Essentials of Fractional Calculus

Rudolf Gorenflo^a and Francesco Mainardi^{b,1}

a Department of Mathematics and Computer Science, Free University of Berlin, Arnimallee 2-6, D-14195 Berlin, Germany.

gorenflo@math.fu-berlin.de

b Dipartimento di Fisica, Università di Bologna and INFN Sezione di Bologna, via Irnerio 46, I–40126 Bologna, Italy.

mainardi@bo.infn.it

Abstract

The aim of these introductory lectures is to provide the reader with the essentials of the fractional calculus according to different approaches that can be useful for our applications in the theory of probability and stochastic processes. We discuss the linear operators of fractional integration and fractional differentiation, which were introduced in pioneering works by Abel, Liouville, Riemann, Weyl, Marchaud, M. Riesz, Feller and Caputo. Particular attention is devoted to the techniques of Fourier and Laplace transforms for treating these operators in a way accessible to applied scientists, avoiding unproductive generalities and excessive mathematical rigor. Furthermore, we discuss the approach based on limit of difference quotients, formerly introduced by Grünwald and Letnikov, which provides a discrete view-point to the fractional calculus. Such approach is very useful for actual numerical computation and is complementary to the previous integral approaches, which provide the continuous view-point. Finally, we give some information on the transcendental functions of the Mittag-Leffler and Wright type which, together with the most common Eulerian functions, turn out to play a fundamental role in the theory and applications of the fractional calculus.

Keywords: 1991 Mathematics Subject Classification: 26A33, 33E20, 44A20, 45E10, 45J05.

A. Historical Notes on Fractional Calculus

Fractional calculus is the field of mathematical analysis which deals with the investigation and applications of integrals and derivatives of arbitrary order. The term fractional is a misnomer, but it is retained following the prevailing use.

1 Corresponding author.

Preprint submitted to MaPhySto Center, preliminary version, 28 January 2000

The fractional calculus may be considered an old and yet novel topic. It is an old topic since, starting from some speculations of G.W. Leibniz (1695, 1697) and L. Euler (1730), it has been developed up to nowadays. In fact the idea of generalizing the notion of derivative to non integer order, in particular to the order 1/2, is contained in the correspondence of Leibniz with Bernoulli, L’Hôpital and Wallis. Euler took the first step by observing that the result of the evaluation of the derivative of the power function has a a meaning for non-integer order thanks to his Gamma function.

A list of mathematicians, who have provided important contributions up to the middle of the 20-th century, includes P.S. Laplace (1812), J.B.J. Fourier (1822), N.H. Abel (1823-1826), J. Liouville (1832-1837), B. Riemann (1847), H. Holmgren (1865-67), A.K. Grünwald (1867-1872), A.V. Letnikov (1868- 1872), H. Laurent (1884), P.A. Nekrassov (1888), A. Krug (1890), J. Hadamard (1892), O. Heaviside (1892-1912), S. Pincherle (1902), G.H. Hardy and J.E. Littlewood (1917-1928), H. Weyl (1917), P. Lévy (1923), A. Marchaud (1927), H.T. Davis (1924-1936), A. Zygmund (1935-1945), E.R. Love (1938-1996), A. Erdélyi (1939-1965), H. Kober (1940), D.V. Widder (1941), M. Riesz (1949), W. Feller (1952).

However, it may be considered a novel topic as well, since only from less than thirty years it has been object of specialized conferences and treatises. For the first conference the merit is ascribed to B. Ross who organized the First Conference on Fractional Calculus and its Applications at the University of New Haven in June 1974, and edited the proceedings [79]. For the first monograph the merit is ascribed to K.B. Oldham and J. Spanier [71], who, after a joint collaboration started in 1968, published a book devoted to fractional calculus in 1974.

Nowadays, to our knowledge, the list of texts in book form devoted to fractional calculus includes less than ten titles, namely Oldham & Spanier (1974) [71] McBride (1979) [63], Samko, Kilbas & Marichev (1987-1993) [83], Nishimoto (1991) [70], Miller & Ross (1993) [64], Kiryakova (1994) [46], Rubin (1996) [80], Podlubny (1999) [74], among which the encyclopaedic treatise by Samko, Kilbas & Marichev is the most prominent. Furthermore, we recall the attention to the treatises by Davis (1936) [17], Erdélyi (1953-1954) [22], Gel’fand & Shilov (1959-1964) [26], Dzherbashian [19,20], Caputo [13], Babenko [4], Gorenflo & Vessella [37], which contain a detailed analysis of some mathematical aspects and/or physical applications of fractional calculus, although without explicit mention in their titles.

For details on the historical development of the fractional calculus we refer the interested reader to Ross’ bibliography in [71] and to the historical notes generally available in the above quoted texts.

In recent years considerable interest in fractional calculus has been stimulated by the applications that it finds in different fields of science, including numerical analysis, physics, engineering, biology, economics and finance. In this respect we quote the collection of articles on the topic of Fractional Differencing and Long Memory Processes, edited by Baillie & King (1996), appeared as a special issue in the Journal of Econometrics [5], the book edited by Carpinteri and Mainardi (1997), containing lecture notes of a CISM Course devoted Fractals and Fractional Calculus in Continuum Mechanics [15], and finally the forthcoming book edited by R. Hilfer (2000), containing invited contributions in some areas of physics [41].

B. Approaches to Fractional Calculus

There are different approaches to the fractional calculus which, not being all equivalent, have lead to a certain degree of confusion and several misunderstandings in the literature. Probably for this the fractional calculus is in some way the ”black sheep” of the analysis. In spite of the numerous eminent mathematicians who have worked on it, still now the fractional calculus is object of so many prejudices.

In these review lectures we essentially consider and develop two different view-points to the fractional calculus: the continuous view-point based on the Riemann-Liouville fractional integral and the discrete view-point based on the Grünwald-Letnikov fractional derivative. Both approaches turn out to be useful in treating our generalized diffusion processes in the theory of probability and stochastic processes.

We use the standard notation N, Z, R, C to denote the sets of natural, integer, real and complex numbers, respectively; furthermore, R^+ and R^+_0 denote the sets of positive real numbers and of non-negative real numbers, respectively. Let us remark that, wanting our lectures to be accessible to various kinds of people working in applications (e.g. physicists, chemists, theoretical biologists, economists, engineers) we have deliberately and consciously as far as possible avoided the language of functional analysis. We have used vague phrases like ”for a sufficiently well behaved function” instead of constructing a stage of precisely defined spaces of admissible functions. We have devoted particular attention to the techniques of Fourier and Laplace transforms: correspondingly our functions are required to belong to the space L_1(R) (summable functions in all of R) or L_{loc}(R^+_0 ) (summable function in any finite inerval of R^+_0 ) . We have extended the Fourier and Laplace transforms to the Dirac ”delta function” in the typical way suitable for applications in physics and engineering, without adopting the language of distributions. We kindly ask specialists of these fields of pure mathematics to forgive us. Our notes are written in a way that makes it easy to fill in details of precision which in their opinion might be lacking.

The continuous view-point to fractional calculus

The starting point of the so called Riemann-Liouville fractional calculus is the integral formula (attributed to Cauchy) that reduces the calculation of the n−fold primitive of a (sufficiently well behaved) function ϕ(x) (x ∈ [a, b] ⊂ R , −∞ ≤ a < b ≤ +∞) to a single integral of convolution type. Indeed, for any n ∈ N , the repeated integral

I^n_{a+} ϕ(x) := x∫ a x_{n−1}∫

a . . . x_1∫

a ϕ(x_0) dx_0 . . . dx_{n−1} , a ≤ x < b , which provides the n−fold primitive ϕ_n(x) , vanishing at x = a with its derivatives of order 1, 2, . . . , n − 1 , can be written because of the Cauchy formula as I^n_{a+} ϕ(x) = ϕ_n(x) = 1 (n − 1)! x∫ a (x − ξ)^{n−1} ϕ(ξ) dξ , a ≤ x < b . (B.1) Then, in a natural way, one is led to extend the above formula from positive integer values of the index n to any positive real values by using the Gamma function. Indeed, noting that (n − 1)! = Γ(n) , and introducing the arbitrary positive real number α , one defines the fractional integral of order α > 0 as

I^α_{a+} ϕ(x) := 1 Γ(α) x∫ a (x − ξ)^{α−1} ϕ(ξ) dξ , a < x < b α > 0 . (B.2) A dual form of the above integral is

I^α_{b−} ϕ(x) := 1 Γ(α) b∫ x (ξ − x)^{α−1} ϕ(ξ) dξ , a < x < b α > 0 . (B.3) We refer to the fractional integrals I^α_{a+} and I^α_{b−} as progressive and regressive, respectively. For complementation we define I^0_{a+} = I^0_{b−} := I (Identity operator), i.e. we mean I^0_{a+} ϕ(x) = I^0_{b−} ϕ(x) = ϕ(x) . Furthermore, by I^α_{a+}ϕ(a^+) , I^α_{b−}ϕ(b^−) , we mean the limits (if they exists) of I^α_{a+}ϕ(x) for x → a^+ and I^α_{b−}ϕ(x) for x → b^− , respectively; these limits may be infinite.

The most common choices concerning the interval [a, b] are the whole set of real numbers R (i.e. a = −∞ , b = +∞), considered by Liouville [50–52], and the set of non negative real numbers R^+_0 (i.e. a = 0 , b = +∞), considered by Riemann [77]. We note that the fractional integrals over infinite intervals, especially the regressive one, were named in many later papers as Weyl integrals. Weyl [89] arrived at these indirectly by defining fractional integrals suitable for periodic functions. We thus agree to refer to these integrals as Liouville- Weyl fractional integrals. In these lectures we shall use the simplified notation I^α_+ and I^α_− when a = −∞ and b = +∞ , respectively.

We also note that, before Riemann, fractional integrals with a = 0 have been considered by Abel [1,2] when he introduced his integral equation, named after him, to treat the problem of the tautochrone. It was Abel who gave the first application of fractional calculus to mechanics in solving his problem by inverting the fractional integral, see e.g. Gorenflo & Vessella (1991) [37]. In these lectures we agree to refer to the fractional integral I^α_{0+} as to Abel-Riemann fractional integral; for them we use the special and simplified notation J^α in agreement with the notation introduced by Gorenflo & Vessella (1991) [37] and then followed in any paper of ours.

Before introducing the fractional derivative let us point out the fundamental property of the fractional integrals, namely the semi-group property according to which I^α_{a+} I^β_{a+} = I^{α+β}_{a+} , I^α_{b−} I^β_{b−} = I^{α+β}_{b−} , α , β ≥ 0 . (B.4)

The fractional derivative of order α can be introduced as the left inverse of the corresponding fractional integral, so extending the similar property of the common derivative of integer order. In fact it is straightforward to recognize that the derivative of any integer order n = 0, 1, 2, . . .

D^n ϕ(x) = d^n dx^n ϕ(x) = ϕ^{(n)}(x) , a < x < b satisfies the following composition rules with respect to the repeated integrals of the same order n , I^n_{a+} ϕ(x) and I^n_{b−} ϕ(x)

D^n I^n_{a+} ϕ(x) = ϕ(x) ,

I^n_{a+} D^n ϕ(x) = ϕ(x) − n−1∑ k=0 ϕ^{(k)}(a^+) k! (x − a)^k , a < x < b , (B.5a)

D^n I^n_{b−} ϕ(x) = (−1)^nϕ(x) ,

I^n_{b−} D^n ϕ(x) = (−1)^n { ϕ(x) − n−1∑ k=0 ϕ^{(k)}(b^−) k! (b − x)^k } , a < x < b . (B.5b)

As a consequence of (B.3-5) the left-inverse of the fractional integrals I^α_{a+} , I^α_{b−} may be defined by introducing the positive integer m such that m−1 < α ≤ m . Then one defines the fractional derivative of order α > 0 as

D^α_{a+} ϕ(x) := D^m I^{m−α}_{a+} ϕ(x) , D^α_{b−} ϕ(x) := (−1)^m D^m I^{m−α}_{b−} ϕ(x) , a < x < b , m − 1 < α ≤ m . (B.6)

In fact, taking for example the progressive operators, we get

D^α_{a+} I^α_{a+} = D^m I^{m−α}_{a+} I^α_{a+} = D^m I^m_{a+} = I .

The fractional derivatives, like the fractional integrals, turn out to be continuous with respect to the order, reducing to the to the standard repeated derivatives when the order is an integer. However, when the order is not integer, the fractional derivatives (namely the ”proper” fractional derivatives) do not follow necessarily the ”semi-group” property of the fractional integrals: in this respect the starting point a ≠ −∞ (or the ending point b ≠ +∞) plays a ”disturbing” role. Furthermore we stress the fact that ”proper” fractional derivatives are non-local operators being expressed by ordinary derivatives of convolution integrals with a weakly singular kernel. We note that the fractional integrals contain a weakly singular kernel only when the order is less than one.

The discrete view-point to fractional calculus

In all the above approaches in which the fractional derivatives are defined as the left inverse of the corresponding fractional integrals, the fractional differentiation is seen as a sort of integration of order −α . A totally different approach arises from the desire to properly generalize the fact that ordinary derivatives are limits of difference quotients. Let T^h denote the translation by a step of length h > 0 T^h ϕ(x) = ϕ(x − h) . (B.7) The backward finite difference of order α is defined as

Δ^α_h ϕ(x) := (I − T^h)^α ϕ(x) = ∞∑ k=0 (−1)^k ( α k ) ϕ(x − kh) , (B.8) where I = T^0 , the identity, and ( α k ) = α(α − 1) . . . (α − k + 1) k! = Γ(α + 1) Γ(k + 1) Γ(α − k + 1) . (B.9) For α ∈ N it reduces to the familiar backward finite difference of integer order. For α ∉ N we note the asymptotic behabviour | | | | ( α k )| | | = Γ(α+1) | sin(πα)| π |Γ(k − α)| Γ(k + 1)

∼ Γ(α+1) | sin(πα)| π k^{−(α+1)} as k → ∞ .

Grünwald (1867) [39] and Letnikov (1868) [47] developed an approach to fractional differentiation based on the definition

D^α_+ ϕ(x) = lim_{h→0+}

Δ^α_h ϕ(x) h^α . (B.10) While the arguments of the first author were rather formal, the latter gave a rigorous construction of the theory of fractional integro-differentiation on the basis of such a definition. Letnikov had in particular shown that thus defined

D^{−α}_+ ϕ(x) coincides with our Liouville-Weyl fractional integral I^α_+ and with our Abel-Riemann fractional integral J^α under the appropriate interpretation of the fractional difference Δ^α_h ϕ(x) . He proved the semigroup property within the framework of definition (B.10).

Hilfer (1997) [40] has pointed out that there are several possibilities to define the limit of the fractional finite difference quotient, e.g. point-wise, almost everywhere, or in the norm of a Banach space. The choice depends upon the question at hand. Furthermore he notes that eq. (B.8) suggests it is also possible to define fractional derivatives as fractional powers of the differentiation operator following the approach started by Balakrishnan (1958, 1959, 1960) [6–8] and Westphal (1974) [88]. More generally one may consider fractional powers of the infinitesimal generators of strongly continuous semi-groups.

Finally, a mixed approach to the fractional calculus, namely containing integrals and finite differences, is to define the fractional derivatives trying to replace α with −α directly in the above Riemann-Liouville fractional integrals. However the resulting integrals are divergent (with hyper-singular kernels) and need to be regularized by using the techniques of Hadamard’s finite part. This approach was successfully pursued by Marchaud (1927) [62]. It is interesting to note that both Liouville and Riemann dealt with the so-called ”complementary” functions which arise when one attempts to treat fractional differentiation of order α as fractional integration of order −α , see Samko, Kilbas & Marichev (1993) ([83], p. xxix and Historical Notes in §4.1, §9.1).

The plan for the following sections

Let us now explain the contents of the following sections. Sections C and D will be devoted to the continuous view-point to fractional calculs. In section C we start from the Liouville-Weyl fractional integrals to arrive at the fractional derivatives in the sense of Riesz and Feller. These derivatives are suitable to generalize the standard diffusion equation by replacing the second-order space derivative. In view of this we shall consider functions of the space variable x , denoted by ϕ(x) , and apply the Fourier transform. In section D we start from the Abel-Riemann fractional integrals to arrive at the fractional derivatives in the sense of Caputo. These derivatives are suitable to generalize the standard diffusion equation by replacing the first-order time derivative. In view of this we shall consider functions of the time variable t , denoted by ψ(t) , and apply the Laplace transform. In section E we shall provide some details on the discrete view-point to fractional calculus based on the Grünwald-Letnikov difference scheme and its variants. These schemes turn out to be useful in the interpretation of the space or time fractional diffusion processes by randomwalk models. Finally sections F and G are devoted respectively to the special functions of the Mittag-leffler and Wright type, which play a fundamental role in our applications of the fractional calculus.

C. Fractional Calculus according to Riesz and Feller

In this Section the functions under consideration are assumed sufficiently well behaved in L_1(R) to ensure the existence of the Fourier transform or its inverse, as required. In our notation the Fourier transform and its inverse read

^ϕ(κ) = F [ϕ(x)] = +∞∫ −∞ e +iκx ϕ(x) dx ,

ϕ(x) = F^{−1} [ ^ϕ(κ) ] = 1 2π +∞∫ −∞ e −iκx ^ϕ(κ) dκ , (C.1)

where κ ∈ R , denotes the Fourier parameter. In this framework we also consider the class of pseudo-differential operators of which the ordinary repeated integrals and derivatives are special cases. A pseudo-differential operator A, acting with respect to the variable x ∈ R , is defined through its Fourier representation, namely +∞∫ −∞ e^{iκx} A ϕ(x) dx = ^A(κ) ^ϕ(κ) , (C.2)

where ^A(κ) is referred to as symbol of A . An often applicable practical rule is ^A(κ) = ( A e −iκx ) e +iκx , κ ∈ R . (C.3) If B is another pseudo-differential operator, then we have ^A B(κ) = ^A(κ) ^B(κ) . For the sake of convenience we shall adopt the notation ÷ to denote the juxtaposition of a function with its Fourier transform and that of a pseudodifferential operator with its symbol, namely ϕ(x) ÷ ^ϕ(κ) , A ÷ ^A .

The Liouville-Weyl fractional integrals and derivatives

We now consider the pseudo-differential operators represented by the Liouville- Weyl fractional integrals and derivatives. The Liouville-Weyl fractional integrals (of order α > 0 for a well-behaved function ϕ(x) with x ∈ R ) are defined

I^α_+ ϕ(x) := 1 Γ(α) x∫ −∞ (x − ξ)^{α−1} ϕ(ξ) dξ , α > 0 ,

I^α_− ϕ(x) := 1 Γ(α) +∞∫ x (ξ − x)^{α−1} ϕ(ξ) dξ , α > 0 . (C.4)

For complementation we put I^0_± := I (Identity operator), as it can be justified by passing to the limit α → 0 .

The Liouville-Weyl integrals possess the semigroup property, i.e.

I^α_+ I^β_+ = I^{α+β}_+ , I^α_− I^β_− = I^{α+β}_− , for all α , β ≥ 0 . (C.5)

The Liouville-Weyl fractional derivatives (of order α > 0) are defined as the left-inverse operators of the corresponding Liouville-Weyl fractional integrals (of order α > 0), i.e.

D^α_+ I^α_+ = D^α_− I^α_− = I . (C.6) Therefore, introducing the positive integer m such that m − 1 < α ≤ m and recalling that D^m I^m_+ = I and D^m I^m_− = (−1)^m I , we have

D^α_± ϕ(x) = { ±(D^m I^{m−α}_± ) ϕ(x) , if m − 1 < α ≤ m , m odd; (D^m I^{m−α}_± ) ϕ(x) , if m − 1 < α ≤ m , m even. (C.7)

For complementation we put D^0_± := I (Identity operator).

We note that a sufficient condition that the integrals entering I^α_± in (C.4) converge is that ϕ (x) = O ( |x|^{−α−ϵ} ) , ϵ > 0 , x → ∓∞ . Integrable functions satisfying these properties are sometimes referred to as functions of Liouville and Weyl class, respectively, see Miller & Ross (1993) [64]. For example power functions |x|^{−δ} with δ > α > 0 and x < 0 and e^{cx} with c > 0 are of Liouville class. For these functions we obtain

I^α_+ |x|^{−δ} = Γ(δ − α) Γ(δ) |x|^{−δ+α} , D^α_+ |x|^{−δ} = Γ(δ + α) Γ(δ) |x|^{−δ−α} , δ > α > 0 , x < 0 , (C.8)

and I^α_+ e^{cx} = c^{−α} e^{cx} ,

D^α_+ e^{cx} = c^α e^{cx} , c > 0 , x ∈ R . (C.9)

The symbols of the fractional Liouville-Weyl integrals and derivatives can be easily derived according to I^α_± ÷ (∓iκ)^{−α} = |κ|−α e ±i (sign κ) απ/2 , D^α_± ÷ (∓iκ)^{+α} = |κ|+α e ∓i (sign κ) απ/2 . (C.10)

The Riesz fractional integrals and derivatives

The Liouville-Weyl fractional integrals can be combined to give rise to the Riesz fractional integral (usually called Riesz potential) of order α, defined as

I^α_0 ϕ(x) =

I^α_+ϕ(x) + I^α_−ϕ(x) 2 cos(απ/2) = 1 2 Γ(α) cos(απ/2) +∞∫ −∞ |x − ξ|^{α−1} ϕ(ξ) dξ , (C.11)

for any positive α with the exclusion of odd integer numbers for which cos(απ/2) vanishes. Using (C.10-11) the symbol of the Riesz potential turns out to be I^α_0 ÷ |κ|−α , α > 0 , α ≠ 1 , 3 , 5 . . . . (C.12) In fact

I^α_+ + I^α_− ÷ [ 1 (−iκ)^α + 1 (+iκ)^α ] = (+i)^α + (−i)^α |κ|^α = 2 cos(απ/2) |κ|^α . We note that, at variance with the Liouville-Weyl fractional integral, the Riesz potential has the semigroup property only in restricted ranges, e.g.

I^α_0 I^β_0 = I^{α+β}_0 for 0 < α < 1 , 0 < β < 1 , α + β < 1 . (C.13)

From the Riesz potential we can define by analytical continuation the Riesz fractional derivative D^α_0 , including also the singular case α = 1 , by formally setting D^α_0 := −I^{−α}_0 ÷ −|κ|^α , where the minus sign has been put in order to recover for α = 2 the standard second derivative. Restricting our attention to the range 0 < α ≤ 2 the explicit correct definition turns out to be

D^α_0 ϕ(x) := −I^{−α}_0 ϕ(x) := − D^α_+ ϕ(x) + D^α_− ϕ(x) 2 cos(απ/2) if α ≠ 1 , −D H ϕ(x) , if α = 1 , (C.14)

where H denotes the Hilbert transform operator defined by

H ϕ(x) := 1 π +∞∫ −∞ ϕ(ξ) x − ξ dξ = 1 π +∞∫ −∞ ϕ(x − ξ) ξ dξ , (C.15)

the integral understood in the Cauchy principal value sense. Incidentally, we note that H^{−1} = −H . By using the rule (C.3) we can derive the symbol of H , namely H ÷ ^H = i sign κ . (C.16) The expressions in (C.14) can be easily verified by manipulating with symbols of ”good” operators as below

D^α_0 := −I^{−α}_0 ÷ −|κ|^α = −(−iκ)^α + (+iκ)^α 2 cos(απ/2) = −|κ|^α , if α ≠ 1 , +iκ · isign κ = −κ sign κ = −|κ| , if α = 1 . In particular, from (C.14) we recognize that

D^2_0 = 1 2 ( D^2_+ + D^2_− ) = 1 2 ( d^2 dx^2 + d^2 dx^2 ) = d^2 dx^2 , but D^1_0 ≠ d dx . We also recognize that the symbol of D^α_0 is just the logarithm of the characteristic function of a symmetric Lévy stable pdf.

In general, the Riesz fractional derivative D^α_0 turns out to be related to the α/2-power of the positive definite operator −D^2 = −^{d2}_{dx2} since, as noted by Feller (1952) [23], −|κ|^α = − ( κ^2 )_{α/2} ÷ D^α_0 = − ( − d^2 dx^2 )_{α/2} , (C.17) whereas the two Liouville-Weyl fractional derivatives are related to the αpower of the first order differential operator D =^d_{dx} . We note that it was Bochner (1949) [11] who first introduced the fractional powers of the Laplacian to generalize the diffusion equation.

We would like to mention the ”illuminating” notation introduced by Zaslavsky, see e.g. Saichev & Zaslavsky (1997) [81], to denote our Liouville-Weyl and Riesz fractional derivatives

D^α_± = d^α d(±x)^α , D^α_0 = d^α d|x|^α , 0 < α ≤ 2 . (C.18)

We now point out that other expressions for D^α_± and henceforth D^α_0 are obtained by ”regularizing” the hyper-singular integrals I^{−α}_± for 0 < α ≤ 2 . This ”regularization”, based on a former idea by Marchaud, see e.g. Marchaud (1927) [62], Samko, Kilbas & Marichev (1993) [83], Hilfer (1997) [40], is noteworthy since it leads to a discretization of the operators of fractional derivative, alternative to that based on the Grünwal-Letnikov method.

Let us first consider from (C.7) the operator

D^α_+ := I^{−α}_+ := d dx I^{1−α}_+ , 0 < α < 1 . (C.19)

We have, see Hilfer (1997) [40],

D^α_+ ϕ(x) := I^{−α}_+ ϕ(x) = d dx I^{1−α}_+ ϕ(x) = 1 Γ(1 − α) d dx x∫ −∞ (x − ξ)^{−α} ϕ(ξ) dξ

= 1 Γ(1 − α) d dx ∞∫ 0 ξ^{−α} ϕ(x − ξ) dξ

= α Γ(1 − α) ∞∫ 0 ϕ^′(x − ξ) ∞∫ ξ 1 η^{1+α} dη dξ ,

so that, interchanging the order of integration,

D^α_+ ϕ(x) = α Γ(1 − α) ∞∫ 0 ϕ(x) − ϕ(x − ξ) ξ^{1+α} dξ , 0 < α < 1 . (C.20) Here ϕ^′ denotes the first derivative of ϕ with respect to its argument. The coefficient in front to the integral in (C.20) can be re-written, using known formulas for the Gamma function, as α Γ(1 − α) = − 1 Γ(−α) = Γ(1 + α) sin απ π . (C.21) Similarly we get for

D^α_− := I^{−α}_− = − d dx I^{1−α}_− , 0 < α < 1 , (C.22)

D^α_− ϕ(x) = α Γ(1 − α) ∞∫ 0 ϕ(x + ξ) − ϕ(x) ξ^{1+α} dξ , 0 < α < 1 . (C.23) Similar results can be given for 1 < α < 2 .

Recalling from (C.14) the fractional derivative in Riesz’s sense

D^α_0 ϕ(x) := −

D^α_+ ϕ(x) + D^α_− ϕ(x) 2 cos(απ/2) , 0 < α < 1 , 1 < α < 2 , and using (C.20), (C.23), we get for it the following regularized representation, valid also in α = 1 ,

D^α_0 ϕ(x) = Γ(1+α) sin (απ/2) π ∞∫ 0 ϕ(x + ξ) − 2ϕ(x) + ϕ(x − ξ) ξ^{1+α} dξ , 0 < α < 2 . (C.24)

The Feller fractional integrals and derivatives

A generalization of the Riesz fractional integral and derivative has been proposed by Feller (1952) [23] in a pioneering paper, recalled by Samko, Kilbas & Marichev (1993) [83], but only recently revised and used by Gorenflo & Mainardi (1998) [34]. The purpose of Feller was indeed to generalize the second order space derivative entering the standard diffusion equation with a pseudo-differential operator whose symbol is the logarithm of the characteristic function of a general Lévy stable pdf according to his his parameterization, which is closer to ours.

Let us now show how obtain the Feller derivative by inversion of a properly generalized Riesz potential, later called Feller potential by Samko, Kilbas & Marichev (1993) [83]. Using our notation we define the Feller potential I^α_θ by its symbol obtained by the Riesz potential by a suitable ”rotation” of an angle θ π/2 where θ is a real number properly restricted. We have I^α_θ ÷ |κ|^{−α} e −i (sign κ) θπ/2 , { |θ| ≤ α if 0 < α < 1 , |θ| ≤ 2 − α if 1 < α ≤ 2 . (C.25) As in the Riesz potential the case α = 1 is omitted.

The integral representation of the pseudo-differential operator I^α_θ turns out to be I^α_θ ϕ(x) = c_−(α, θ) I^α_+ ϕ(x) + c_+(α, θ) I^α_− ϕ(x) , (C.26) where, if 0 < α < 2 , α ≠ 1 ,

c_+(α, θ) = sin [(α − θ) π/2]

sin (απ) , c_−(α, θ) = sin [(α + θ) π/2] sin(απ) , (C.27) and, by passing to the limit (with θ = 0)

c_+(2, 0) = c_−(2, 0) = −1/2 . (C.28)

In the particular case θ = 0 we get

c_+(α, 0) = c_−(α, 0) = 1 2 cos (απ/2) , (C.29) and thus, from (C.26) and (C.29) we recover the Riesz potential (C.11). Like the Riesz potential also the Feller potential has the (range-restricted) semigroup property, e.g.

I^α_θ I^β_θ = I^{α+β}_θ for 0 < α < 1 , 0 < β < 1 , α + β < 1 . (C.30)

From the Feller potential we can define by analytical continuation the Feller fractional derivative D^α_θ , including also the singular case α = 1 , by setting D^α_θ := −I^{−α}_θ ÷ −|κ|^α e +i (sign κ) θπ/2 , 0 < α ≤ 2 , (C.31) with θ restricted as in (C.25). We have

D^α_θ ϕ(x) := − [ c_+(α, θ) D^α_+ + c_−(α, θ) D^α_− ] ϕ(x) , if α ≠ 1 , [cos(θπ/2) D^1_0 + sin(θπ/2) D] ϕ(x) , if α = 1 . (C.32)

For α ≠ 1 it is sufficient to note that c_∓(−α, θ) = c_±(α, θ) . For α = 1 we need to recall the symbols of the operators D and D^1_0 = −DH, namely D̂ = (−iκ) and ^D^1_0 = −|κ| , and note that ^D^1_θ = −|κ| e +i (sign κ) θπ/2 = −|κ| cos(θπ/2) − (iκ) sin(θπ/2) = cos(θπ/2) ^D^1_0 + sin(θπ/2) ^D .

For later use we find it convenient to return to the ”weight” coefficients c_±(α, θ) in order to outline some properties along with some particular expressions, which can be easily obtained from (C.27) with the restrictions on θ given in (C.25). We obtain c_± { ≥ 0 , if 0 < α < 1 , ≤ 0 , if 1 < α ≤ 2 , (C.33) and c_+ + c_− = cos (θπ/2) cos (απ/2) { > 0 , if 0 < α < 1 , < 0 , if 1 < α ≤ 2 . (A.34) In the extremal cases we find 0 < α < 1 , { c_+ = 1 , c_− = 0 , if θ = −α , c_+ = 0 , c_− = 1 , if θ = +α , (C.35) 1 < α < 2 , { c_+ = 0 , c_− = −1 , if θ = −(2 − α) , c_+ = −1 , c_− = 0 , if θ = +(2 − α) . (C.36) We also note that in the extremal cases of α = 1 we get

D^1_{±1} = ±D = ± d dx . (C.37)

In view of the relation of the Feller operators in the framework of stable probability density functions, we agree to refer to θ as to the skewness parameter.

We must note that in his original paper Feller (1952) used a skewness parameter δ different from our θ ; the potential introduced by Feller is I^α_δ ÷ ( |κ| e −i (sign κ) δ )_{−α} , so δ = − π 2 θ α , θ = − 2 π αδ . (C.38) Then Samko, Kilbas & Marichev (1993) named I^α_δ as the Feller potential operator. We note that Feller considered the inversion of his potential for α = 1 but limiting himself to the symmetric case (δ = θ = 0) for which he provided the representation as the first derivative of the Hilbert transform. Samko, Kilbas & Marichev (1993) apparently ignored the singular case α = 1 .

D. Fractional Calculus according to Abel-Riemann and Caputo

In this Section the functions under consideration are assumed sufficiently well behaved in L_{loc}(R^+_0 ) to ensure the existence of the Laplace transform or its inverse, as required. In our notation the Laplace transform and its inverse read

~ψ(s) = L [ψ(t)] = ∞∫ 0 e −st ψ(t) dt , ψ(t) = L^{−1} [ ~ψ(s) ] = 1 2πi ∫ Br e st ~ψ(s) ds , (D.1)

where Br denotes a Bromwich path and s ∈ C is the Laplace parameter. For the sake of convenience we shall adopt the notation ÷ to denote the juxtaposition of a function with its Laplace transform, namely ψ(t) ÷ ~ψ(s) .

The Abel-Riemann fractional integral and derivatives

We first define the Abel-Riemann (A-R) fractional integral and derivative of any order α > 0 for a generic (well-behaved) function ψ(t) with t ∈ R^+ .

For the A-R fractional integral (of order α) we have

J^α ψ(t) := 1 Γ(α) t∫ 0 (t − τ)^{α−1} ψ(τ) dτ , t > 0 α > 0 . (D.2) For complementation we put J^0 := I (Identity operator), as it can be justified by passing to the limit α → 0 .

The A-R integrals possess the semigroup property, i.e.

J^α J^β = J^{α+β} , for all α , β ≥ 0 . (D.3)

The A-R fractional derivative (of order α > 0) is defined as the left-inverse operator of the corresponding A-R fractional integral (of order α > 0), i.e.

D^α J^α = I . (D.4)

Therefore, introducing the positive integer m such that m − 1 < α ≤ m and noting that (D^m J^{m−α}) J^α = D^m (J^{m−α} J^α) = D^m J^m = I , we define D^α := D^m J^{m−α} namely

D^αψ(t) := 1 Γ(m − α) d^m dt^m t∫ 0 ψ(τ) (t − τ)^{α+1−m} dτ , m − 1 < α < m , d^m dt^m ψ(t) , α = m . (D.5)

For complementation we put D^0 := I . For α → m^− we thus recover the standard derivative of order m but the integral formula loses its meaning for α = m . By using the properties of the Eulerian beta and gamma functions it is easy to show the effect of our operators J^α and D^α on the power functions: we have

J^αt^γ =

Γ(γ + 1) Γ(γ + 1 + α) t^{γ+α} , D^α t^γ =

Γ(γ + 1) Γ(γ + 1 − α) t^{γ−α} , t > 0 , α ≥ 0 , γ > −1 . (D.6)

These properties are of course a natural generalization of those known when the order is a positive integer.

Note the remarkable fact that the fractional derivative D^α ψ(t) is not zero for the constant function ψ(t) ≡ 1 if α ∉ N . In fact, the second formula in (D.6) with γ = 0 teaches us that

D^α 1 = t^{−α} Γ(1 − α) , α ≥ 0 , t > 0 . (D.7) This, of course, is ≡ 0 for α ∈ N, due to the poles of the gamma function in the points 0, −1, −2, . . ..

The Caputo fractional derivative

We now observe that an alternative definition of fractional derivative, originally introduced by Caputo (1967) (1969) in the late sixties and adopted by Caputo & Mainardi (1971) in the framework of the theory of linear viscoelasticity, is D^α_∗ = J^{m−α} D^m with m − 1 < α ≤ m , namely

D^α_∗ ψ(t) := 1 Γ(m − α) t∫ 0 ψ^{(m)}(τ) (t − τ)^{α+1−m} dτ , m − 1 < α < m , d^m dt^m ψ(t) , α = m . (D.8)

The definition (D.8) is of course more restrictive than (D.5), in that it requires the absolute integrability of the derivative of order m. Whenever we use the operator D^α_∗ we (tacitly) assume that this condition is met. We easily recognize that in general D^α ψ(t) := D^m J^{m−α} ψ(t) ≠ J^{m−α} D^m ψ(t) := D^α_∗ ψ(t) , (D.9) unless the function ψ(t) along with its first m−1 derivatives vanishes at t = 0^+. In fact, assuming that the passage of the m-derivative under the integral is legitimate, one recognizes that, for m − 1 < α < m and t > 0 ,

D^α ψ(t) = D^α_∗ ψ(t) + m−1∑ k=0 t^{k−α} Γ(k − α + 1) ψ^{(k)}(0^+) , (D.10)

and therefore, recalling the fractional derivative of the power functions, see (D.6), D^α ( ψ(t) − m−1∑ k=0 t^k k! ψ^{(k)}(0^+) ) = D^α_∗ ψ(t) . (D.11)

The subtraction of the Taylor polynomial of degree m − 1 at t = 0^+ from ψ(t) means a sort of regularization of the fractional derivative. In particular, according to this definition, the relevant property for which the fractional derivative of a constant is still zero can be easily recognized,

D^α_∗ 1 ≡ 0 , α > 0 . (D.12)

We now explore the most relevant differences between the two fractional derivatives (D.5) and (D.8). We agree to denote (D.8) as the Caputo fractional derivative to distinguish it from the standard A-R fractional derivative (D.5). We observe, again by looking at (D.6), that D^αt^{α−1} ≡ 0 , α > 0 , t > 0 . We thus recognize the following statements about functions which for t > 0 admit the same fractional derivative of order α , with m−1 < α ≤ m , m ∈ N , D^α ψ(t) = D^α ϕ(t) ⇐⇒ ψ(t) = ϕ(t) + m∑ j=1 c_j t^{α−j} , (D.13)

D^α_∗ ψ(t) = D^α_∗ ϕ(t) ⇐⇒ ψ(t) = ϕ(t) + m∑ j=1 c_j t^{m−j} , (D.14) where the coefficients c_j are arbitrary constants.

For the two definitions we also note a difference with respect to the formal limit as α → (m − 1)^+ ; from (D.5) and (D.8) we obtain respectively,

D^α ψ(t) → D^m J ψ(t) = D^{m−1} ψ(t) ; (D.15)

D^α_∗ ψ(t) → J D^m ψ(t) = D^{m−1} ψ(t) − ψ^{(m−1)}(0^+) . (D.16)

We now consider the Laplace transform of the two fractional derivatives. For the A-R fractional derivative D^α the Laplace transform, assumed to exist, requires the knowledge of the (bounded) initial values of the fractional integral J^{m−α} and of its integer derivatives of order k = 1, 2, . . . , m − 1 . The corresponding rule reads, in our notation, D^α ψ(t) ÷ s^α ~f(s) − m−1∑ k=0 D^k J^{(m−α)} ψ(0^+) s^{m−1−k} , m − 1 < α ≤ m . (D.17)

For the Caputo fractional derivative the Laplace transform technique requires the knowledge of the (bounded) initial values of the function and of its integer derivatives of order k = 1, 2, . . . , m−1 , in analogy with the case when α = m . In fact, noting that J^α D^α_∗ = J^α J^{m−α} D^m = J^m D^m , we have

J^α D^α_∗ ψ(t) = ψ(t) − m−1∑ k=0 ψ^{(k)}(0^+) t^k k! , (D.18) so we easily prove the following rule for the Laplace transform, D^α_∗ ψ(t) ÷ s^α ~ψ(s) − m−1∑ k=0 ψ^{(k)}(0^+) s^{α−1−k} , m − 1 < α ≤ m . (D.19)

Indeed the result (D.19), first stated by Caputo (1969) [13], appears as the ”natural” generalization of the corresponding well known result for α = m .

Gorenflo & Mainardi (1997) [33] have pointed out the major utility of the Caputo fractional derivative in the treatment of differential equations of fractional order for physical applications. In fact, in physical problems, the initial conditions are usually expressed in terms of a given number of bounded values assumed by the field variable and its derivatives of integer order, despite the fact that the governing evolution equation may be a generic integro-differential equation and therefore, in particular, a fractional differential equation.

E. Fractional Calculus according to Grünwald-Letnikov

According to the familiar definition based on the ”backward difference limit”, the first-order derivative of a function ϕ(x) is obtained as d dx ϕ(x) = ϕ^{(1)}(x) = lim_{h→0} ϕ(x) − ϕ(x − h) h . Applying this rule twice gives the second-order derivative

d^2 dx^2 ϕ(x) = ϕ^{(2)}(x) = lim_{h→0} ϕ^{(1)}(x) − ϕ^{(1)}(x − h) h = lim_{h→0} 1 h { ϕ(x) − ϕ(x − h) h − ϕ(x − h) − ϕ(x − 2h) h }

= lim_{h→0} ϕ(x) − 2ϕ(x − h) + ϕ(x − 2h) h^2 . We then obtain

d^3 dx^3 ϕ(x) = ϕ^{(3)}(x) = lim_{h→0} ϕ(x) − 3ϕ(x − h) + 3ϕ(x − 2h) − ϕ(x − 3h) h^3 . and, by induction,

D^n ϕ(x) = d^n dx^n ϕ(x) = ϕ^{(n)}(x) = lim_{h→0} 1 h^n n∑ k=0 (−1)^k ( n k ) ϕ(x − kh) . (E.1) We note that the n-th derivative is seen to be a linear combination of the function’s values at the (n + 1) values x, x − h, x − 2h, . . . x − nh of the independent variable. The coefficients are binomial coefficients and alternate in sign. There is a divisor of h^n .

Starting from the so-called Riemann sum definition of an integral and iterating we get, see e.g. Oldham & Spanier (1974) [71], Podlubny (1999) [74]

I^n_{a+} ϕ(x) = lim_{h→0} h^n (x−a)/h ∑ k=0 (−1)^k ( −n k ) ϕ(x − kh) , (E.2) with

(−1)^k ( −n k ) = n(n + 1) . . . (n + k − 1) k! for k = 1, 2, . . . (E.3)

We have implicitly assumed that (x−a)/h is an integer. We then note that the n-th repeated integral is again a weighted sum of the functions’s values, but that the length of the sum tends to infinity as h → 0 . The weights are again defined by binomial coefficients, but they are all positive. In this framework we also recognize the formal identities I^n_{a+} = D^{−n} , or D^n = I^{−n}_{a+} .

The definition of the Grünwald-Letnikov fractional derivative is an extension of (E.1) to any real positive order α, namely

GLD^α_{a+} ϕ(x) = lim_{h→0} 1 h^α [(x−a)/h] ∑ k=0 (−1)^k ( α k ) ϕ(x − kh) , a < x < b . (E.4a) Similarly, by taking the ”forward difference limit”, we define the dual Grünwald-Letnikov fractional derivative of order α as GLD^α_{b−} ϕ(x) = lim_{h→0} 1 h^α [(b−x)/h] ∑ k=0 (−1)^k ( α k ) ϕ(x + kh) , a < x < b . (E.4b) In eqs (E.4) the [ · ] denotes the integer part. In analogy with the Riemann- Liouville fractional calculus we may refer to (E.4a) and (E.4b) as the progressive and regressive Grünwald-Letnikov fractional derivative, respectively.

For our future purposes it is convenient to introduce a general notation to denote the (finite or infinite) series of the backward/forward difference quotients entering the limit in the above definitions, namely hD^α_± := 1 h^α ∑ k=0 (−1)^k ( α k ) ϕ(x ∓ kh) , (E.5) where the upper limit of the sum is the appropriate one.

Under certain conditions one can prove the following connections with the Riemann-Liouville fractional integrals and derivatives, (B.2-3) and (B.6), for a < x < b , GLD^{−α}_{a+} ϕ(x) = 1 Γ(α) x∫ a (x − ξ)^{α−1} ϕ(ξ) dξ = I^α_{a+} ϕ(x) , α > 0 , (E.6a)

GLD^{−α}_{b−} ϕ(x) = 1 Γ(α) b∫ x (ξ − x)^{α−1} ϕ(ξ) dξ = I^α_{b−} ϕ(x) , α > 0 , (E.6b) and GLD^α_{a+} ϕ(x) = D^m I^{m−α}_{a+} ϕ(x) = D^α_{a+} ϕ(x) , m − 1 < m ≤ m , (E.7a) GLD^α_{b−} ϕ(x) = (−1)^m D^m I^{m−α}_{b−} ϕ(x) = D^α_{b−} ϕ(x) , m − 1 < α ≤ m . (E.7b) We point out the relation with the Caputo fractional derivative (D.8), for t > 0 and m − 1 < α < m , GLD^α_{0+} ψ(t) = m−1∑ k=0 t^{k−α} Γ(k − α + 1) + 1 Γ(m − α) t∫ 0 ψ^{(m)}(τ) (t − τ)^{α+1−m} dτ . (E.8) The Grünwald-Letnikov scheme may be useful in numerical computations of fractional integrals and derivatives. However, as recently reviewed by Gorenflo (1997), see [28] and references therein, it has mostly a conceptual value since it yields only a first-order approximation in the step-length h . Higher-order methods have been introduced for getting better approximations; so, in [87] second-order accuracy has been obtained by shifting the scheme by a noninteger multiple of h .

Let us conclude this section by noting that the formal identity between the fractional derivative and the fractional integral (with the obvious change of sign in the order) stated in in (E.6a) has induced several authors to unify the notions of fractional derivatives and integrals with the joint name of differintegration. Giving priority to the derivative they use the notation D^{−α} for the fractional integral, attributing to it a negative order of differentiation. The present authors oppose to this notation since it is misleading and generally not correct, even if it is used in distinguished treatises as Davis (1936) [17], Oldham & Spanier (1974) [71], Miller & Ross (1993) [64] and Podlubny (1999) [74]. It is well known that derivation and integration operators are not inverse to each other, even if their order is integer, and therefore such unification of symbols appears not justified.

F. The Mittag-Leffler type functions

The Mittag-Leffler function is so named from the great Swedish mathematician who introduced it at the beginning of the XX-th century in a sequence of five notes [65–69]. In this Section we shall consider the Mittag-Leffler function and some of the related functions which are relevant for their connection with fractional evolution processes. It is our purpose to provide a short referencehistorical background and a review of the main properties of these functions, based on our papers, see [32], [33], [57], [58], [59].

Reference-historical background

We note that the Mittag-Leffler type functions, being ignored in the common books on special functions, are unknown to the majority of scientists. Even in the 1991 Mathematics Subject Classification these functions cannot be found. However, in the new AMS classification foreseen for the year 2000, a place for them has been reserved: 33E12 (”Mittag-Leffler functions”).

A description of the most important properties of these functions with relevant references can be found in the third volume of the Bateman Project [21], in the chapter XV III of the miscellaneous functions. The treatises where great attention is devoted to them are those by Dzherbashian [19], [20]. We also recommend the classical treatise on complex functions by Sansone & Gerretsen [84] and the recent book on fractional calculus by Podlubny [74].

Since the times of Mittag-Leffler several scientists have recognized the importance of the Mittag-Leffler type functions, providing interesting mathematical and physical applications, which unfortunately are not much known.

As pioneering works of mathematical nature in the field of fractional integral and differential equations, we like to quote those by Hille & Tamarkin [42] and Barret [9]. In 1930 Hille & Tamarkin have provided the solution of the Abel integral equation of the second kind in terms of a Mittag-Leffler function, whereas in 1954 Barret has expressed the general solution of the linear fractional differential equation with constant coefficients in terms of Mittag-Leffler functions.

As former applications in physics we like to quote the contributions by Cole in 1933 [16] in connection with nerve conduction, see also [17], and by Gross [38] in 1947 in connection with mechanical relaxation. Subsequently, in 1971, Caputo & Mainardi [14] have shown that Mittag-Leffler functions are present whenever derivatives of fractional order are introduced in the constitutive equations of a linear viscoelastic body. Since then, several other authors have pointed out the relevance of these functions for fractional viscoelastic models, see e.g. Mainardi [57].

The Mittag-Leffler functions E_α(z) , E_{α,α}(z)

The Mittag-Leffler function E_α(z) with α > 0 is defined by the following series representation, valid in the whole complex plane,

E_α(z) := ∞∑ n=0 z^n Γ(αn + 1) , α > 0 , z ∈ C . (F.1) It turns out that E_α(z) is an entire function of order ρ = 1/α and type 1 . This property is still valid but with ρ = 1/Re{α} , if α ∈ C with positive real part, as formerly noted by Mittag-Leffler himself in [68].

The Mittag-Leffler function provides a simple generalization of the exponential function because of the substitution of n! = Γ(n + 1) with (αn)! = Γ(αn + 1) . Particular cases of (F.1), from which elementary functions are recovered, are

E_2 ( +z^2 ) = cosh z , E_2 ( −z^2 ) = cos z , z ∈ C , (F.2) and E_{1/2}(±z^{1/2}) = ez [ 1 + erf (±z^{1/2}) ] = ez erfc (∓z^{1/2}) , z ∈ C , (F.3)

where erf (erfc) denotes the (complementary) error function defined as

erf (z) := 2 √ π z∫ 0 e−u^2 du , erfc (z) := 1 − erf (z) , z ∈ C . (F.4)

In (F.4) by z^{1/2} we mean the principal value of the square root of z in the complex plane cut along the negative real semi-axis. With this choice ±z^{1/2} turns out to be positive/negative for z ∈ R^+. A straightforward generalization of the Mittag-Leffler function, originally due to Agarwal in 1953 based on a note by Humbert, see [3], [44], [45], is obtained by replacing the additive constant 1 in the argument of the Gamma function in (F.1) by an arbitrary complex parameter β . For the generalized Mittag-Leffler function we agree to use the notation E_{α,β}(z) := ∞∑ n=0 z^n Γ(αn + β) , α > 0 , β ∈ C , z ∈ C . (F.5) Particular simple cases are

E_{1,2}(z) = ez − 1 z , E_{2,2}(z) = sinh (z^{1/2}) z^{1/2} . (F.6) We note that E_{α,β}(z) is still an entire function of order ρ = 1/α and type 1 . For lack of space we prefer to continue with the Mittag-Leffler functions in one parameter: since here we shall limit ourselves to consider evolution processes characterized by a single fractional order, the more general functions with two parameters turn out to be redundant. However, we find it convenient to introduce other functions depending on a single parameter which turn out to be related by simple relations to the original Mittag-Leffler functions, and to consider them as belonging to the class of Mittag-Leffler type functions.

The Mittag-Leffler integral representation and asymptotic expansions

Many of the most important properties of E_α(z) follow from Mittag-Leffler’s integral representation

E_α(z) = 1 2πi ∫ Ha ζ^{α−1} e^ζ ζ^α − z dζ , α > 0 , z ∈ C , (F.7) where the path of integration Ha (the Hankel path) is a loop which starts and ends at −∞ and encircles the circular disk |ζ| ≤ |z|^{1/α} in the positive sense: −π ≤ argζ ≤ π on Ha . To prove (F.7), expand the integrand in powers of ζ, integrate term-by-term, and use Hankel’s integral for the reciprocal of the Gamma function.

The integrand in (F.7) has a branch-point at ζ = 0. The complex ζ-plane is cut along the negative real semi-axis, and in the cut plane the integrand is singlevalued: the principal branch of ζ^α is taken in the cut plane. The integrand has poles at the points ζ_m = z^{1/α} e^{2π i m/α} , m integer, but only those of the poles lie in the cut plane for which −α π < argz + 2π m < α π . Thus, the number of the poles inside Ha is either [α] or [α + 1], according to the value of arg z.

The most interesting properties of the Mittag-Leffler function are associated with its asymptotic developments as z → ∞ in various sectors of the complex plane. These properties can be summarized as follows. For the case 0 < α < 2 we have E_α(z) ∼ 1 α exp(z^{1/α}) − ∞∑ k=1 z^{−k} Γ(1 − αk) , |z| → ∞ , |arg z| < απ/2 , (F.8)

E_α(z) ∼ − ∞∑ k=1 z^{−k} Γ(1 − αk) , |z| → ∞ , απ/2 < arg z < 2π − απ/2 . (F.9) For the case α ≥ 2 we have E_α(z) ∼ 1 α ∑ m exp ( z^{1/α}e^{2π i m/α} ) − ∞∑ k=1 z^{−k} Γ(1 − αk) , |z| → ∞ , (F.10) where m takes all integer values such that −απ/2 < arg z +2π m < απ/2 , and arg z can assume any value between −π and +π inclusive. From the asymptotic properties (F.8-10) and the definition of the order of an entire function, we infer that the Mittag-Leffler function is an entire function of order 1/α for α > 0;

in a certain sense each E_α(z) is the simplest entire function of its order. The Mittag-Leffler function also furnishes examples and counter-examples for the growth and other properties of entire functions of finite order.

The Laplace transform pairs related to the Mittag-Leffler functions

The Mittag-Leffler functions are connected to the Laplace integral through the equation_∞ ∫ 0 e^{−u} E_α (u^α z) du = 1 1 − z , α > 0 . (F.11) The integral at the L.H.S. was evaluated by Mittag-Leffler who showed that the region of its convergence contains the unit circle and is bounded by the line Re z^{1/α} = 1. Putting in (F.11) u = st and u^α z = −λ t^α with t ≥ 0 and λ ∈ C , and using the sign ÷ for the juxtaposition of a function depending on t with its Laplace transform depending on s, we get the following Laplace transform pairs E_α (−λ t^α) ÷ s^{α−1} s^α + λ , Re s > |λ|^{1/α} . (F.12) In our CISM Lecture notes [33] we have shown the key role of the Mittag-Leffler type functions E_α (−λ t^α) in treating Abel integral equations of the second kind and fractional differential equations, so improving the former results by Hille & Tamarkin (1930) [42] and Barret (1954) [9], respectively. In particular, assuming λ > 0 , we have discussed the peculiar characters of these functions (power-law decay) for 0 < α < 1 and for 1 < α < 2 related to fractional relaxation and fractional oscillation processes, respectively, see also [56], [32].

Other formulas: summation and integration

For completeness hereafter we exhibit some formulas related to summation and integration of ordinary Mittag-Leffler functions (in one parameter α), referring the interested reader to [19], [74] for their proof and for their generalizations to two parameters. Concerning summation we outline

E_α(z) = 1 p p−1∑ h=0 E_{α/p} ( z^{1/p}e^{i2πh/p} ) , p ∈ N , (F.13) from which we derive the duplication formula

E_α(z) = 1 2 [ E_{α/2}(+z^{1/2}) + E_{α/2}(−z^{1/2}) ] . (F.14) Concerning integration we outline another interesting duplication formula ∞∫ 0 e^{−x2/(4t)} E_α(x^α) dx = √ π t E_{α/2}(t^{α/2}) , t > 0 . (F.15)

G. The M-Wright type functions

Let us first recall the more general Wright function W_{λ,μ}(z) , z ∈ C , with λ > −1 and μ > 0 . This function, so named from the British mathematician who introduced it between 1933 and 1940 [92–95] is defined by the following series and integral representation, valid in the whole complex plane, W_{λ,μ}(z) := ∞∑ n=0 z^n n! Γ(λn + μ) := 1 2πi ∫ Ha e σ + zσ^{−λ} dσ σ^μ . (G.1) Here Ha denotes an arbitrary Hankel path, namely a contour consisting of pieces of the two rays arg σ = ±ϕ extending to infinity, and of the circular arc σ = ϵ e^{iθ} , |θ| ≤ ϕ , with ϕ ∈ (π/2, π) , and ϵ > 0 , arbitrary.

It is possible to prove that the Wright function is entire of order 1/(1 + λ) , hence of exponential type if λ ≥ 0 . The case λ = 0 is trivial since W_{0,μ}(z) = e^z/Γ(μ) . The case λ = −ν , μ = 1−ν with 0 < ν < 1 provides the function M function of the Wright type, M_ν (z) , that is of special interest for us, see e.g. Mainardi (1995, 1996a, 1996b, 1997) [54–57] and Gorenflo, Luchko & Mainardi (1999, 2000) [30,31]. Specifically, we have M_ν (z) := W_{−ν,1−ν} (−z) = 1 ν z W_{−ν,0}(−z) , 0 < ν < 1 , (G.2) and therefore from (G.1-2)

M_ν (z) := ∞∑ n=0 (−z)^n n! Γ[−νn + (1 − ν)] := 1 2πi ∫ Ha e σ − zσ^ν dσ σ^{1−ν} . (G.3)

It turns out that M_ν (z) is an entire function of order ρ = 1/(1 − ν) , which provides a generalization of the Gaussian and of the Airy function. In fact we obtain M_{1/2}(z) = 1 √ π exp ( − z^2/4 ) , (G.4) M_{1/3}(z) = 3^{2/3} Ai ( z/3^{1/3} ) , (G.5) where Ai denotes the Airy function. Furthermore it can be proved that M_{1/q}(z) satisfies the differential equation of order q − 1 d^{q−1} dz^{q−1} M_{1/q}(z) +

(−1)^q q z M_{1/q}(z) = 0 , (G.6)

subjected to the q − 1 initial conditions at z = 0, derived from the series expansion in (G.1),

M^{(h)}_{1/q} (0) =

(−1)^h π Γ[(h + 1)/q] sin[π (h + 1)/q] , h = 0, 1, . . . q − 2 . (G.7)

We note that, for q ≥ 4 , Eq. (G.6) is akin to the hyper-Airy differential equation of order q−1 , see e.g. Bender & Orszag (1987)[10]. Consequently, the function M_ν (z) is a generalization of the hyper-Airyfunction. In the limiting case ν = 1 we get M_1(z) = δ(z − 1) .

From now on let us consider only the M function for positive (real) argument, M_ν (r) , which will be the relevant function for our purposes. The asymptotic representation of M_ν (r) , as r → ∞ can be obtained by using the ordinary saddle-point method. Choosing as a variable r/ν rather than r the computation is easier and yields, see Mainardi & Tomirotti (1995) [61], M_ν (r/ν) ∼ a(ν) r^{ν−1/21−ν} exp [ −b(ν) r^{11−ν} ] , r → +∞ , (G.8) where a(ν) = 1 √ 2π (1 − ν) > 0 , b(ν) = 1 − ν ν > 0 . (G.9) Because of the above exponential decay, any moment of order δ > −1 for M_ν (r) is finite and results ∞∫ 0 r δ M_ν (r) dr = Γ(δ + 1) Γ(νδ + 1) , δ > −1 . (G.9) The following Laplace transform pairs can be proved, see Mainardi (1997) [57], M_ν (r) ÷ E_ν (−s) , 0 < ν < 1 . (G.10) and ν t^{ν+1} M_ν (1/t^ν ) ÷ exp (−s^ν ) , 0 < ν < 1 , (G.11) 1 t^ν M_ν (1/t^ν ) ÷ s^{1−ν} exp (−s^ν ) , 0 < ν < 1 , (G.12) As a particular case of (G.10) we recover the well-known Laplace transform pair, see e.g. Doetsch (1974),

M_{1/2}(r) := 1 √ π exp ( − r^2/4 ) ÷ E_{1/2}(−s) := exp(s^2) erfc (s) . (G.13)

We also note that, transforming term-by-term the Taylor series of M_ν (r) (not being of exponential order) yields a series of negative powers of s , which represents the asymptotic expansion of E_ν (−s) as s → ∞ in a sector around the positive real axis. As particular cases of (G.11-12) we recover the wellknown Laplace transform pairs, see e.g. Doetsch (1974) [18] , 1 2t^{3/2}

M_{1/2}(1/t^{1/2})) := 1 2 √ π t^{−3/2} exp ( −1/(4t^2) ) ÷ exp ( −s^{1/2} ) , (G.14) 1 t^{1/2} M_{1/2}(1/t^{1/2})) := 1 √ π t^{−1/2} exp ( −1/(4t^2) ) ÷ s^{−1/2} exp ( −s^{1/2} ) . (G.15)

References

[1] N.H. Abel, Solution de quelques problèmes à l’aide d’intégrales définie [Norwegian], Magazin for Naturvidenskaberne, Aargang 1, Bind 2, Christiana 1823. French translation in Oeuvres Complètes, Vol I, pp. 11-18. Nouvelle èdition par L. Sylow et S. Lie, 1881.

[2] N.H. Abel, Aufloesung einer mechanischen Aufgabe, Journal für die reine und angewandte Mathematik (Crelle), Vol. I (1826), pp. 153-157.

[3] R.P. Agarwal, A propos d’une note de M. Pierre Humbert, C.R. Acad. Sci. Paris 236 (1953) 2031–2032.

[4] Yu.I. Babenko, Heat and Mass Transfer (Chimia, Leningrad, 1986) [in Russian]

[5] R.T. Baillie and M.L. King (Editors), Fractional Differencing and Long Memory Processes, Journal of Econometrics 73 No 1 (1996) 1-324.

[6] A.V. Balakrishnan, Representation of abstract Riesz potentials of the elliptic type, Bull. Amer. Math. Soc. 64 No 5 (1958) 266–289.

[7] A.V. Balakrishnan, Operational calculus for infinitesimal generators of semigroups, Trans. Amer. Math. Soc. 91 No 2 (1959) 330-353.

[8] A.V. Balakrishnan, Fractional powers of closed operators and the semi-groups generated by them, Pacific J. Math. 10 No 2 (1960) 419-437.

[9] J.H. Barret, Differential equations of non-integer order, Canad. J. Math. 6 (1954) 529–541.

[10] C.M. Bender and S.A. Orszag, Advanced Mathematical Methods for Scientists and Engineers (McGraw-Hill, Singapore, 1987), Ch 3.

[11] S. Bochner, Diffusion equation and stochastic processes, Proc. Nat. Acad.

Sciences, USA 35 (1949) 368–370.

[12] M. Caputo, Linear models of dissipation whose Q is almost frequency independent, Part II Geophys. J. R. Astr. Soc. 13 (1967) 529–539.

[13] M. Caputo, Elasticità e Dissipazione (Zanichelli, Bologna, 1969). [in Italian]

[14] M. Caputo and F. Mainardi, Linear models of dissipation in anelastic solids, Riv. Nuovo Cimento (Ser. II) 1 (1971) 161–198.

[15] A. Carpinteri and F. Mainardi, eds, Fractals and Fractional Calculus in Continuum Mechanics (Springer Verlag, Wien, 1997).

[16] K.S. Cole, Electrical conductance of biological systems in Proc. Symp. Quant.

Biol. (Cold Spring Harbor, New York, 1933) 107-116.

[17] H.T. Davis, The Theory of Linear Operators (The Principia Press, Bloomington, Indiana, 1936).

[18] G. Doetsch, Introduction to the Theory and Applications of the Laplace Transformation (Springer Verlag, Berlin, 1974).

[19] M.M. Dzherbashian, Integral Transforms and Representations of Functions in the Complex Plane (Nauka, Moscow, 1966). [in Russian]

[20] M.M. Dzherbashian, Harmonic Analysis and Boundary Value Problems in the Complex Domain (Birkhäuser Verlag, Basel, 1993.

[21] A. Erdélyi (Editor) Higher Transcendental Functions, Bateman Project, Vols.

1-3 (McGraw-Hill, New York, 1953-1955).

[22] A. Erdélyi (Editor) Tables of Integral Transforms, Bateman Project, Vols. 1-2 (McGraw-Hill, New York, 1953-195).

[23] W. Feller, On a generalization of Marcel Riesz’ potentials and the semi-groups generated by them, Meddelanden Lunds Universitets Matematiska Seminarium (Comm. Sém. Mathém. Université de Lund), Tome suppl. dédié a M. Riesz, Lund (1952), 73-81.

[24] W. Feller : An Introduction to Probability Theory and its Applications, Vol. 2, 2nd edn (Wiley, New York, 1971). [1st edn. 1966]

[25] C. Fox, The G and H functions as symmetrical Fourier kernels, Trans. Amer.

Math. Soc. 98 (1961) 395-429.

[26] I.M. Gel’fand and G.E. Shilov, Generalized Functions, Vol. 1 (Academic Press, New York, 1964). [English translation from the Russian (Nauka, Moscow, 1959)]

[27] R. Gorenflo, Abel Integral Equations with special Emphasis on Applications, Lectures in Mathematical Sciences Vol. 13 (The University of Tokyo, Graduate School of Mathematical Sciences, 1996). [ISSN 0919-8180]

[28] R. Gorenflo, Fractional calculus: some numerical methods, in: A. Carpinteri and F. Mainardi, eds, Fractals and Fractional Calculus in Continuum Mechanics (Springer Verlag, Wien, 1997) 277-290.

[29] R. Gorenflo, G. De Fabritiis and F. Mainardi, Discrete random walk models for symmetric Lévy-Feller diffusion processes, Physica A 269 (1999) 79–89.

[ < http://xxx.lan.gov/abs/cond-mat/9903264]

[ < http://www.econophysics.org >: select ”papers” and then ”mainardi”]

[30] R. Gorenflo, Yu. Luchko and F. Mainardi, Analytical properties and applications of the Wright function, Fractional Calculus and Applied Analysis 2 No 4 (1999) 383-414.

[31] R. Gorenflo, Yu. Luchko and F. Mainardi, Wright functions as scale-invariant solutions of the diffusion-wave equation, J. Computational and Appl. Mathematics (2000) to appear.

[32] R. Gorenflo and F. Mainardi, Fractional oscillations and Mittag-Leffler functions, Pre-print A-14/96, Fachbereich Mathematik und Informatik, Freie Universität, Berlin, 1996.

[ < http://www.math.fu-berlin.de/publ/index.html >]

[33] R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional order, in: A. Carpinteri and F. Mainardi, eds, Fractals and Fractional Calculus in Continuum Mechanics (Springer Verlag, Wien, 1997) 223–276.

[34] R. Gorenflo and F. Mainardi, Random walk models for space-fractional diffusion processes, Fractional Calculus and Applied Analysis 1 No 2 (1998) 167–191.

[ < http://www.econophysics.org >: select ”papers” and then ”mainardi”]

[35] R. Gorenflo and F. Mainardi, Approximation of Lévy-Feller diffusion by random walk, J. Analysis and its Applications (ZAA) 18 No 2 (1999) 231–246.

[ < http://www.econophysics.org >: select ”papers” and then ”mainardi”]

[36] R. Gorenflo, F. Mainardi and H.M. Srivastava, Special functions in fractional relaxation-oscillation and fractional diffusion-wave phenomena, in: D. Bainov, ed, Proceedings VIII International Colloquium on Differential Equations, Plovdiv 1997 (VSP, Utrecht, 1998) 195–202.

[37] R. Gorenflo and S. Vessella, Abel Integral Equations: Analysis and Applications, Lecture Notes in Mathematics, Vol. 1461 (Springer-Verlag, Berlin, 1991).

[38] B. Gross, On creep and relaxation, J. Appl. Phys. 18 (1947) 212–221.

[39] A.K. Grünwald, Über ”begrenzte” Derivation und deren Anwendung, Z. angew.

Math. und Phys. 12 (1867) 441-480.

[40] R. Hilfer, Fractional Derivatives in Static and Dynamic Scaling, in B. Dubrulle, F. Graner and D. Sornette (Editors), Scale Invariance and Beyond (Springer Verlag, Berlin and EDP Science, France, 1977), pp. 53-62. Lecture 3, Les Houches Workshop, March 10-14, 1997.

[41] R. Hilfer (Editor), Applications of Fractional Calculus in Physics (World Scientific, Singapore, 2000) to appear.

[42] E. Hille and J.D. Tamarkin, On the theory of linear integral equations Ann.

Math. 31 (1930) 479–528.

[43] Hj. Holmgren, Om differentialkalkylen med indices af hvad natur som???, Kongl.

Svenska Vetenskaps-Akad. Hanl. Stockholm 5 No.11 (1965-1866) 1–83.

[44] P. Humbert, Quelques résultats relatifs à la fonction de Mittag-Leffler, C.R.

Acad. Sci. Paris 236 (1953) 1467–1468.

[45] P. Humbert and R.P. Agarwal, Sur la fonction de Mittag-Leffler et quelquesunes de ses généralisations, Bull. Sci. Math (Ser. II) 77 (1953) 180–185.

[46] V. Kiryakova, Generalized Fractional Calculus and Applications, Pitman Research Notes in Mathematics # 301, Longman, Harlow 1994.

[47] A.V. Letnikov, Theory of differentiation with an arbitrary index, Mat. Sb. 3 (1868) 1–66. In Russian.

[48] A.V. Letnikov, On historical development of differentiation theory with an arbitrary index, Mat. Sb. 3 (1868) 85–112. In Russian

[49] A.V. Letnikov, Investigations on the theory of integrals of the form ∫_x a (x − u)^{p−1} f(u) du , Mat. Sb. 7 No 1 (1874) 5–205. In Russian.

[50] J. Liouville, Mémoire sur quelques questions de géométrie et de mécanique, et sur un nouveau genre de calcul pour résoudre ces questions, J. l’École Roy. Polytéchn. 13 Sect. 21 (1832) 1–69.

[51] J. Liouville, Mémoire sur le calcul des différentielles à indices quelconques, J.

l’École Roy. Polytéchn. 13 Sect. 21 (1832) 71–162.

[52] J. Liouville, Mémoire sur l’intégration des équations différentielles à indices fractionnaires, J. l’École Roy. Polytéchn. 15 No 55 (1837) 55–84.

[53] Ch. Lubich, Discretized fractional calculus, SIAM J. Math. Anal. 17 (1986) 704-719.

[54] F. Mainardi, The time fractional diffusion-wave equation, Radiofisika 38 No 1-2 (1995) 20–36. [English Transl.:Radiophysics & Quantum Electronics]

[55] F. Mainardi, The fundamental solutions for the fractional diffusion-wave equation, Applied Mathematics Letters 9 No 6 (1996) 23–28.

[56] F. Mainardi, Fractional relaxation-oscillation and fractional diffusion-wave phenomena, Chaos, Solitons & Fractals 7 (1996) 1461–1477.

[57] F. Mainardi, Fractional calculus: some basic problems in continuum and statistical mechanics, in: A. Carpinteri and F. Mainardi, eds, Fractals and Fractional Calculus in Continuum Mechanics (Springer Verlag, Wien, 1997) 291– 248.

[58] F. Mainardi and R. Gorenflo, The Mittag-Leffler function in the Riemann- Liouville fractional calculus, in: A.A. Kilbas, Ed., Boundary Value Problems, Special Functions and Fractional Calculus (Belarusian State University, Minsk, 1996) 215–225.

[59] F. Mainardi and R. Gorenflo, On Mittag-Leffler type functions in fractional evolution processes, J. Computational and Appl. Mathematics (2000) to appear.

[60] F. Mainardi, P. Paradisi and R. Gorenflo, Probability distributions generated by fractional diffusion equations, in J. Kertesz and I. Kondor (Editors), Econophysics: an Emerging Science (Kluwer, Dordrecht, 1999) pp. 39, to appear.

[ < http://www.econophysics.org >: select ”papers” and then ”mainardi”]

[61] F. Mainardi and M. Tomirotti, On a special function arising in the time fractional diffusion-wave equation, in: P. Rusev, I. Dimovski and V. Kiryakova (Eds.), Transform Methods and Special Functions, Sofia 1994 (Science Culture Technology, Singapore, 1995), pp. 171-183.

[62] A. Marchaud, Sur les dérivées et sur les différences des fonctions de vriables réeelles, I. Math. Pures et Appl. 6 No 4 (1927) 337-425.

[63] A.C. McBride, Fractional Calculus and Integral Transforms of Generalized Functions, Pitman Research Notes in Mathematics # 31, Pitman, London 1979.

[64] K.S. Miller and B. Ross: An Introduction to the Fractional Calculus and Fractional Differential Equations, Wiley, New York 1993.

[65] G.M. Mittag-Leffler, Sur l’intégrale de Laplace-Abel, C.R. Acad. Sci. Paris (ser.

II) 136 (1902) 937–939.

[66] G.M. Mittag-Leffler, Une généralisation de l’intégrale de Laplace-Abel, C.R.

Acad. Sci. Paris (ser. II) 137 (1903) 537–539.

[67] G.M. Mittag-Leffler, Sur la nouvelle fonction E_α(x), C.R. Acad. Sci. Paris (ser.

II) 137 (1903) 554–558.

[68] G.M. Mittag-Leffler, Sopra la funzione E_α(x), R. Accad. Lincei, Rend. (ser. V) (1904) 13 3–5.

[69] G.M. Mittag-Leffler, Sur la représentation analytique d’une branche uniforme d’une fonction monogène, Acta Math. 29 (1905) 101–181.

[70] K. Nishimoto, An Essence of Nishimoto’s Fractional Calculus, Descartes Press, Koriyama 1991.

[71] K.B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York 1974.

[72] S. Pincherle, Sulle funzioni ipergeometriche generalizzate, Atti R. Accademia Lincei, Rend. Cl. Sci. Fis. Mat. Nat., (Ser. 4) 4 (1888) 694-700, 792-799. Reprinted in Salvatore Pincherle: Opere Scelte, edited by UMI (Unione Matematica Italiana) Vol. 1, pp. 223-230, 231-239 (Cremonese, Roma, 1954).

[73] S. Pincherle, Sulle derivate ad indice qualunque, Rend. R. Acc. Scienze Bologna (Ser. V) 9 (1902) 745-758.

[74] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego 1999.

[75] H. Pollard, The completely monotonic character of the Mittag-Leffler function E_α(−x) , Bull. Amer. Math. Soc. 54 (1948) 1115–1116.

[76] J. Prüss, Evolutionary Integral Equations and Applications (Birkhäuser, Basel, 1993).

[77] B. Riemann, Versuch einer allgemeinen Auffassung der Integration und Differentiation, in Bernhard Riemann’s gesammelte mathematische Werke und wissenschaftlikerNachlass , pp 331–344 (Teubner, Leipzig, 1876). New edition edited by H. Weber (Dover, New York, 1953).

[This paper, written by Riemann in January 1847 when he was still a student, was published only in 1876, ten years after his death]

[78] M. Riesz, L’intégrales de Riemann-Liouville et le probléme de Cauchy, Acta Math. 81 No 1-2 (1949) 1-223.

[79] B. Ross, Fractional Calculus and its Applications, Lecture Notes in Mathematics # 457, Springer Verlag, Berlin 1975. [Proc. Int. Conf. held at Univ. of New Haven, USA, 1974]

[80] B. Rubin, Fractional Integrals and Potentials, Pitman Monographs and Surveys in Pure and Applied Mathematics #82, Addison Wesley Longman, Harlow 1996.

[81] A. Saichev and G. Zaslavsky, Fractional kinetic equations: solutions and applications, Chaos 7 (1997) 753-764.

[82] W.R. Schneider, Stable distributions: Fox function representation and generalization, in S. Albeverio, G. Casati and D. Merlini (Eds), Stochastic Processes in Classical and Quantum Systems, Lecture Notes in Physics # 262 (Springer Verlag, Berlin, 1986) 497-511.

[83] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives, Theory and Applications (Gordon and Breach, Amsterdam, 1993). [English translation from the Russian, Integrals and Derivatives of Fractional Order and Some of Their Applications (Nauka i Tekhnika, Minsk, 1987)]

[84] G. Sansone and J. Gerretsen, Lectures on the Theory of Functions of a Complex Variable, Vol. I. Holomorphic Functions (Nordhoff, Groningen, 1960) 345–349.

[85] B. Stankovic̀, On the function of E.M. Wright, Publ. de l’Institut Mathèmatique, Beograd, Nouvelle Sèr. 10 (1970) 113-124.

[86] H.M. Srivastava, K.C. Gupta, and S.P. Goyal, The H-Functions of One and Two Variables with Applications (South Asian Publishers, New Delhi and Madras, 1982).

[87] Vu Kim Tuan and R. Gorenflo, Extrapolation to the limit for numerical fractional differentiation, ZAMM 75 (1995) 646-648.

[88] U. Westphal, An approach to fractional powers of operators via fractional differences, Proc. London Math. Soc. 29 No 3 (1974) 557-576.

[89] H. Weyl, Bemerkungen zum Begriff des Differentialquotientten gebrochener Ordnung, Vierteljahresschrift der Naturforschenden Geselischaft in Zúrich 62 No 1-2 (1917) 296-302.

[90] A. Wiman, Über die Nullstellen der Funktionen E_α(x) , Acta Math. 29 (1905), 217–234.

[91] G. Witte, Die analytische und die numerische Behandlung einer Klasse von Volterraschen Integralgleichungen im Hilbertraum, PhD Thesis, Free University of Berlin (Logos Verlag, Berlin, 1997). ISBN 3-89722-005-9.

[92] E.M. Wright, On the coefficients of power series having exponential singularities, Journal London Math. Soc. 8 (1933)71-79.

[93] E.M. Wright, The asymptotic expansion of the generalized Bessel function, Proc. London Math. Soc. (Ser. II) 38 (1935) 257-270.

[94] E.M. Wright, The asymptotic expansion of the generalized hypergeometric function, Journal London Math. Soc. 10 (1935) 287-293.

[95] E.M. Wright, The generalized Bessel function of order greater than one, Quart.

J. Math., Oxford ser. 11 (1940) 36-48. æ