad. Wig824-341).

RICCIARDI, L. M., SACERDOTE, L. and SATO, S. (1984). On an integral equation for first-
passage-time probability densitiek.Appl. Probab.21 (302-314).

SCHRODINGER, E. (1915). Zur Theorie der Fall- und Steigversuche an Teilchen mit Brown-
scher BewegungPhysik. Zeitschr16 (289-295).

SEEGERT, A. J. F. (1951). On the first passage time probability problBins. Rev. (281
(617-623).

SMOLUCHOWSKI, M. v. (1913). Einige Beispiele Brown’scher Molekularbewegung unter
Einfluss d@isserer Kafte. Bull. intern. Acad. Sc. Cracovie f118-434).

SMOLUCHOWSKI, M. v. (1915). Notizuiber die Berechnung der Brownschen Molekular-
bewegung bei der Ehrenhaft-Millikanschen Versuchsanordnighgsik. Zeitschr16 (318-
321).

STRASSEN V. (1967). Almost sure behavior of sums of independent random variables and
martingales Proc. Fifth Berkeley Symp. Math. Statist. Prob&Berkeley 1965/66) Vol I,
Part 1, Univ. California Press(315-343).

ZUccA, C. (2001).Analytical, numerical and Monte Carlo techniques for the study of the
first passage timedPhD Thesis, University of Milano.



