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Abstract

We prove a conjecture of Phillips and Sarnak about the disappearance of
embedded eigenvalues for the Laplacian A(I'o(8);xs), where xg is the primitive
character mod 8, under an analytic family of character perturbations y(® with
X(%) = xs. Eigenvalues A with odd eigenfunctions give rise to resonances, and
at least one eigenfunction from the corresonding eigenspace is transformed into a
resonance function. Here A = s(1 —s), s = % +it, t # 1’;?’2, n € Z. This indicates
that the Weyl law is violated by the operators A(I'g(8); x(*) for i—e<a<i+e,
a # %, and some € > 0.

Introduction

It was proved by Selberg [Sel] that the Laplacian A(T") for congruence subgroups I" of
the modular group I'z has an infinite sequence of embedded eigenvalues {\;} satisfying
a Weyl law #{\; = A} ~ %)\ for A — oo. Here |F| is the area of the fundamental
domain F' of the group I', and the eigenvalues \; are counted according to multiplicity.
The same holds true for the Laplacian A(I'; x), where x is a character on I" and A(T"; x)
is associated with a congruence subgroup I'y of I'. It is an important question whether
this is a characteristic of congruence groups or it may hold also for some non-congruence
subgroups of I';. To investigate this problem Phillips and Sarnak studied perturbation

theory for Laplacians A(I") with regular perturbations derived from modular forms of



weight 4 [P-Sal] and singular perturbations by characters derived from modular forms of
weight 2 [P-Sa2]. Their work on singular perturbations was inspired by Wolpert [W1],
[W2]. See also [DIPS] for a short version of these ideas and related conjectures. Central
to their approach was the application of perturbation theory and in that connection the
evaluation of the integral of the product of the Eisenstein series E(s;) at an eigenvalue
A;j = sj(1 — s;) with the first order perturbation M applied to the eigenfunction v;.
If this integral I(s;), which we call the Phillips-Sarnak integral, is non-zero, the cor-
responding eigenfunction ¢; becomes a resonance function with resonance \;(a) under
the perturbation aM+ o?N for small a # 0 and a resonance. This follows from the
fact that |I(s;)|* is a constant times Im A3(0), a fact known as Fermi’s Golden rule.
The strategy of Phillips and Sarnak is on the one hand to prove Fermi’s Golden Rule
for Laplacians A(I') and on the other hand to prove that I(s;) # 0 under certain condi-
tions. For congruence groups with singular character perturbation closing two or more
cusps a fundamental difficulty presents itself due to the appearance of new resonances
of A(T', ) for a # 0, which condense at every point of the continuous spectrum of A
as & — 0. These resonances (poles of the S-matrix) were discovered by Selberg [Se2]
for the group I'(2) with singular character perturbation closing 2 cusps, so we call them
the Selberg resonances. Any method of proving that eigenvalues become resonances or
remain eigenvalues has to deal with these resonances, which arise from the continuous
spectrum of the cusps, which are closed by the perturbation. This makes the problem
very difficult in that case. In the case of regular perturbations derived from cusp forms
it is not difficult to prove Fermi’s Golden Rule, but it is very hard to prove that the
integral is not zero.

We consider instead as our basic operator A(I'g(N), x) with x a real primitive charac-

(a) L

ter mod N. The perturbation of this operator through the characters x'* 5

« near is reg-
ular, and there is no Selberg phenomenon. Then we can study the question whether em-

bedded eigenvalues become resonances under this perturbation. Specifically, we choose



as the basic groups I'g(N) with N = 4n and n = 3 mod 4 or n = 2 mod 4. This group
has 4 cusps and genus 0. The reason for this choice is that X(%) for I'y(8) is a primitive
character and hence all cusp forms are new and we have the simplest complete Hecke
theory.

In Section 1 we give an exposition of all primitive characters on the groups IT'o(V)
in the general case with explicit description of parabolic generators and closed and
open cusps. Moreover, these characters are fundamental in number theory, since they
are related to quadratic fields. The perturbation can also be expressed in the form
aM + o®N, where M = —4miy? <w1% — CUQ%), N = 4my? |w|2. This explicit form is
important for perturbation theory of weight 2.

In Section 2 we discuss the Eisenstein series, and in Section 3 we prove the Weyl
law for eigenvalues of I'g(/N, ) using the factorization formula for the Selberg zeta
function [F] and Huxley explicit formula for the scattering matrix for I'y (V) [Hu] is off-
diagonal and symmetric, the off-diagonal elements being expressed by the Dirichlet series
associated with the primitive character (Lemma 3). From this follows that A(T, X(%))
has an infinite sequence of eigenvalues following a Weyl law. We further discuss the Hecke
theory for A(T, X(%) ), which is basic for the understanding of embedded eigenvalues.
We show that all forms are new forms and derive the important property, that all even
Fourier coefficients of these forms are 0.

The fact that I(s;) # 0 for all eigenvalues s;(1 — s;) of L with odd eigenfunctions
v; is based on the non-vanishing of the L-series L(s;v;) on the line {s|Res=1}. In
Section 3, Theorem 1, we establish this property using a general property about zeros
on {Res = 1} of L-functions, which are holomorphic in {Res > 1} except for a pole at
s =1 (Theorem 1).

In Section 4 we prove that the Phillips-Sarnak integral /(s;) # 0 for all odd eigen-

Tin

functions v; corresponding to embedded eigenvalues s;(1 — s;), s; = % +it;, t; # Tog 2>

n € Z (Theorem 3). We do this by unfolding the integral and obtain an expression



for I(s;) apart from a non-zero factor as a Dirichlet series with coefficients equal to the
products of the Fourier coefficients of the modular form w defining the perturbation
and those of the eigenfunction v;. We then express this Dirichlet series by the Dirichlet
L-series of v; and apply Theorem 1 to obtain I(s;) # 0 for s; = %+itj, t; # gfg’;,n €.

In Section 5 we prove Fermi’s Golden Rule, which together with Theorem 2 implies
that embedded eigenvalues with odd eigenfunctions give rise to resonances under these
perturbations. The method used by Phillips and Sarnak [P-Sa3] and Petridis [Pe] for
proving Fermi’s Golden Rule utilized the Lax-Phillips scattering theory, obtaining the
eigenvalues and resonances of A(T") as discrete spectrum of a certain non-selfadjoint
operator. The proof given here uses analytic continuation of the resolvent between
certain weighted Banach spaces introduced by Faddeev [F]. For a given eigenvalue \;
this gives rise to a quasi-projection P(«), obtained by integration of the analytically
continued resolvent around A;. Then we can expand the eigenfunction to second order
and obtain the explicit expression for Im Ay known as Fermi’s Golden rule, where A,
is the second order coefficient of A;(a). This is obtained for all odd eigenfunctions
associated with a given eigenvalue, and it follows that at least one eigenfunction from
each eigenspace containing odd eigenfunctions becomes a resonance function (Theorem
4).

Although we can prove that the Phillips-Sarnak integrals are non-zero only in the
case of congruence groups I'g(8) with character X(%), this result makes it possible to
draw some conclusions about whether embedded eigenvalues of L(To(8), x(*) for other
values of «, if such eigenvalues exist, leave or stay under this perturbation (Remark 1).

Replacing Re [ T2 w(t)dt by Im L. "% w(t)dt in the definition of characters w(®), we
obtain a perturbatlon oM + 2N, which keeps the parity. Now the Phillips-Sarnak
integral for even eigenfunction is non-zero, but in this case it does not imply that such
eigenvalues turn into resonances. On the contrary, all eigenvalues are constant, since

the operators L(«) are unitarily equivalent due to the periods being real (Remark 2).



To make this paper self-contained we have included all details of the necessary cal-
culations.

This is a revised version of Research Report No. 1, January 1999.

1 The basic operators

We consider the Hecke group I' = I'g(8). The index of I" in the modular group I'y is 12,
the number of cusps is 4, it is of genus g = 0, and it contains no elliptic elements.
We now construct the canonical generators of I'. It is clear that I'g(8) C I'g(4) with

index 2, and T'g(4) is generated by 3 parabolic elements with one relation,

. 1 1Y) -+ 1 0\ ¢ 1 -1
a=(1)m=(" 1) 5= (4 o) ams=1

As usual we identify matrices which differ by a factor -1.
In [B-V1] we studied the normal subgroups I'; of the main congruence subgroup

['(2), generated by parabolic generators only. The group I'(2) is isomorphic to I'g(4) by

a%_)ab
2¢ d 4c d |-

Using the definition of I'(2) we construct the group I'y € T'y(4) of index 2 by the

the map

parabolic generators Sy, 99, S3, S4 with the relation
5155935, =1

where

- - — - o o\ —2
S, = B2 Sy= B 'AB, S3= A, S, = <BA)

() s (B ) se (3 )ne (5 ) o

So this group I'y is a subgroup of I'y(8), because Sy, Sy, S5 € I'y(8). But also 'y, To(8)
both have the same index 2 in I'g(4). Thus ['y(8) = Is.
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We introduce now the one-dimensional unitary representation (character) y of I' =

['h(8) just using the standard construction

(o n)=w@a= (g o)ene 2

where x(d) is one of the arithmetical characters mod 8. The definition becomes clear

a b a b\ [ x x
8¢ d 8/ d' )  \ x 8Sbc+dd |-

We take as x(n) the primitive character

from

1 n=%£1 (mod38)
xs(n) =¢ —1 n=43 (mod8) . (3)
0 otherwise
This character has the important property xs(n) = xs(—n), which makes the defi-
nition (2) correct. We denote by xs the particular character of the group I'g(8) defined
by xs(7) = xs(d).

It is easy to see that

xs(S1) = 1, xs(S2) = —1, xs(53) =1, xs(S4) = —1. (4)

So this character closes two cusps of the fundamental domain F' of I'; which corre-
spond to S5, Sy, and keep open the other two cusps.
We will now construct the modular form w(z), which defines our perturbation. For

z in the upper half-plane H, let
P(z) =1-24) o(n)e’™" (5)
n=1

be the holomorophic Eisenstein series of weight 2 for the modular group I'z. We have

P <ZI§) — (cz+d)*P(z) — %c(czm), ( .« ) €Ty (6)
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in particular

P(z+1) = P(2).

We are looking for the holomorphic modular form w(z) of weight 2 for the group

[(8) with the property that the form w(z) is small in the two open cusps of F', which
correspond to Sp, S53.

Lemma 1 The function w(z) defined for z € H by

w(z) = P(z) — TP(2z) + 14P(4z) — 8P(8z)

15 a holomorphic form of weight 2, which is exponentially small in the open cusps defined
by S1 and Sj3.
Proof. Let us consider a linear combination

wa(z) = P(2) + a1 P(22) + o P(42) + a3 P(82)

(7)

with real parameters «;, i = 1,2,3. We determine the coefficients «; in order to get

the form with the desired properties. First we will find the cusps z; of a fundamental

domain F' for the group I', which correspond to the system of generators, Si, S, Sz, S4.
We have

510:0 21:()

Syzy = 23, Bl — 2 1622 -82+1=0, z=2=1/4 ®)
S300 = 00 Z3 = 00

Sy(=1/2) = =1/2 2z =-1/2

Then in order to calculate the asymptotics of w(z) in the cusps z; it is convenient to
find the transformations of I'z which map these cusps to oco.

Let us introduce the generators of the group I'y,

11 0 1
c=(o1)=sv=(" )

7



Then it is not difficult to find representations of S;, S, S3,S4 by U and V. We have

S, = (VUV)® = VUV

Sy = (VU WY UWVUV) = (VU V) UVUV)
Sg == U '
S, = (VIRVUR(VU2V)

(10)

Let us determine now the values of the parameters «;. First we want w(z) to be a

holomorphic modular form for I'y(8). We obtain, using (6),

202 +2b  a(2z) +2b 4az+4b  a(4z) +4b
8cz+d  4c(22) +d’ 8cz+d  2c(42) +d
8az +8b  a(8z) + 8b
8cz+d  c(82) +d

a b a 2b a 4b a 8b
For(gc d>€F0(8)Wehave<4c 4 ),(20 d )EFZ,(C d )EFZ.

We continue equality (11)

az+b\ 5 8c(8cz+d) ..
Wa (802 n d) = (8cz + d)*P(z) — 6i (12)
[ 4c(8 d
Foy | (8cz + d)2P(22) — Mﬁz}
7r
[ 2 d)61
7r
[ d
+as | (8cz + d)2P(8z) — M&] .
m




From (12) follows

az+b 6ic(8cz + d
Wa (802 " d) = (8cz + d)?wa(z) + % [—8 — day — 205 — @]
and we obtain the first condition
as + 2as + 47 + 8 = 0. (13)

In order to get the second condition let us consider the asymptotics of w,(z) when

z=x+1y,y>0,y —ocand -1 <z <1
wa(2) = P(2) + a1 P(22) + o P(42) + a3 P(82) ~yoo 1 +0q + 00 + 3
(see (5)). Thus we obtain the second condition
as+ay+a;+1=0 (14)
because we like to have w(z) small at infinity. From (13), (14) we get
a3 = —(84 4oy 4+ 2a2), ag = —(1+ a1 + a3)

and

a2:1+a1—8—4a1 :—7—3061
g3 = 6 + 2@1.
So we have only a one-parameter family of forms w,

Wo = P(2) + anP(22) — (T+ 3a1) P(42) + (6 + 21) P(82) (15)

which are holomorphic modular forms of weight 2 for I'y(8) and are small in the cusp

z3 = 00. We now determine the last parameter o by the condition for w, to be small



also in the cusp z;. That means we want w,(—1/z) to be small when y — oo, z = z+1y,
—1 < 2 = 1. We take w,(z) from (15) and we obtain (see (6))

wa(—1/2) = 2*P(2) — % + o {%P <§) - 3;—2 (16)

22 2z 3iz 2

- [ () - 2] o 5 G) 3

=2 e+ Tr(5) - T (G) - e (3)

4 2 16 4 64 8

+Z 6 — 3&1 X (7 + 30&1)3 _ (6 + 2&1)3
T 2 4

= e e (5) - T () e ()]

We obtain from (5) and (16)
aq 7 + 30[1 6 + 2061

wa(—1/z) = (1+Z— 16 + o1 ) 22+O(678y)y_)00 (17)

for some € > 0. So we like the first term on the right hand side of (17) to disappear.

Thus we obtain the final condition

«Q 7+ 3« 6 + 2«
1+_1_ 1+ 1

= 0. 18
4 16 64 (18)

We get 32 + 8y — 14 — 6y + 3+ a3 = 0, a; = —7. From (15) and (18) follows the

explicit expression for the desired form w(z)
w(z) = P(z) — TP(2z) + 14P(4z) — 8P(8z2). (19)

This completes the proof of the Lemma. m

We shall now study the integrals

/ " )t (20)

where zj is any fixed point from the upper half plane and v € T'3(8). We are especially
interested in the values of these integrals for v = S5;, i = 1,2,3,4 (see (1)). We will see

10



that in these cases the integrals are just the constant terms in the Fourier decompositions

of the form w(t) relative to the parabolic subgroups of I'y(8) generated by S; j = 1,2, 3, 4.

And we will calculate these constant terms explicitly.

Lemma 2 We have

S1z0 Sazo S3zg Sazo
/ w(t)dt =0 / w(t)dt =6 / w(t)dt =0 / w(t)dt = —6

20 20 20 20

Proof. We start with S3 because it is the simplest case.
S320
/ w(t)dt
20

20

We apply now the Fourier decomposition (5) for P(z) to (21) and obtain

S320
/ w(B)dt =1 —T+14—8 =0,

20

Let us consider the integral with S;. We have (see (10))

S120 VU8BV 2o
/ w(t)dt / w(t)dt

20 20

We make the change of variable in (22) t = Vz,

/ Y vt = / T VRV )

20 Vzo

because V2 = 1. Then we have d(Vz) =d(—1/z) = %
= S [P(=1/2) = TP(=2/2) + 14P(~4/2) = 8P(=8/2)]

2
1(, 61 22 rz\ 60 oz
2

i G- 4] o[ G- 3]

= Pe) = P/ 4 gP(el) — Pl = 2 (5= Dot Jo

= P() — TP(2/2) + LP(:/4) ~ 1/8P(:/8).

11

zo+1
= / [P (z +iyo) — TP (2x 4 2iyo) + 14P (4x + 4iyy) — 8P (8 + 8iyp)| dx.

)

(21)



We have used in (24) the transformation formula (6). We now put Vzo = wy = Z¢ + igo.

From (23), (24) we obtain

/ o (V2)d(V ) (25)

Vzo

wo+8 . 7 (x4 if 7 (x4 if T + if

wo

T o7 1
frd 1—— —_ — = =
sli-f+g-g] =0

We used the Fourier decomposition (5) in (25), and we have
S1zo0
/ w(t)dt = 0.
20
We will calculate now the integral with S,. We have

B dz

_ —4 4 VT . F
So= VU VIUVUV), t=VU " Vz TP dt EE

S220 U(VU4V)zo
/ w(t)dt = / w(VU 'V 2)d(VU *Vz) (26)

20 VULV 2o

/“’“Ll z dz
= w
i 424+1) (4z2+1)

where w; = VU*V z,. We then obtain

(4211)2“’ (4zz+ 1) (27)
T 4z i 1)2 {P (421 1) - (422i 1) 4P <4z4i 1) -8k (4sz 1)} '

The three first terms on the right hand side of (27) are related to the following trans-

formations from I'z,

z 10 22 (22) 10
T ) = - )
4z +1 4 1 dz4+1  2(22)+1 2 1

12




4z (4z) 10
= —
dz+1  (42)+1 11
so we can apply directly the transformation formula (6) to them. For the last term we

use the following transformation first and then apply (6)

P (428i1) =F <4z8j1 _2) = (_%LH) -7 &@) ‘

2

We continue (27),

(4zi1)2w (421 1) (28)

14 ((4Z+1)2p(4z) — %(42+1)) -8 ((42;1)2]3 (42:;1)
B @ . 42—1—1)]
T 2

= P(z) — TP(22) + 14P(4z) — 2P (42; 1)
__ b
m(4z + 1)2

= P(z) — TP(22) + 14P(4z) — 2P (4”‘ i 1) .

(162 +4 — 562 — 14 + 56z + 14 — 162 — 4)

2

Now we use (28) together with (26) and obtain

witl z dz wi+1
/ u}(42—1—1) (4z+1)2:/ (1-7+14—2)dz =6.

w1

For the last integral we have

Sazg UQ(VU_QV)ZQ
/ w(t)dt = / W(VURV2)d(VU2V ) (29)

20 VU2V 2z
/w2+2 ( z ) dz
g w D)
o —2z+1/) (22-1)

13




where wy = VU2V z5. Then we have

i (—2jz+ 1) = (—231 1 +2) - (ﬁ) -7 <_ﬁ;)>
() - ()

z 1 1 z 2z
- P —7P
”<—2z+1) (22— 1)? (22—1)2[ (—2,2—1—1) ’ (—22+1)
4z 8z
14P — 8P
* (—22—1—1) 8 (—22+1>]

= ﬁ {(22 —1)°P(2) — ;(—2)(—2,2 +1)

and

—7((22 —1)* P(22) — %(—1)(—22 +1))

2 .
414 2z — 1 p 2z — 1 _@.22—1
2 2 T 2
2 —1\? _[2z—1 6i 22— 1
— P _ .
(=) (572

:P(z)—7P(22)+gP(22—1)_%P 22_1)

5 1
O e =9 Mo 74 142 — 7 — 4z 4 2)—
— —(4z—2— 14z 2—T7—4z
T (22 —1)2
7 2z — 1 1 2z — 1
— P(2)—7P(2:) 1 ‘P lp
() <z>+(2)2(4)

We continue (29) using (30)

S4z0 wo+2 7
/ w(t)dt:/ (1—7—|—§—1/2)dx:—6
20

and Lemma 2 is proved. m

14



We will introduce now the one-parameter family of one-dimensional unitary repre-

sentations x(@ of the group I'y(8). For that reason we define

o= % (31)

Then by definition

X9 (y) = exp {2ma /m J)(t)dt} ,yeT,ael0,1]. (32)

20

It is not difficult to see that x(*) is a group of characters,

X(1/2) = \s (33)

(see (4)), and x© is the trivial character.

Now we will describe the perturbation problem (see [B-V2]). We consider a family of
selfadjoint operators A(I'; x(*)) defined by the Laplacian of H acting on functions f(z)
satisfying

f(r2) =X f(2), v€T, z € H.

The domain of definition of A(T'; x(*)) is a dense subspace of Ly(F) (F is a fundamental
domain of I'), varying with «. Using an idea of Phillips and Sarnak [P-Sa2] we can trans-
form these operators to operators acting on functions which are purely I'-automorphic.
But instead of this we take as our basic operator the operator with the congruence
character ys, A(I'; x(*/?)), and bring other operators to its domain of definition. That
makes the perturbation problem regular.
We define for a function f with the property f(vz) = x//?(7)(z) another function
9(z) by
g(z) = f(z) - exp 2mia Re /Zd)(t)dt = f(2)Qz, @) (34)

20

Then we have

g(vz) = xV* ) (y)g(2), y €T (35)

15



with x(@ given by (32). Applying the negative Laplacian

32

A — A2
A Y 020z

to the function g(z) we obtain that the operator A(I"; x(*1/2)) is unitarily equivalent to

the operator on (F, X(%))—automorphic functions defined by
L(a+1/2)=L+aM +a’N (36)

where L = A <F; X(%))

M = —4riy? <dj1% — @2%> = —driy® (0% + 0 ) } (37)

N =4m’y? [0(2)|" = dn®y” (&F + @3)
and @ = @O + 1wy, @ = @7 — iWy. The domain of definition D(L(a + 1/2)) equals
Q(z,a) ' D(A(T; x@*+1/2))) and

L(a+1/2) = Q(, a) AT X)) (38)

Note that M maps odd functions to even and even to odd. Recall that functions satis-
fying f(—x +iy) = —f(z + iy) are odd and functions satisfying f(—x +iy) = f(z +iy)
are even by definition. Note also that a function f satisfying f(vz) = x/? (7)f(2) is
allowed to be odd or even. It is also true for the trivial character.

It is not difficult to see that the differential operators M, N map (I, x(*))-automorphic
functions to (I, x{®))-automorphic functions for any a € [0, 1]. We shall use this for X(%)‘

2 Scattering matrix, eigenvalues and Hecke theory

The next step consists in studying embedded eigenvalues for the operator A(T’; X(%))-
We will prove now that there are infinitely many such eigenvalues. In fact, we will prove

the Weyl law for the distribution function N(\; T’; X(%))- In order to do this we will find

16



the automorphic scattering matrix ¢(s; I'; X(%)) [S]. From the general theory (see [V])
we know that in this case we have a continuous spectrum of A(T; X(%)) of multiplicity
2, because only 2 cusps are open, namely zq,23. That means that the matrix ¢ is of

order 2.

Lemma 3 The scattering matriz ¢(T; X(%)) is given by

)) = ( 231 g”’ ) , (39)

I'(s—3) 1 Lg(2s—1)
9013:@31:\/EW'§'W

and Lg(s) is the Dirichlet series .2 X% for Res > 1. The function Ls(s) has an

n=1 ns

=

(s T;

where

analytic continuation to the complex plane and satisfies the functional equation

—S0-agru—op (128 1o gy 2 pdegs V8 p(f)L 40
. (57 - =r s (e o
where T(xg) is the Gauss sum, equal to /8. A(F;X(%>) has an infinite sequence of
eigenvalues {\;} satisfying a Weyl law,

|F

#{)\jé)\}wg-)\:)\for)\aoo. (41)

Proof. We have two Eisenstein series related to the cusps 2z, z3,

Ei(zsTix3) = 37 pr(grta)x(5) (), Res > 1 (42)
~el \I'

Ey(z 575 x(3)) = > v (12)x(2)(3), Res>1
yET\I'

where y(z) = Imz, ', C T is the cyclic subgroup of T" generated by S3,T'; C T is the
cyclic subgroup of I' generated by S;. Then

O 1
160, = S — 2v2 |
91 191 3, g1 _2\/5 0

17



These series are absolutely convergent for Res > 1. We have a Fourier decomposition
for both F; and E3, which we can write
Ealgs7 5T X)) = 8upy® + 0as(si D)y = 43 @ (5195 T x (3))emine
n£0
with certain coefficients a,. We take « =1,3; 8 =1,3; g3 =1.
From general theory (see [Sel]) we find the following expressions for the matrix

elements 11, Y13, P31, P33
o1 (s; T X(%)) = a3(s; I X(%))

I(s—1/2) < 1
:¢%(r@/)§:@m% 2. sl

=1 d(mod 8n)(q,8n)=1
p13(s; 15 X)) = o (515 X (1)

TG -1/2) S el
SV Zavae,, 2

mod 7)(g,n)=1
Then it is not difficult to see that ¢1; = ¢33 = 0 and

I'(s—1/2)Lg(2s—1) 1
P13 = P31 = VT T(s) Ls(25) e (43)

where Lg(s) is the Dirichlet series

Z XS(n), Res > 1.
n=1 ne

The Dirichlet series Lg(s) has analytic continuation to the complex plane and satisfies

the functional equation (40). It follows that the function

ao=(3) r(Qne. s0-9=a0,

™

is an entire function of order 1. Then from general theory (see [V]) it follows that there
exists an infinite sequence of embedded eigenvalues of A(T'; X(%)) and their distribution

function N(\; T X(%)) = #{\; £ A} follows the Weyl law (41).
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This concludes the proof of Lemma 3. m
Next we recall the Hecke theory in application to the group ['¢(8) and its character
x/? (for a survey for the general theory see [I]).

Let f be a continuous (I'; x(*/?))-automorphic function, i.e.

Fv2) = XY () f(2), Vv €T, z€ H

and let n € Z, be an odd number. Then the Hecke operator is defined by

T f(2) \/_ZXS Z f(az—i—b)

ad=n b(mod d)

and acts in the subspace of cusp forms Ho([; xV/?) C H(I;x(M/?) = Ly(F). Tt is

bounded and xg(n)-hermitian, i.e.

(Tof,9) = xs(n) (f, Tng) ,

m,n odd. For m and n odd we have
T To= Y xXs(d) Ty (44)
d|(m,n)

All T,,, commute with each other and commute with the automorphic Laplacian A(T; x1/2)).
So we can take in the space Ho(I'; /%)) a common basis of eigenfunctions for all 7},
and A(T; x(1/2)).
{v;(2) = vj(z T} X(1/2))};i0 (45)
AT YD)y = Ny, 5=0,1,... Tv; = pi(m)vy, m=1,3,....
There is a delicate question about the normalization of these eigenfunctions. Clearly

for the Ly theory of A(I'; x) the normalization

(v, k) = Oji
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is important, where (,) is the inner product in Ly(F)

(5, 05) = /F 0y (2)on(D)

Y

For Hecke theory there is another normalization which is more natural and which is
related to Fourier decomposition of the functions v;. We explain this after discussing
old and new forms for I'o(N). We recall briefly the definition of old and new forms for
I'o(N) and y generated by a Dirichlet character mod N.

If x is mod M and v(z) € Ho(T'o(M); x) then v(dz) € Ho(To(N);x) whenever dM |
N. By definition Hg'4(To(N); x) is the subspace of Ho(I'o(N);x) spanned by forms v(dz),
where v(z) is defined for I'y(M) with character x (mod M), M < N, dM | N and v is a

common eigenfunction for all Hecke operators T,,, with (m, M) = 1. Let the space H},

be the orthogonal complement,
Ho(To(N); x) = HG(To(N); x) @ Hg (To(N); X)-

From this definition it is clear that there is no old form for the pair I'g(8) and x(/?),
because xs is a primitive character mod 8 [D]. For any function v;(2) from (45) we have

a Fourier decomposition

(T X)) =y Y pi(n) K, 1 (27 n| y)e*™ (46)
n#0

where K,(z) is the modified Bessel function. For non-trivial new forms we know that

pj(1) # 0. So the second normalization of functions (45) is by the condition
pil1) = 1. (47)

After this normalization we obtain p;(m) = p;(m) for all j, m.

There is another Hecke operator Us which is important in this connection, defined

. 1 z z+1
=5 (1G) 1 (57))
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In our situation it is not difficult to prove that Us is a unitary operator in ‘H which com-
mutes with all regular Hecke operators and with the automorphic Laplacian. Because
of the multiplicity one thorem the basis (45) is automatically the basis of eigenfunction
for Uy and for all T'(n),n € Z,. We have T'(n)v; = pj(n)v;. The remarkable property
of U; is

Uyvj = p;(2)v, p5(2) = £1. (48)

For the Fourier coefficients p;(m), p;(n) we have the relation of multiplicativity.
pi(m)p;(n) = Y xs(d)p;(mn/d?). (49)
d|(m,n)

We proceed to the construction of a Dirichlet series corresponding to (46), (47).
Because of the specific properties of the perturbation (37) we have to consider odd

eigenfunctions (46), i.e.
pi(n) = —pj(—n). (50)
For the Hecke theory of Euler products, we will consider next, it is not an important

restriction. The difference between odd and even functions becomes visible, when we

will derive the functional equation for the corresponding Dirichlet series.

3 Non-vanishing of Hecke L-functions

For each function v;(2) from (46) with (47), we define the Dirichlet series

L(s;v;) = 3 pj(n)' (51)

nS

n=1
From studying the Rankin-Selberg convolution we can see that the series (51) is abso-

lutely convergent for Res > 1.

From (44), (49) follows
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Theorem 1 Let L(s,v;) be the series (51) and the function v;(z) be as in (45). Then

for Res > 1 we have an Euler product representation for L(s;v;)
L(sivy) = [J(1 = ps(p)p™* + x(0)p~) 7"
P

The product is taken over all primes.

We can also write it in the form

L(s;vy) = (1= p;(2)27") " [0 = o)~ + x(p)p™>) "
p#2

since x(2) = 0. From Theorem (48) we know p;(2) = £1,5 =1,2,3, ....

We derive now the functional equation for the pair of Dirichlet series

L(s;v) = 3200, pjn(?)
L(s;05) = >.0° pjn(f),Res > 1.

n=1

We only consider the case of odd eigenfunctions since that is important for this

paper.
We have together with (46) by definition

0i(2) = > pi(n)IK,-1/2(27|n]y)e*™™.

n#l
We define two involutions K f(z) = f(z), Hf(z) = f(—1/8z2).
If s; —1/2 € iR or s; € (3,1) then K, _1(2n|n|y) is a real-valued function and

1
2

for odd v; we have 7;(z) = —0v,(z). We will write v;(z) = v;(z,y), where z = = + iy.
We have vj(—z,y) = —.v;(z,y). The action of the involutions H, K can be written as
follows

{ vj(u,v) = £v,(z,y)

_ = _ y
YT TR Y T S
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We apply the partial derivative % and obtain

1 8@ an
) ’120: ‘x:O .
8y? Ju ox

This is equivalent to

+B(y) = £83/%3 Z pj (n)nKS],_% (2mny) = Z pi(n)nKy, _1/5(2mn/8y). (52)
n=1 n=1

We multiply the left hand side of (52) by 478%/273/2y*=3 and integrate it from 0 to

oo in y. We obtain

/ 47TS/2_3/2yS_3B(y)dy

0
— 782 (HTSJ + 1/4) r (S ;Sj + 3/4) . L(s;9;)
= Q(s; 7).

That is because

/ YKo, 1 p2(y)dy = 27T (? + 1/4) r (S S i 3/4) .
0

We can now write the integral obtained as a sum of two integrals

0o 1/\/§ 0o
477'8/23/2/ B(y)y873dy — 471_83/273/2 (/ +/ ) ) (53)
0 0 1/V8

In the first integral we use (52) for B(y) and then map y — 1/8y.
Then we obtain that (53) is equal to
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4m (83/ ? / 'Y pi(n)nk,, i (2mny)dy
1vV/8 n=1

+NT / fyl_s ij(n)nKS]._l/g(any)dy> = C(s;0;) £ C(1 — s;v5).
1/ 8 n=1

It is clear that C(s;v;), C(s;0;) are the entire functions of s. Then we have

Q(s;0;) = C(s;0;) £C(1 — s;v5).

The analogous calculation shows

Qs;v;) = C(s;v;) £ C(1 — s;05)

Q1 = s;v;) = C(1 = s;v;) £ C(s;05)

and we finally obtain

£Q(1 — s;v5) = Q(s; 05).

We shall prove that the functions L(s;v;) and L(s, ?;) are regular and non-vanishing
on the boundary of the critical strip.
We start with the Rankin-Selberg convolution. For each eigenfunction v;(2) from

(46) we define the series
o0 ‘ 9
nS
n=1
which is absolutely convergent for Res > 1.

For Res > 1 we consider the following Selberg integral
/ |0;(2)]* Eso(2; 53 To(8); 1)dpu(2) = A(s)
Fo(N)
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where

Ew(z5) = Ex(z5To@®)i 1) = > y°(12)
7Els\T0(8)

Using the unfolding of the Eisenstein series we obtain

A(s) = / TS I PR, (2nlnly)dy =

n#0
_ D2(s/2)0(5 +iry)D(s/2 — ir5) = |pj(n) 2
N 4705T(s) ; ne

It is well known that E(z, s;T(8); 1) has analytic continuation to the whole s-plane,
and at Res > 1/2 it has only a simple pole at s = 1 with residue equal to u(Fy(8))!
(inerse p-area of the fundamental domain of I'g(8)). From that follows that the Rankin-
Selberg convolution (54) is a regular function in Res > 1/2 except for a simple pole at
s=1.

We want to see now the Euler product for the Rankin-Selberg convolution (54). The
method is due to Rankin (see [R]). The main difference from Rankin’s case is that our
coefficients p; may be complex numbers, and that we hve also the exceptional prime
p=2.

First consider the main case (n,2) = 1. We have
pi(n) = x(n)pj(n),j = 1,2, ...

and for x(n) = —1, p;(n) is purely imaginary (it can not be zero). In both the cases

x(n) = £1 we have

1p;(n)|* = x(n)p3(n). (55)
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From (49) follows

{ p3(p") = (p;(P)p; (0" = x(p)p;(p"2))*
(X ps (") = (=p; (" 4 pj(P)ps ("))

Then multiplying the second line by x(p) and taking the difference, we obtain

p3(") =5 ()pr (") +Xx ()5 (") + x(0)pi (p) 5 (0" ) = 2 (") — x(p)p3 (0" %) = 0.

Multiplying this by x(p™) and using (55) we obtain

105 (") P =1 (") Plos (0) P+ (0" D12 +10i (0) P (0" 2) [P =10 (0" %) [P =1p; (0" ) = 0.
In the case p = 2 we have
lp;2")] =1,n=1,2,....

Then we have

i ‘%3’2 :H(H @) o) o) +) _ (1+L+L+ )

2s 4s 6s 2s 4s e
P2 p p p 2 2
_ _ 1 +p—28
— (1 _ 2 25) 1 . - _ _ - _
};[2 L—1pj(p)Pp~* +p=* + |p;(p)|Pp~* —p~* — p~©
=@ =2) " JJa+p )0 =p ) A+ 2= o)) +p )
p7#2
= (=2 [ =p ™) A =p>) 1+ 2= ()P > +p )
p#2
= ((25)L(2s; X)L~ (4s: %) H(l + (2=l +p )7, (56)
PF#2

where L(s; x is the Dirichlet L-series with principal character mod 8
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L(six) = [0 = xp)p~) " = ¢(s)(1 —27%).
p
The products in (56) are taken over all primes p # 2. For p # 2 we now introduce

new functions «;(p), 5;(p), which are important to define symmetric power L-series, by
p) = ( ) . (57)

{ a;(p) + B4(
(o (p)B;(p) = ()
We have (a;(p) + 3;(p))* = £} (p) = a5 (p) + 2x(p) + B} (p), and

x(p)ai(p) + x(p) 55 (p) = |p;(p)]> =2
{ (a3 (p)B; (p) = : (58)

Applying (58) to (56) we obtain by definition

p#2
2 -1 2
_ (1 - X(P)ZJ(Z))) (1 (p)fs( )) Lo(25,)
P72 p p
Combining with (56) we finally obtain
L(s; x)

L(s;v; X v;) = T2 %) Lo(s;v;)¢(s)

where L(s;v; x T;) is the Rankin-Selberg convolution (54).

We can also write for Res > 1

Lisivy) = (127 T (1= 2) 7 (1-22) 7

L(s;0;) = (1x£27%)~1 Hpﬁ <1 _ a;(sp))l (1 B @)1 (59)

For the proof of the next theorem we will make use of the following general criterion

proved in [M-M] (Theorem 1.2).
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Theorem 2 Let f(s) be a function satisfying
1. f is holomorphic and f(s) # 0 in {s|Res =0 > 1}
2. f is holomorphic on the line o = 1 except for a pole of order e > 1 at s =1

3. log f(s) can be written as a Dirichlet series

with b, > 0 for o > 1.
Then if f has a zero on the line o = 1, the order of the zero is bounded by e/2.
We now want to prove the following

Theorem 3 L(s;v;) and L(s,v;) are reqular for s =1+1it, s =1it, t € R, and

Proof. Clearly, (60) is analogous to the prime number theorem, {(1 + it) # 0, for
the Riemann zeta function. This kind of property for different zeta-functions is very

important in number theory (see, for example, [M-M]).

From the functional equation follows that it is enough to prove the inequalities

L(1 4 it; v;) # 0, L(1 4 it; d;) # 0

because we know all singular points of the Euler I'-function.

Consider the following product

f(s) = L(s; 05 x 0;) L(2s; X) L((s, 03) (1 = 27°(1 = p;(2)27°) (1 = 7;(2)27°).
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Let Res > 1, then from (59) follows

log f(s) = — Y {2log(1—p~*) +log(1 — x(p)aj (p)p~*) + log(1 — x(p) B (p)p™*) (61)
p#2

+log(1 — a;(p)p~°) + log(1 — B;(p)p~°) + log(1 — @;(p)p~*)
+log(1—3;(p) - p~°)}-

For |z| < 1 we have log(1 —z) = — >~ | #"/n. Using this we continue (61)

o0

og 5)= 331

p#2 n=1
+ 37 (p) + @?(p) + B35(p))

(p)"a3™(p) + Xx(p)"B7"(p) + o (p)

We will show now a,, , > 0.

We consider two cases: x(p) = 1, x(p) = —1. In the first case

tnp = 2+ 205 (p) + 267 (p) + 03" (p) + 57" (p) = (1 + & (p))* + (1 + B} (p)) 2 0
because in that case a;(p), 5;(p) are real numbers. In the second case we have that
a;(p) = id;(p) = iB;(p), and &;(p), B;(p) are real numbers. We have

~2n 22n SN \N n an(\n n
= 244" + 07" +a5(@)"((=1)" + 1)+ 57 (@0)"((=1)" + 1) (62)
and this is real and > 0if n =2m —1,m =1,2,.... We consider n =2m,m =1,2,...

i = ZHEP G (Z1) 28 (1) G = (1 (1) (L (1) 2 0
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and we have proved that a,, > 0 forallp # N,n=1,2,....

Let us assume first that L(s;v;) = 0 at s = 1. That means also L(s;v;) =0 at s = 1.
Since L(s;v; x v;) has only a simple pole at s = 1, we see tht the function f(s) has a
zero at s = 1. On the other hand, singe log f(s) has the property 3, log f(s) > 0 for
s>1,s0 f(s) >1for s > 1, a contradiction. So we have L(1;v;) # 0, L(1,0;) # 0.

Suppose now that L(1 + it;v;) = 0 for some t # 0. Then f(s) has a zero of order
> 0 on the line Res > 1, s # 1, since L(s;9;) and L(s;v; X 0;) are regular at s = 1+ it.
Also, f(s) has a pole of order 1 at s = 1, since L(s;v; x ;) has a simple pole at s =1
and L(1;v;) # 0, L(1;0;) # 0. This is in contradiction with Theorem 2, and Theorem

3 is proved. m

4 The Phillips-Sarnak integral

In this section we study the Phillips-Sarnak integral, adapted to our perturbation (36).

For any odd eigenfunction (45), which corresponds to an embedded eigenvalue \; >

i (actually, according to the Selberg eigenvalue conjecture, extended to the case of

congruence character, all A\; > i) we define the integral over the fundamental domain

F of Ty(8)
I;(s) = / (M) (=) Es (=, 8)du(2) (63)

where

S

F3(z,s) = E3(z, 5 Ts x( ))

is the Eisenstein series from (42).

Theorem 4 [;(s) is well defined and I;(s) # 0 for s = 5 +it, t € R, except for

__ mn
t= log2: 1 € 7.

Proof. We take first Res > 1. It is not difficult to see that v;(z) is a function of

exponential decay in all cusps 21, 22, 23, 24 of . This follows from the fact that v;(z) is
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an eigenfunction of the Laplacian, which is (T, X(%))—automorphic.
In open cusps 21, 23,0, is a cusp form and has Fourier decompositions (46) for z3 and

similarly for z;
1 Tine
VLYo (MK, (2 n] ) e
n#0
where x; and y, are local coordinates related to z;.

In the closed cusps it has Fourier decompositions

- 1 i(nt Do -
Ve Y 0 (WK, 1m0t 5]yt in

n=—oo

- 1 e
NI D O L e R P E s 1

n=—oo

in corresponding parabolic coordinates.

Then it is obvious that

N
N|=

) ()0;(2), (Mu,)(v2) = x(3) () (Mu;) (2)

Es(v2,8) = x(3) () Es(z, ).

vi(vz) = X

NI

We have also

(x(2)(y)? =1for y €T

This means that the integral (62) is well defined and we can unfold the Eisenstein series

o[ o

E3(z, s), obtaining

where '
Yy Mo (2) = —% (0105 — Wavjy) - (65)
In (64) we remember the definitions (31), (37). Also we denote
ov; 0v;

Vje = a—l" Vjy = a—y
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Then we have

1/2 1/2 1/2
| aeead—as| - [ auensend 69
—1/2 —_

—1/2 1/2

1/2
—/ @1z (2, y))vj(w,y)dx

1/2

because w and v; are periodic in x with period 1. Similarly
/ Y i dy = y*ov;|  — s/ Y5 Do, dy —/ Y Woyv;dy (67)
0 0 0 0
= —s/ ys_chijdy — / Y Wayv;dy.
0 0

o (z,y) = D07 ane >™ cos 2mna }

Also we have

Wo(x,y) = o | ane” 2™ sin 2mnx (68)
Using (63)-(68) we obtain
I;(s) (69)
2 omi [ 1/2
m/ de/ dx (D1 — Woy)v; — %s/ y51dy/ Wovjdx
—1/2 0 —-1/2
9 1/2
= —ﬂs/ = 1dy/ oz, y)v(z, y)de.
3 Jo —1/2
Then we apply to (69) the Fourier decomposition (46) with (47), (50) and (68). We
obtain
2m - s 1/2 —27n
I(s) = =5 Zanp] YK, _1/2(2mny)dy (70)
. 27T ]_ 871/2 —t - anpj(n)
= 35 G (/0 V2T K pa(t)dt Zl i
The standard integral in brackets is equal to
e L(s+s)T(s—s;+1)
.98 1/2 J J 71
NG st ), (71)
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and we finally obtain

w7t Dot 50 = 55+ 1) $5 anpyln) ()

I(s) = . )
(5> 3. 92s F(S 4 1) ns+1/2

We will study the Dirichlet series in (72) in more detail. We take b(n) = (—1/24)a,
We have

0o 3 B 00 ny n n n
3 b(n)p;(n) _ S - _ r;(2) ) 3 o(2")p}(2) 1T a(p”)pi(P") _ 0.0,05  (73)

(s+1/2 o on(s+1/2 b pr(s+1/2)

I
o

B
where the form w(z) from Lemma 1 is written w(z) = > aaP’(dz), d = 28 ag = ag.

We have

> 2n+1 -1 p?(Q)
Oy = Z 9_ 1 on(s+1/2)

n=0

= (1= py(2)27 72711 - py(2)27 12!

H Z ppi(P") (")
-1 n(s 1/2) pn(s+1/2)

p=neq2 n= O

=[Ja- )1 = pi()p~ VP 4 x> T (1= pi(p) R+ x(p)p ) T
p#2

Then we have

6,6, = L™ (25 X)L(s + 1/2:0)L(s — 1/2;;) (74)

From Theorem 2 follows that for s = 1/2 +ir, r € R, (74) is not zero. The sum 6,

can produce zeros if

mn
=1/2+ —— 7
s=1/2+ 3 Sne (75)

and that proves Theorem 3.
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5 Perturbation of embedded eigenvalues and Fermi’s
Golden Rule

We have proved in Theorem 3 that the Phillips-Sarnak integral I;(s) # 0 for s = 3 +it,
t € R\{0}, provided the eigenfunction v; of A = A(FO(S);X(%>) is odd. For even
eigenfunctions I;(s) = 0 because of symmetry. We shall now prove Fermi’s Golden
Rule, which says that in both cases |I;(s)|” is a constant times Im I;5, where \;(a) =
Aj +a?Xjs + o(a?).

For this purpose we study the resolvent R(s,a) = (A — s(1 — s))~! acting as a
bounded operator between weighted Banach spaces C),, = C,,(F') defined as follows.

C,.,(F) is the space of continuous functions on F' such that
|f(7:2)| < K(Im~;2)* for i = 1,3

|f(i2)] < K (Im,2)” for i = 2,4

with the norm [ f[|,,, = max{max sup [f(7z)[ (Im7;2)"", max sup |[f(y:2)] (Im2)""}.
=13 Tmn,2>1 =24 I ,2>1
We recall that v1,73 correspond to the open cusps z, z3 while v5 and 7, correspond to
the closed cusps 29, 24, Vi = g; 1 see 2.
The analysis of the resolvent using weighted Banach spaces goes back to D. Faddeev
[F], who proved that the resolvent kernel r(z,2’;s) has an analytic continuation to
{s| Res > 0} giving rise to an analytic continuation of the resolvent R(s) as an operator
in B(C_y1,C1). In the A-plane the resolvent R(\) continues analytically from the upper
(lower) half-plane across (1,00) to the second sheet in the lower (upper) half-plane.
This was extended to Laplacians with character by A. Venkov [V]. From the results of

[F] and [V] we obtain

Lemma 4 For any o € (3,3) the resolvent R(s, ) of L(o) = L+ aM + o*N has an

analytic continuation R(s,a) to {s|0 < Res < 2} as an operator in B(C_11,C4,_1).
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One-dimensional eigenvalues \; continue analytically as functions \;(«). They are
analyzed in 1) below. Multi-dimensional eigenvalues in general split up in Puiseux cycles.
Those of order 1 again give rise to analytic functions \j(a). The cycles of order p > 2
give rise to branch points, but due to the special property that an embedded eigenvalue

Aj can only move to the second sheet,
Ma) = A+ pa+ -+ + pgnpa®™ + o(a®™)

where fipy, -+, fen—1)p are Teal and Im pig,, < 0.

For this theory we refer to Howland [H]. The analysis of [H] utilizes a symmetrized
version of the resolvent equation based on a factorization of the perturbation. The opera-
tor V(a) = aM +a®N is not suited for factorization, but we can replace H = Lo(F; dp)
by the Banach space Co(F) and develop the theory of [H] in an analogous way. For this
it is important that MR(a) and NR(«) are bounded on C_y1(F). This follows from the
fact that M and N are small in the two open cusps, while the resolvent kernel is small

in the closed cusps. We obtain
Lemma 5 V(a)R(s) € B(C_11) for 0 < Res < 2

— 0,
B(Cfl,l) a—0

HV(a)fz(s)

and for |a| < e in B(C_11,C1 1)

R(s,a) = R(s)(l + V(a)]%(s))’l.

Theorem 5 Let L = L(T'y(8), X(%)) and L(a) = L+ aM + o®N.

Let Ao = so(1 — s9) > i be an embedded eigenvalue of L with eigenspace J and
dimJ = [. Let K be the subspace of J consisting of all odd eigenfunction in J and
let dim K = m. There exists an orthonormal basis ¢1...¢,, of K and positive numbers

1,...,m, such that
Im \; () = —\ia® + o(a?) fora — 0, i =1,...,m.
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The coefficients \; are given by Fermi’s Golden Rule
B
e o) )

7j=1
There ezists at least one eigenfunction ¢ € K, such that ¢(«) is a resonance function

2

)

where s = % + itg.

with resonance N(«) for 0 < |a| < e. The function ¢ can be taken as one of the basis
vectors ¢; with \; > 0.

For every even eigenfunction ¢ € J & K we have
Im \;(a) = 0(a?).

Here the resonances \;(«) are poles of the analytic continuation of the resolvent from
the upper half-plane across (i, oo) to the second sheet. In the s-plane this corresponds

to {s:0+i7’0<%,t<0}.

Proof. 1) The case [ = m = 1. /Mail/Diverse

Here Ao > 7 is a simple eigenvalue with an odd eigenfunction ¢, ||¢o|| = 1. Let
R(a, \) be the analytic continuation of the resolvent R(a,\) = (L(a) — A)~! as an
operator in B(C_y 1, 1) from the upper half-plane across (i, oo) to the second sheet
in the lower half-plane.

Since R(a, ) has a simple pole at A = ), for |a| < e, R(a, \) has a simple pole at
Ala) near \g = A(0). A ”quasi-projection” on the null space N (L(a) — A(a)) C C_y is
given by

. 1 ~
P(a) = —5= ; R(a, A\)d\ € B(LgyL;S)v

where C'= {\||A — A\o| = po } is a circle containing for each a with || < e the point A,
and no other pole of R(a, \).

Let ¢(a) = P(a)¢o. The operator-valued function P(«) is analytic for || < e. Since
wo € C_11, ¢(a) is analytic with values in C _;
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Consider L(«) as an unbounded, closed, densely defined operator, denoted by Ly —;(«),
on its maximal domain in Cj _, and let M and N act in Cy_;. Then Ly 4(a) =

L+ aM + o?N is analytic for || < & with constant domain of its sesqui-linear form.

1 }, since for each

It has continuous spectrum equal to {)\ =s(l—ys) }% — 0 = Res < 3

such s with Res > £ — ¢ the Eisenstein series E(a,s) belongs to D(L; _1(a)), provided
s # s(a), s(a)(1 —s(a)) = AMa), s(a) being a pole of the Eisenstein series F(a, s).

We have for |a] < e

and hence
(Ls(a)p(), ¢) = Ma) (d(a), §)
where the duality (-,-) between C_;; = C_11(F,dp) and Cy _1(F,dp) is defined by

(f.g) = /F fgdu(z) for f € C_ry, g € Gy,

It follows that for o small A(«) is real-analytic. We choose ¢ such that this holds

for |a| < e. Expanding ¢(a) and A(«) to second order around a = 0, we get
Ls(a) = L +aM + o®N, where L, M, N act in C; ;.

P(a) = ¢o + gy + o’ + O(a”) in Cy ;.
Aa) = Ao+ ar + a?Xy + O(a?).

The first order equation is

Loy + Moy = Xd1 + Migo.

Taking inner product with ¢g, we get

(L1, go) + (Mo, po) = Ao (P1, do) + A1
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Since ¢y is exponentially decreasing, we have (Lo1, ¢o) = (¢1, Loo) = A1 (@1, ¢o) . More-
over, ¢g is odd and hence Mgy is even, so (Mg, ¢o) = 0, and we obtain A\; = 0. The

second order equation is
Ly + Mpy + Nog = Ao + A\1d1 + Aaodo.
Taking inner product with ¢g, we get
(L2, do) + (M1, ¢o) + (N, o) = Ao (d2, do) + A1 (¢1, do) + Aa.
Since (Les, ¢o) = (P2, Ldo) = Ao (¢p2, do) and A\; = 0, we obtain
(M1, ¢0) + (N, ¢o) = Aa.
Since (N o, ¢o) is real, this implies
Im Ay = Im (Mo, ¢p) - (76)
We shall now derive an expression for ¢;. We have

o = iy 20(e) — ow) = i { L [ (Rl - RO} bawr )

a—0 (v a—0 | 271

= lim {QL /C R(a)(M + aN)R(0, /\)ngOdA}

a—0 iy
1 - -
= — AN M A)DodA
_ —1 1 >, _ . S/ o o/
= 3 | 3 R0 ) MoodA = — lim R0, )Moy = R0, 20) Mo,
where ~
~ ~ P(0
200 = 200 — L9 oy = Al <6
Ao — A

R'(0,\) = lim R'(0,\)
A— Ao
and for Im A >0

R(0,\) = R(0, ) —

oo = RO P)
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is the reduced resolvent of L at A = A\g. Thus
R(0, ) = lim R(0, )\ +ic) € B(C_11,C11). (78)
Here the identity in B(C_;1,C4 1)
{R(a, ) — R(0, )\)} do = R(a, \)(aM + aN)R(0, )¢y
can be obtained as follows. We have

[(Ly—1(a) = \) = (L1,-1(0) = N] R(0, \)¢o = (M + o> N)R(0, \)¢ho.

Since R(O, Moo = (Ao — A) "Ly is exponentially decreasing, both terms on the Lh.s.

as well as the r.h.s. are in C_; ;, and we obtain
R(0,\)go = R(a, \)go = R, A) (@M + a”N)R(0, \)do.
From (76), (77) and (78) we obtain
Im M)y = —Im lsil%l(R/(/\O +ig) Moo, M ).

By the spectral theorem applied to the operator L(1 — P) with spectral measure F(u)
we have, setting vy = M ¢y,

Ay = — lgif(r)l (M — Ao — Z'S)ild(E(ﬂ)%a wo)
— _lim p=Xotie d(E (10, o).

e10 J oo (1= Do)? + €2
Thus, Im \; is given by

& €

ImMA = —1i -  UE '
m Ay w10 o (p= A2+ 22 (E£(1)tbo, ¥o)

Choose ¢y > 0 such that [Ag — do, Ag + dp] contains no eigenvalues of L different from

Xo- Then we have, using that E ([A\g — J, Ao + 0]) Yo € Hae(L(1 — P)), for 0 < 6 < 0y

)\0+5 d
Im Xy = —lim °

c10 /5, s m@@(u)%, Yo )dp.
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From this we obtain, setting f(u) = (E (@), vo), for any 6 < do

Ao+d Ao+90

Im Ay = —lim [Arctanu — o f'(,u)} + lim Arctan'u;)\of"(,u)d,u.
€|l0 £ No—d €l0 Ao—6 £

Since | )\’\OO_JF;Arctan“;ﬁ f"(u)dp — 0 for 6 — 0, uniformly in €, it suffices to determine

the limit as € | 0 of the first term. For any ¢ < dg this equals

- lifgl {Arctangf'()\o +94) + Arctangf'(/\o — 5)}

= —m{f' (Ao +0)+ f' (Ao —9)}.
Letting 6 — 0, the second term goes to 0, and we obtain
Im A, = (1512%(—” {F'Ao+0)+ f(ho—09)}) =—7f"(No)
We have proved that

Tm Ay = —w%(E(u)M%, M) (79)

=X

In the s-variable we have, setting s = %%—it, pw=s(l—s)= i +12, 50 if Ay = i + 12, we

™ d 1
ImA = ——— (E >+t :
A 2t0dt( (4+ )%’%) t =t

We calculate this expression in terms of the Eisenstein series as follows. For any smooth

get

function h with support in the interval (Ag — dg, Ao + &), h(L) is given by the kernel

2
1 o0 1 1 — 1
/ _ - 2 . - . . /_ .
M= 2) = /_ooh(zl” ) Zi:l b (2’2 ”) b (2’2 ”)‘

Thus

e =g [ (G) 2
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On the other hand,
o d
(L v0) = [ BOVF(E Q)i vo)ia

IRIQEHAQEIE

Thus for all smooth functions h with support in (Ag — dg, Ao + dg)

[ G sle ) o)

=1

:/:h(iwﬂ) dii (E (4 r2) wo,wo) dr
00

2

2

This implies
2

d 1 Ly
pm (E (Z +t2) ¢07¢0) li=te = Ar Z

i=1

2
Im M\, = _8iz;< (+Zto),M¢o>

2) Assume that dim K = dim J = m > 1. Then the eigenvalue )y of L may split up

and hence

(80)

into m resonances or eigenvalues for o # 0. As above we define the analytic continuation
R(a, )\) € B(C_11,C._1) of the resolvent R(a,)\) and the quasi-projection P(a) =
o L[ R o R(a, N)dX, where [a| < € and C'is a circle with center Ay containing in its interior
precisely the poles into which Ao splits up. These are simple poles of R(a, \) for |a| < e,
since \g is a simple pole of R(0, \), and the total dimension of the eigenspaces of Ly ()
corresponding to this Ag-group of poles equals m.

Consider the sesquilinear form ((Ls(a) — Xg)P(a)¢, 1) on K x K. For ¢ € K

(L(a) = Xo)P(a)p = {(L — Xo) + aM + &> N} (¢ + ady + &’ ¢s + o(a”))
=a (L —X)or + Mo+ [(L — Xo)pa + Mo+ N + o(a?).
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For ¢ € K this yields

((L(a) = Xo)P(e), ) = a(M¢,¥) + o {{M¢1,v) + (N¢,9)} + o(a?)

since ((L — Xg)é1, ) = (L — Xo)p2,1) = 0. Also (M@, ) = 0, since M¢ is even and 9
is odd. Thus

((L(a) = M) P(e), ) = o [(My, ) + (N, )] + o(a?).
The derivative ¢, is calculated as above. We have
¢ = —R'(0, ) Mo

where R'(0, A\g) = lim, o R'(0, A\g + i¢) is the boundary value of the reduced resolvent of
L at )\0.

From this we derive as above the following expression for Im (M ¢4, ¢),

<EZ- (% + ito) ,M¢>
1

where A\g = 1 + t2. Since (N¢, ¢) is real, we obtain

1
<EZ~ (5 +Z-t0) ,M¢>
By Theorem 3, the sesquilinear form

2
F(o,¥) = 8%021<Ez (% +ito) ,M¢> : <Ez (% +ito) ,M¢>

on K x K as positive definite.

2 2

1

Im <M¢17¢> = _8_150

(81)

2

I (L(a) = Xo) Pla),¢) = —a%

+ o(a?).

Let ¢4, ..., ¢, be an orthonormal basis of K, which diagonalizes F(-, ), with eigen-
values 0 < 1 < o < .o < fhy,s

Fo; = pigs, 1 =1,...,m, -7:(¢i,¢i) =
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where F' is the operator on K defined by

F(,9) = (Fo, ).

Some of the eigenvalues may be repeated according to multiplicity. In any case, for
¢ = ZZL Bii .
F(,0) =D wlbl*
SO .

Im ((L(a) — Xo) P(a)¢, ¢) = —a” Z 1116 + o(a?),

in particular
Im ((L(a) — Xo)P() s, ) = —pia® + o(a?).

Thus, the eigenvalue \g does not split to first order, but may split to second order,
and the second order terms \;(«) will have negative imaginary parts for at least one i,
i = 1..m, for 0 < |a| < e. Since the basis ¢;, ..., ¢, of K need not be a Hecke basis,
this is what can be inferred from Theorem 3. This means that )y gives rise to at least
one resonance A(a) near \g for 0 < |a| < e.

3) Assume that dim J > dim K. Then J = D@® K, where D consists of even functions
and K of odd functions. For ¢ € K the form F(¢, ¢) is negative definite. For ¢ € D
we have (E;, M¢) = 0, since M¢ is odd, so F(¢,¢) = 0. Diagonalizing the form F on
J, we obtain a basis ¢1, ..., O, Omai1, ..., ¢y of J, such that ¢;...¢,, is a basis of K and
Omat, - ¢ is a basis of D. Let uq, ..., ., be the eigenvalues associated to ¢q, ..., p,.
Since @11, ..., ¢ have eigenvalue 0, we obtain a basis ¢1, ..., Oy Omy+1, ..., ¢y of J, such

that the corresponding eigenvalues p; satisfy

0<pr S S sy fong1 = ... = g = 0.

Thus,
F(pi, ;) = pi fori=1,....m
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F(ps, i) =0fori=m+1,..,1

and l l
F (Z Bidi, Zﬁi@) = Zﬂi@?'
i=1 i=1 i=1

It follows that for e =1,....m

Im ((L(er) = Xo) P(@) i, ;) = —pic® + o(c?)

while fort: =m + 1, ...,1

Im ((L(a) — Xo) P(0) @i, ¢i) = 0(044)‘

Thus, on the subspace K the eigenvalue A\ gives rise to at least one resonance \(«)
for 0 < |a| < €, while on the subspace D the eigenvalue does not change to second
order, and it remains an open question, whether on this space the eigenvalue gives rise
to a resonance of L(a).

This completes the proof of the Theorem. m

Remark 1 The general perturbation theory for embedded eigenvalues outlined in this
section is equally valid for each of the operators A(ag) = A(To(8), x\*)), ag # 5. The
arithmetical proof of the fact that 1(s;) # 0 for odd eigenfunctions v; is only possible in
the case of congruence groups. The points c; on the character circle, which correspond
to congruence groups, have not been identified. However, we can draw the following con-
clusions about embedded eigenvalues of L(To(8),x*)) based on the general perturbation
theory. Due to the analyticity in «, each embedded eigenvalue A(ap) of A(ag) under
character perturbation either stays as an embedded eigenvalue for o # o or leaves as
a resonance. When ag is not a congruence point, it is not known whether there ex-
ist embedded eigenvalues, but for each congruence point there are embedded eigenvalues

obeying a Weyl law. If AN(«) remains an eigenvalue and does not go to 0o as a — «ay for
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some aq, then it becomes an eigenvalue A (%), which stays embedded, hence the corre-
sponding eigenfunction P (%) is even. It is also a priori possible that A(ay) = i for some
ay and that AM(«) then becomes a small eigenvalue. This cannot happen at o = % due
to symmetry. If no eigenvalue goes to oo for finite ay or reaches i, this together with
the Weyl law has implications about eigenvalues leaving or staying for other congruence

points than % )

Remark 2 For even eigenfunctions the Phillips-Sarnak integral is zero, since Mo is
odd for even ¢. It is therefore not known whether even eigenfunctions leave or stay
under this perturbation.

There is another perturbation obtained by replacing Re fzzo w(t)dt by Im f;o w(t)dt in
the definition of the characters x(«),

L(a) = L+aM +o’N

where

ox ox
N = 47T2y2(w% + wg)

M = —4niy? (ng + wli)

It turns out that the operator M is not L-bounded, and therefore the perturbation
theory developed for M does not apply. M preserves parity, and the Phillips-Sarnak inte-
grals are in fact given by the same Rankin-Selberg convolution and are proved to the non-
zero. This does not imply, however, that eigenvalues with even eigenfunctions become
resonances under this perturbation. Indeed, Im f;ozo w(t)dt = 0 for v € I'y(8), which
implies that x - x'® = x for all o, and the functions Q(a) = exp {27m' Im fz’z w(t)dt} are

To(8)-automorphic. Thus, the operators L(a) are unitarily equivalent to L for all o via

L(a) = QY (a)LQ(a( with domain D(L(a)) = Q(a)D(L), and all eigenvalues stay.
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Appendix 1
The Rankin-Selberg convolution

For Res >1 we consider the following integral
[ 10 P BT Dautz) = RG) (52)
Fo(8)

where

Es(z5To®)1) = Y y°(72)

VLo \I'
and v;(2) = v;(z; I x(2)) is defined in (45), (46). Using the unfolding of the Eisenstein
series we obtain

(e 9]

R(s) = / v o) [P K2, (27 | n | y)dy (83)
0 n#0
D2(s/2)T (5 +ir)) T (3 = 1)) < [py(n)f
AmsT(s) ; ns

From (82), (83) follows that

i [ (n)[*

nS

n=1

has meromorphic continuation to all of C' and at s=1 has a pole of order < the order of
the pole of F3(z;s;(8);1) at s = 1.

We will show now that the Eisenstein series F3 has at s = 1 a simple pole. We
will find E3(z) = Es(z;5;10(8);1) as explicit linear combination of E(z,s), E(2z,s),
E(4z,s), E(8z, s)where

E(z) =E(zs)= Y 4°(12) =1 +0pu(y'™) (84)



and ['z is the modular group. From general theory we know

E3(Z) - ys + Oyeoo(yl_Res)a E3(gkz) = Oyeoo(yl_Res) k= 17 27 4

Here
groo =z, cusps k=1,2,4 ,g;;lskgk = 53,
We have
1 z 2z
= z = 72 =—
o 820 T oLyv T Ty

and we take

Es(z) = aqE(z) + ao B (22) + ay E(4z) + agF(8z)

From (84) and first condition in (85) we obtain

a1 + 02° + ayd® + OZ88S =1

Then we have from (85)

1 1 1 s
a B (—g) + ok (_E) +ayk (—g) + B (=1/2) = 0yoo(y' ™)

That is equivalent to

a1 E (82) + auE (42) + auE (22) 4+ asE (2) = 0yoo(y'7F%)

We obtain the second condition
18 + apd® + a2’ + ag =0
Analogous calculations for £ = 2, 4 in (85) gives 2 more conditions,
oy + @2® + aud® + ag2®° =0
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(88)

(89)



04128 + &248 -+ 04428 + ag = 0 (90)

We solve the system of linear equations (87) - (90). Finally we get

_ ! - (91)
Qa = 225(225 _ 1) as = 23(223 _ 1)
We obtain then
1
E3(z;8;,T0(8);1) = FEE D) [E(8z,5) — 2 °E(4z, 5)] (92)

From the well-known Fourier expansion for E(z,s) follows that it has a simple pole at
s = 1 with the residue 3/m = vol (Fz)~!. From (92) follows that F3at s = 1 has a

simple pole with the residue ;= = (vol (Fy(8))) " which agrees with the general theory.
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